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                                 Surface Integrals of Scalar Functions  

     Let �⃗⃗� : 𝐷 ⊂ ℝ2 → ℝ3 be a parametrization of a surface 𝑆 and 𝐷 an Elementary 

Region (ie, 𝑦 ∈ [𝑐, 𝑑] and ℎ1(𝑦) ≤ 𝑥 ≤ ℎ2(𝑦),  and/or 𝑥 ∈ [𝑎, 𝑏] and 

 𝑘1(𝑥) ≤ 𝑦 ≤ 𝑘2(𝑥)):      �⃗⃗� (𝑢, 𝑣) =< 𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣) >.  

Def.  If 𝑓(𝑥, 𝑦, 𝑧) is a real-valued continuous function on a parametrized surface 𝑆, 

we define the integral of 𝑓(𝑥, 𝑦, 𝑧) over 𝑆 to be: 

              ∬ 𝒇(𝒙, 𝒚, 𝒛)𝒅𝑺 = ∬ 𝒇(
𝑫𝑺

�⃗⃗⃗� (𝒖, 𝒗))|�⃗⃗� 𝒖 × �⃗⃗� 𝒗|𝒅𝒖𝒅𝒗. 

Notice that if 𝑓(𝑥, 𝑦, 𝑧) = 1, then this integral equals the surface area of 𝑆. 

The motivation for this definition is similar to that for surface area.  

 

Ex.  Evaluate ∬ 𝑓𝑑𝑆
𝑆

 when 𝑓(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧 and 𝑆 is the portion of the 

cone defined by:  𝑥 = 𝑟𝑐𝑜𝑠𝜃     𝑦 = 𝑟𝑠𝑖𝑛𝜃     𝑧 = 𝑟;     0 ≤ 𝑟 ≤ 1    0 ≤ 𝜃 ≤ 2𝜋. 

 

We saw from an earlier example:   

 

 �⃗⃗� (𝑟, 𝜃) =< 𝑟𝑐𝑜𝑠𝜃, 𝑟𝑠𝑖𝑛𝜃, 𝑟 >   

  �⃗� 𝑟 =< 𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃, 0 >                      

  �⃗� 𝜃 =< −𝑟𝑠𝑖𝑛𝜃, 𝑟𝑐𝑜𝑠𝜃, 1 > 

�⃗� 𝑟 × �⃗� 𝜃 = |
𝑖 𝑗 �⃗� 

𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃 1
−𝑟𝑠𝑖𝑛𝜃 𝑟𝑐𝑜𝑠𝜃 0

| = −𝑟𝑐𝑜𝑠𝜃𝑖 − 𝑟𝑠𝑖𝑛𝜃𝑗 + 𝑟�⃗�  ;    

 

 

𝑥 

𝑦 

𝑧 
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So we have:  

|�⃗� 𝑟 × �⃗� 𝜃| = √𝑟2𝑐𝑜𝑠2𝜃 + 𝑟2𝑠𝑖𝑛2𝜃 + 𝑟2                                                                     

                   = |𝑟|√2 .  (𝑟 ≥ 0, so don’t need |  |).  

 

 𝑓 (�⃗⃗� (𝑟, 𝜃)) = 𝑥2 + 𝑦2 + 𝑧 = 𝑟2𝑐𝑜𝑠2𝜃 + 𝑟2𝑠𝑖𝑛2𝜃 + 𝑟.   

 

∬ 𝑓𝑑𝑆
𝑆

= ∫ ∫ (𝑟2𝑐𝑜𝑠2𝜃 + 𝑟2𝑠𝑖𝑛2𝜃 + 𝑟
1

𝑟=0

2𝜋

𝜃=0
)𝑟√2𝑑𝑟𝑑𝜃  

                 = √2∫ ∫ (𝑟2 + 𝑟)𝑟𝑑𝑟𝑑𝜃 =
1

𝑟=0

2𝜋

𝜃=0 √2∫ ∫ (𝑟3 + 𝑟2)𝑑𝑟𝑑𝜃
1

𝑟=0

2𝜋

𝜃=0
 

                 = √2∫ 𝑑𝜃 ∫ (𝑟3 + 𝑟2)𝑑𝑟
1

𝑟=0

2𝜋

𝜃=0
= √2(2𝜋)(

𝑟4

4
 +

𝑟3

3
⃒
1
0

=
7√2𝜋

6
 .   

 

Ex.   Compute the surface integral ∬ 𝑥2𝑑𝑆
𝑆

, where S is the unit sphere. 

𝑥 = 𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙      𝑦 = 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙     𝑧 = 𝑐𝑜𝑠𝜙;     0 ≤ 𝜙 ≤ 𝜋,    0 ≤ 𝜃 ≤ 2𝜋. 

 

�⃗⃗� (𝜙, 𝜃) =< 𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙, 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙, 𝑐𝑜𝑠𝜙 >;    0 ≤ 𝜙 ≤ 𝜋    0 ≤ 𝜃 ≤ 2𝜋. 

�⃗� 𝜙 =< 𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙, 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙,−𝑠𝑖𝑛𝜙 >   

�⃗� 𝜃 =< −𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙, 𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙, 0 >   

 

�⃗� 𝜙 × �⃗� 𝜃 = |
𝑖 𝑗 �⃗� 

𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜙 𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜙 −𝑠𝑖𝑛𝜙
−𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜙 𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜙 0

|  
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�⃗� 𝜙 × �⃗� 𝜃 = (𝑐𝑜𝑠𝜃 sin2 𝜙)𝑖 + (𝑠𝑖𝑛𝜃 sin2 𝜙)𝑗 + (𝑠𝑖𝑛 𝜙𝑐𝑜𝑠𝜙)�⃗�    

 

|�⃗� 𝜙 × �⃗� 𝜃| = √[cos2 𝜃 sin4 𝜙 + sin2 𝜃 sin4 𝜙 + sin2 𝜙 cos2 𝜙]  

                  = √sin4 𝜙(cos2 𝜃 + sin2 𝜃) + sin2 𝜙 cos2 𝜙 

                  = √sin2 𝜙(sin2 𝜙 + cos2 𝜙) = 𝑠𝑖𝑛𝜙. 

  

𝑓 (�⃗⃗� (𝑟, 𝜃)) = 𝑥2 = cos2 𝜃 sin2 𝜙.   

 

∬ 𝑥2𝑑𝑆
𝑆

= ∫ ∫ (cos2 𝜃 sin2 𝜙) 𝑠𝑖𝑛𝜙 
𝜋

𝜙=0

2𝜋

𝜃=0
𝑑𝜙𝑑𝜃  

                   = (∫ (cos2 𝜃)𝑑𝜃)(∫ (sin3 𝜙)𝑑𝜙)
𝜙=𝜋

𝜙=0

2𝜋

𝜃=0
 

                   = [∫ (
1

2
+

1

2
𝑐𝑜𝑠2𝜃) 𝑑𝜃]

2𝜋

𝜃=0
[∫ (1 − 𝑐𝑜𝑠2𝜙)(𝑠𝑖𝑛 𝜙)𝑑𝜙]

𝜙=𝜋

𝜙=0
 

                   = [(
1

2
𝜃 +

1

4
𝑠𝑖𝑛2𝜃) |

2𝜋
0

] [(−𝑐𝑜𝑠𝜃 +
1

3
cos3 𝜃)|

𝜋
0

 

                    = 𝜋 [(1 −
1

3
) − (−1 +

1

3
)] =

4𝜋

3
 . 
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Surface Integrals when 𝑆 is given by 𝑧 = 𝑔(𝑥, 𝑦) 

     As we saw with surface area, when 𝑧 = 𝑔(𝑥, 𝑦) we can parametrize the 

surface: 

𝑥 = 𝑢     𝑦 = 𝑣     𝑧 = 𝑔(𝑢, 𝑣)    and  

|�⃗� 𝑢 × �⃗� 𝑣| = √1 + (𝑔𝑢)2 + (𝑔𝑣)2 = √1 + (𝑔𝑥)2 + (𝑔𝑦)2 ;      so we have: 

 

∬ 𝒇(𝒙, 𝒚, 𝒛)𝒅𝑺 = ∬ 𝒇(
𝑫𝑺

𝒙, 𝒚, 𝒈(𝒙, 𝒚))√𝟏 + (𝒈𝒙)𝟐 + (𝒈𝒚)𝟐 𝒅𝒙𝒅𝒚  

 

Ex.   Evaluate ∬ 𝑦𝑑𝑆
𝑆

, where S is the surface 𝑧 = 𝑥 + 𝑦2,  0 ≤ 𝑥 ≤ 1   0 ≤ 𝑦 ≤ 2. 

 

 

In this case,  𝑔𝑥 = 1  and 𝑔𝑦 = 2𝑦. 

∬ 𝑦𝑑𝑆
𝑆

= ∫ ∫ 𝑦√1 + 12 + (2𝑦)2
1

𝑥=0

2

𝑦=0
𝑑𝑥𝑑𝑦  

∬ 𝑦𝑑𝑆
𝑆

= ∫ ∫ 𝑦(2 + 4𝑦2)
1

2
1

𝑥=0

2

𝑦=0
𝑑𝑥𝑑𝑦  

                 = ∫ 𝑑𝑥 ∫ 𝑦(2 + 4𝑦2)
1

2𝑑𝑦
2

𝑦=0

1

𝑥=0
 

                 = (1) ∫ 𝑦(2 + 4𝑦2)
1

2𝑑𝑦
2

𝑦=0
      (let 𝑢 = 2 + 4𝑦2 ,     

1

8
𝑑𝑢 = 𝑦𝑑𝑦) 

                    =
13√2

3
 . 

 

𝑥 

𝑦 

𝑧 = 𝑥 + 𝑦2 
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To find the center of mass of a surface 𝑆, where 𝜌(𝑥, 𝑦, 𝑧) =density at (𝑥, 𝑦, 𝑧).  

𝑚 = mass= ∬ 𝜌(𝑥, 𝑦, 𝑧)𝑑𝑆
𝑆

 and (�̅�, �̅�, 𝑧̅) is the center of mass. 

�̅� =
1

𝑚
∬ 𝑥𝜌(𝑥, 𝑦, 𝑧)𝑑𝑆

𝑆
  

�̅� =
1

𝑚
∬ 𝑦𝜌(𝑥, 𝑦, 𝑧)𝑑𝑆

𝑆
  

𝑧̅ =
1

𝑚
∬ 𝑧𝜌(𝑥, 𝑦, 𝑧)𝑑𝑆

𝑆
  

 

Ex.   Suppose a Helicoid, 𝑆, is parametrized by �⃗⃗� (𝑟, 𝜃) =< 𝑟𝑐𝑜𝑠𝜃, 𝑟𝑠𝑖𝑛𝜃, 𝜃 >;  

where 0 ≤ 𝑟 ≤ 1 and 0 ≤ 𝜃 ≤ 2𝜋.  Suppose the density at (𝑥, 𝑦, 𝑧) ∈ 𝑆 equals  

the distance to the 𝑧-axis.  Find the mass and write down definite integrals 

representing the center of mass (�̅�, �̅�, 𝑧̅). 

 

In this case 𝜌(𝑥, 𝑦, 𝑧) = √𝑥2 + 𝑦2. 

𝑚 = mass= ∬ 𝜌(𝑥, 𝑦, 𝑧)𝑑𝑆 = ∬ √𝑥2 + 𝑦2𝑑𝑆
𝑆𝑆

  

 

�⃗⃗� (𝑟, 𝜃) =< 𝑟𝑐𝑜𝑠𝜃, 𝑟𝑠𝑖𝑛𝜃, 𝜃 > ;     where 0 ≤ 𝑟 ≤ 1 and 0 ≤ 𝜃 ≤ 2𝜋. 

as we have seen in a previous example: 

�⃗� 𝑟 =< 𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃, 0 >                �⃗� 𝜃 =< −𝑟𝑠𝑖𝑛𝜃, 𝑟𝑐𝑜𝑠𝜃, 1 >      

�⃗� 𝑟 × �⃗� 𝜃 =   |
𝑖 𝑗 �⃗� 

𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃 0
−𝑟𝑠𝑖𝑛𝜃 𝑟𝑐𝑜𝑠𝜃 1

| = 𝑠𝑖𝑛𝜃𝑖 − 𝑐𝑜𝑠𝜃𝑗 + 𝑟�⃗�  . 

|�⃗� 𝑟 × �⃗� 𝜃| = √1 + 𝑟2 . 
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We also know that √𝑥2 + 𝑦2 = (√𝑟2𝑐𝑜𝑠2𝜃 + 𝑟2𝑠𝑖𝑛2𝜃) = 𝑟;    since 𝑟 ≥ 0. 

 

𝑚 = mass= ∫ ∫ 𝑟
1

𝑟=0

2𝜋

𝜃=0
√1 + 𝑟2𝑑𝑟𝑑𝜃. 

                  = ∫ 𝑑𝜃 ∫ 𝑟(1 + 𝑟2)
1

2
1

𝑟=0

2𝜋

𝜃=0
𝑑𝑟 

                   = (2𝜋)(
1

3
(1 + 𝑟2)

3

2⃒
1
0

=
2𝜋

3
(2√2 − 1). 

 

�̅� =
1

𝑚
∬ 𝑥𝜌(𝑥, 𝑦, 𝑧)𝑑𝑆 =

𝑆
 
1

𝑚
∫ ∫ (𝑟𝑐𝑜𝑠𝜃)(𝑟

1

𝑟=0

2𝜋

𝜃=0
√1 + 𝑟2)𝑑𝑟𝑑𝜃  

 

�̅� =
1

𝑚
∬ 𝑦𝜌(𝑥, 𝑦, 𝑧)𝑑𝑆

𝑆
 = 

1

𝑚
∫ ∫ (𝑟𝑠𝑖𝑛𝜃)(𝑟√1 + 𝑟2)𝑑𝑟𝑑𝜃

1

𝑟=0

2𝜋

𝜃=0
  

 

𝑧̅ =
1

𝑚
∬ 𝑧𝜌(𝑥, 𝑦, 𝑧)𝑑𝑆

𝑆
=

1

𝑚
∫ ∫ (𝜃)( 𝑟√1 + 𝑟2)𝑑𝑟𝑑𝜃

1

𝑟=0

2𝜋

𝜃=0
 . 

 

Ex.   Find ∬ 𝑦𝑑𝑆
𝑆

, where 𝑆 is bounded by the triangle with vertices 𝐴(1,0,0), 

𝐵(0,1,0), 𝐶(0,0,1). 

 

 

 

 

 

 𝐴(1,0,0) 

𝐵(0,1,0) 

𝐶(0,0,1) 

𝑆 

𝐷 

https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&ved=2ahUKEwjN67mr5fjgAhVvmuAKHdbHAIEQjRx6BAgBEAU&url=http://aludecor.info/xyz-axis-explained.html&psig=AOvVaw0pTnkmD0uYh293T9N_uWBF&ust=1552348954443516
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First find the equation of the plane that contains these 3 points. 

𝐴𝐵⃗⃗⃗⃗  ⃗ =< −1, 1, 0 >                           𝐴𝐶⃗⃗⃗⃗  ⃗ =< −1, 0, 1 >               

𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗ =   |
𝑖 𝑗 �⃗� 

−1 1 0
−1 0 1

| = 𝑖 + 𝑗 + �⃗� . 

�⃗⃗� = 𝑖 + 𝑗 + �⃗� =< 1, 1, 1 > is perpendicular to the plane containing 𝐴, 𝐵, and 𝐶. 

Using �⃗⃗�  and the point (1,0,0),  an equation of this plane is:  

                       (𝑥 − 1) + 𝑦 + 𝑧 = 0 

Solving this equation for 𝑧:     𝑧 = −𝑥 − 𝑦 + 1 ,  so     𝑧𝑥 = −1        𝑧𝑦 = −1 .                          

∬ 𝑦𝑑𝑆
𝑆

= ∬ 𝑦√1 + (𝑧𝑥)
2 + (𝑧𝑦)

2𝑑𝑥𝑑𝑦
𝐷

 

                 = ∬ 𝑦√1 + (−1)2 + (−1)2
𝐷

𝑑𝑥𝑑𝑦 = ∬ 𝑦√3
𝐷

𝑑𝑥𝑑𝑦. 

 

𝐷 is bounded by the 𝑥 −axis, the 𝑦 −axis, and the line 𝑦 = −𝑥 + 1. 

 

 

 

 

 

 

 

𝑦 = 1 − 𝑥 

𝐷 
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∬ 𝑦𝑑𝑆
𝑆

= ∫ ∫ (𝑦√3)𝑑𝑦𝑑𝑥
𝑦=−𝑥+1

𝑦=0

𝑥=1

𝑥=0
   

 

                  = ∫ √3(
1

2
) 𝑦2𝑥=1

𝑥=0
|
𝑦 = −𝑥 + 1

𝑦 = 0
𝑑𝑥   

 

                  = ∫
√3

2
(−𝑥 + 1)2𝑑𝑥 =

√3

2
(−

1

3
) (−𝑥 + 1)3

𝑥=1

𝑥=0
|
1
0

=
√3

6
 . 

 

 

 

Ex.   Evaluate  ∬ 𝑥2𝑑𝑆
𝑆

, where S is the boundary of the cube [0,1]x[0,1]x[0,1]. 

 

The surface S is made up of the 6 faces of the cube.  We must parametrize each 

face of the cube. 

(1,0,0) 

(0,1,0) 

(0,0,1) 

Face #1 

Face #2 

https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=2ahUKEwjgtIiH-ovhAhVRn-AKHSW8DaUQjRx6BAgBEAU&url=https://tex.stackexchange.com/questions/125027/how-to-achieve-a-perspective-where-two-axes-of-a-3d-scene-coincide-with-the-x-an&psig=AOvVaw1a_IwL8SCeSKQkh428ZyO_&ust=1553007536583868
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Face #1:  𝑥 = 1, 0 ≤ 𝑦 ≤ 1, 0 ≤ 𝑧 ≤ 1;     ie  �⃗⃗� (𝑢, 𝑣) =< 1, 𝑢, 𝑣 >;              
0 ≤ 𝑢, 𝑣 ≤ 1                                                                                                                         

�⃗� 𝑢 =< 0,1,0 > ,     �⃗� 𝑣 =< 0,0,1 >;   �⃗� 𝑢 × �⃗� 𝑣 = 𝑖;⃗⃗     so      |�⃗� 𝑢 × �⃗� 𝑣| = 1.      

∬ 𝑥2𝑑𝑆 = ∫ ∫ 12𝑦=1

𝑦=0

𝑧=1

𝑧=0𝐹𝑎𝑐𝑒 1
𝑑𝑦𝑑𝑧 = 1.   

 

Face #2:  𝑥 = 0, 0 ≤ 𝑦 ≤ 1, 0 ≤ 𝑧 ≤ 1;  ie �⃗⃗� (𝑢, 𝑣) =< 0, 𝑢, 𝑣 >;                              

0 ≤ 𝑢, 𝑣 ≤ 1. 

∬ 𝑥2𝑑𝑆 = ∫ ∫ 02𝑦=1

𝑦=0

𝑧=1

𝑧=0𝐹𝑎𝑐𝑒 2
𝑑𝑦𝑑𝑧 = 0.   

 

𝐹𝑎𝑐𝑒 #3:  𝑦 = 1,   0 ≤ 𝑥 ≤ 1,   0 ≤ 𝑧 ≤ 1;  ie �⃗⃗� (𝑢, 𝑣) =< 𝑢, 1, 𝑣 >;             

0 ≤ 𝑢, 𝑣 ≤ 1. 

|�⃗� 𝑢 × �⃗� 𝑣| = 1    

 so ∬ 𝑥2𝑑𝑆 = ∫ ∫ 𝑥2𝑥=1

𝑥=0

𝑧=1

𝑧=0𝐹𝑎𝑐𝑒 3
𝑑𝑥𝑑𝑧 = ∫ 𝑑𝑧 ∫ 𝑥2𝑑𝑥

𝑥=1

𝑥=0

𝑧=1

𝑧=0
=

1

3
 . 

 

Faces 4-6 work out just the same as face 3 so the integral for each face equals 
1

3
 . 

∬ 𝑥2𝑑𝑆
𝑆

=1 + 0 +
1

3
+

1

3
+

1

3
+

1

3
=

7

3
 . 


