
Stokes’ Theorem, the Divergence Theorem, and the Fundamental Theorem of 

Calculus 

 

     The Fundamental Theorem of Calculus is: 

                             ∫ 𝑓′(𝑡)𝑑𝑡 = 𝑓(𝑏) − 𝑓(𝑎)
𝑏

𝑎
. 

Let 𝜔 be a differentiable 0-form, i.e., a differentiable function 𝜔 = 𝑓(𝑡), then  

𝑑𝜔 = 𝑓′(𝑡)𝑑𝑡.   

Let  𝐼 = [𝑎, 𝑏] be the interval 𝑎 ≤ 𝑡 ≤ 𝑏.  Then we define the boundary of 𝐼, 

 𝜕𝐼 = {𝑏} − {𝑎} (this is a formal difference of points, we don’t subtract them as real 

number). 

If we then define the zero dimensional integral of a function, 𝑓, over a point a point 

𝑝 to be 𝑓(𝑝)  the Fundamental Theorem of Calculus becomes: 

                           ∫ 𝑓′(𝑡)𝑑𝑡 =
𝑏

𝑎 ∫ 𝑑𝜔 = ∫ 𝜔
𝜕𝐼𝐼

= 𝑓(𝑏) − 𝑓(𝑎). 

 

 

Stokes’ Theorem 

Stokes’ Theorem:  Let 𝑆 be an oriented surface in ℝ3 with a boundary consisting of 

a simple closed curve, 𝜕𝑆, oriented as the boundary of 𝑆. Suppose that 𝜔 is a  

1-form on some open set 𝐾 ⊆ ℝ3 that contains 𝑆 then: 

                                     ∫ 𝝎 = ∬ 𝒅
𝑺𝝏𝑺

𝝎. 
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Proof.  Stokes’ theorem said   ∬ (∇ × �⃗�
𝑆

) ∙ 𝑑𝑆 = ∫ �⃗� ∙ 𝑑𝑠
𝜕𝑆

. 

We can write �⃗� as:    �⃗�(𝑥, 𝑦, 𝑧) = 𝐹1(𝑥, 𝑦, 𝑧)𝑖 + 𝐹2(𝑥, 𝑦, 𝑧)𝑗 + 𝐹3(𝑥, 𝑦, 𝑧)�⃗⃗�. 

Let’s let 𝜔 = �⃗� ∙ 𝑑𝑠 = 𝐹1𝑑𝑥 + 𝐹2𝑑𝑦 + 𝐹3𝑑𝑧 and show that 𝑑𝜔 = (∇ × �⃗⃗�) ∙ 𝑑�⃗�. 

 

Then we have: 

𝑑𝜔 = 𝑑(𝐹1𝑑𝑥 + 𝐹2𝑑𝑦 + 𝐹3𝑑𝑧)  

       = 𝑑𝐹1 ∧ 𝑑𝑥+ 𝑑𝐹2 ∧ 𝑑𝑦 + 𝑑𝐹3 ∧ 𝑑𝑧  

 

= (
𝜕𝐹1

𝜕𝑥
𝑑𝑥 +

𝜕𝐹1

𝜕𝑦
𝑑𝑦 +

𝜕𝐹1

𝜕𝑧
𝑑𝑧) ∧ 𝑑𝑥 + (

𝜕𝐹2

𝜕𝑥
𝑑𝑥 +

𝜕𝐹2

𝜕𝑦
𝑑𝑦 +

𝜕𝐹2

𝜕𝑧
𝑑𝑧) ∧ 𝑑𝑦 

                      + (
𝜕𝐹3

𝜕𝑥
𝑑𝑥 +

𝜕𝐹3

𝜕𝑦
𝑑𝑦 +

𝜕𝐹3

𝜕𝑧
𝑑𝑧) ∧ 𝑑𝑧  

 

=
𝜕𝐹1

𝜕𝑦
𝑑𝑦 ∧ 𝑑𝑥 +

𝜕𝐹1

𝜕𝑧
𝑑𝑧 ∧ 𝑑𝑥 +

𝜕𝐹2

𝜕𝑥
𝑑𝑥 ∧ 𝑑𝑦 +

𝜕𝐹2

𝜕𝑧
𝑑𝑧 ∧ 𝑑𝑦 

                           +
𝜕𝐹3

𝜕𝑥
𝑑𝑥 ∧ 𝑑𝑧 +

𝜕𝐹3

𝜕𝑦
𝑑𝑦 ∧ 𝑑𝑧  

 

𝑑𝜔 = (
𝜕𝐹2

𝜕𝑥
−

𝜕𝐹1

𝜕𝑦
) 𝑑𝑥𝑑𝑦 + (

𝜕𝐹3

𝜕𝑦
−

𝜕𝐹2

𝜕𝑧
) 𝑑𝑦𝑑𝑧 + (

𝜕𝐹1

𝜕𝑧
−

𝜕𝐹3

𝜕𝑥
) 𝑑𝑧𝑑𝑥.   

 

We need to show that (∇ × �⃗�) ∙ 𝑑𝑆= 𝑑𝜔. 

∇ × �⃗� = |

𝑖 𝑗 �⃗⃗�
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝐹1 𝐹2 𝐹3

| = (
𝜕𝐹3

𝜕𝑦
−

𝜕𝐹2

𝜕𝑧
) 𝑖 + ( 

𝜕𝐹1

𝜕𝑧
−

𝜕𝐹3

𝜕𝑥
)𝑗 + (

𝜕𝐹2

𝜕𝑥
−

𝜕𝐹1

𝜕𝑦
)�⃗⃗�. 
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To find 𝑑𝑆 we need to parametrize the surface 𝑆: 

 �⃗⃗⃗�(𝑢, 𝑣) =< 𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣) > .   

 

 𝑑𝑆 =(�⃗⃗�𝑢 × �⃗⃗�𝑣)𝑑𝑢𝑑𝑣 

�⃗⃗�𝑢 =
𝜕�⃗⃗⃗⃗�

𝜕𝑢
= <

𝜕𝑥

𝜕𝑢
,

𝜕𝑦

𝜕𝑢
,

𝜕𝑧

𝜕𝑢
>,            �⃗⃗�𝑣 =

𝜕�⃗⃗⃗⃗�

𝜕𝑣
= <

𝜕𝑥

𝜕𝑣
,

𝜕𝑦

𝜕𝑣
,

𝜕𝑧

𝜕𝑣
>   

�⃗⃗�𝑢 × �⃗⃗�𝑣 = ||

𝑖 𝑗 �⃗⃗�
𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑢

𝜕𝑧

𝜕𝑢
𝜕𝑥

𝜕𝑣

𝜕𝑦

𝜕𝑣

𝜕𝑧

𝜕𝑣

|| = |

𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣
𝜕𝑧

𝜕𝑢

𝜕𝑧

𝜕𝑣

| 𝑖 − |

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣
𝜕𝑧

𝜕𝑢

𝜕𝑧

𝜕𝑣

| 𝑗 + |

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣

| �⃗⃗� 

               =
𝜕(𝑦,𝑧)

𝜕(𝑢,𝑣)
𝑖 +

𝜕(𝑧,𝑥)

𝜕(𝑢,𝑣)
𝑗 +

𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
�⃗⃗�;     

thus we have: 

𝑑𝑆 =(�⃗⃗�𝑢 × �⃗⃗�𝑣)𝑑𝑢𝑑𝑣 = (
𝜕(𝑦,𝑧)

𝜕(𝑢,𝑣)
𝑖 +

𝜕(𝑧,𝑥)

𝜕(𝑢,𝑣)
𝑗 +

𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
�⃗⃗⃗�)𝑑𝑢𝑑𝑣.     

 

So now we can calculate (∇ × �⃗�) ∙ 𝑑𝑆: 

(∇ × �⃗�) ∙ 𝑑𝑆 = [(
𝜕𝐹3

𝜕𝑦
−

𝜕𝐹2

𝜕𝑧
) 𝑖 + ( 

𝜕𝐹1

𝜕𝑧
−

𝜕𝐹3

𝜕𝑥
)𝑗 + (

𝜕𝐹2

𝜕𝑥
−

𝜕𝐹1

𝜕𝑦
)�⃗⃗�] 

                                                                ∙ [
𝜕(𝑦,𝑧)

𝜕(𝑢,𝑣)
𝑖 +

𝜕(𝑧,𝑥)

𝜕(𝑢,𝑣)
𝑗 +

𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
�⃗⃗⃗�]𝑑𝑢𝑑𝑣  

 

       = [(
𝜕𝐹3

𝜕𝑦
−

𝜕𝐹2

𝜕𝑧
)

𝜕(𝑦,𝑧)

𝜕(𝑢,𝑣)
+ ( 

𝜕𝐹1

𝜕𝑧
−

𝜕𝐹3

𝜕𝑥
)

𝜕(𝑧,𝑥)

𝜕(𝑢,𝑣)
+ (

𝜕𝐹2

𝜕𝑥
−

𝜕𝐹1

𝜕𝑦
)

𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
]𝑑𝑢𝑑𝑣.  
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Notice that if 𝑥 = 𝑥(𝑢, 𝑣),     𝑦 = 𝑦(𝑢, 𝑣) then: 

𝑑𝑥 =
𝜕𝑥

𝜕𝑢
𝑑𝑢 +

𝜕𝑥

𝜕𝑣
𝑑𝑣              𝑑𝑦 =

𝜕𝑦

𝜕𝑢
𝑑𝑢 +

𝜕𝑦

𝜕𝑣
𝑑𝑣              and 

𝑑𝑥 ∧ 𝑑𝑦 = (
𝜕𝑥

𝜕𝑢
𝑑𝑢 +

𝜕𝑥

𝜕𝑣
𝑑𝑣) ∧ (

𝜕𝑦

𝜕𝑢
𝑑𝑢 +

𝜕𝑦

𝜕𝑣
𝑑𝑣 )                

                =
𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑣
𝑑𝑢 ∧ 𝑑𝑣 +

𝜕𝑥

𝜕𝑣

𝜕𝑦

𝜕𝑢
𝑑𝑣 ∧ 𝑑𝑢 

                 = (
𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑣
−

𝜕𝑥

𝜕𝑣

𝜕𝑦

𝜕𝑢
) 𝑑𝑢 ∧ 𝑑𝑣 =

𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
𝑑𝑢 ∧ 𝑑𝑣.   

 

Similarly, one can show: 

𝑑𝑦 ∧ 𝑑𝑧 =
𝜕(𝑦,𝑧)

𝜕(𝑢,𝑣)
𝑑𝑢 ∧ 𝑑𝑣      and      𝑑𝑧 ∧ 𝑑𝑥 =

𝜕(𝑧,𝑥)

𝜕(𝑢,𝑣)
𝑑𝑢 ∧ 𝑑𝑣.       

   

Thus our expression for (∇ × �⃗�) ∙ 𝑑𝑆 becomes: 

(∇ × �⃗�) ∙ 𝑑𝑆 = (
𝜕𝐹3

𝜕𝑦
−

𝜕𝐹2

𝜕𝑧
) 𝑑𝑦 ∧ 𝑑𝑧 + ( 

𝜕𝐹1

𝜕𝑧
−

𝜕𝐹3

𝜕𝑥
)𝑑𝑧 ∧ 𝑑𝑥 + (

𝜕𝐹2

𝜕𝑥
−

𝜕𝐹1

𝜕𝑦
)𝑑𝑥 ∧ 𝑑𝑦 

                         = 𝑑𝜔. 

 

So we have: 

∬ (∇ × �⃗�
𝑆

) ∙ 𝑑𝑆 = ∬ 𝑑𝜔
𝑆

        and       ∫ �⃗� ∙ 𝑑𝑠
𝜕𝑆

= ∫ 𝜔
𝜕𝑆

.  

Hence we have: 

                                            ∬ 𝑑𝜔
𝑆

 =∫ 𝜔
𝜕𝑆

.      
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Ex.   Let 𝜔 = −𝑦𝑥2𝑑𝑥 + 𝑥𝑦2𝑑𝑦, and let 𝑆 be the portion of the cone given by  

𝑧2 = 𝑥2 + 𝑦2,    0 ≤ 𝑧 ≤ 1.  Evaluate ∫ 𝜔
𝜕𝑆

 both directly and by Stokes’ theorem. 

 

Evaluating ∫ 𝜔
𝜕𝑆

 directly:   

 𝜕𝑆 is the unit circle in the plane 𝑧 = 1.   

We can parametrize this by:  𝑐(𝑡) =< 𝑐𝑜𝑠𝑡, 𝑠𝑖𝑛𝑡, 1 >,  

 0 ≤ 𝑡 ≤ 2𝜋.  

 

 We then have:              

                𝑑𝑥 =
𝑑𝑥

𝑑𝑡
𝑑𝑡 = (−𝑠𝑖𝑛𝑡)𝑑𝑡,            𝑑𝑦 =

𝑑𝑦

𝑑𝑡
𝑑𝑡 = (𝑐𝑜𝑠𝑡)𝑑𝑡                                 

∫ 𝜔
𝜕𝑆

= ∫ −𝑦𝑥2𝑑𝑥 + 𝑥𝑦2𝑑𝑦
𝜕𝑆

  

           = ∫ −(𝑠𝑖𝑛𝑡)(𝑐𝑜𝑠2𝑡)(−𝑠𝑖𝑛𝑡)𝑑𝑡 + (𝑐𝑜𝑠𝑡)(𝑠𝑖𝑛22𝜋

0
𝑡)(𝑐𝑜𝑠𝑡)𝑑𝑡 

          = ∫ (𝑠𝑖𝑛2𝑡)
2𝜋

0
(𝑐𝑜𝑠2𝑡) + (𝑐𝑜𝑠2𝑡)(𝑠𝑖𝑛2𝑡)𝑑𝑡 = ∫ 2

2𝜋

0
(𝑠𝑖𝑛2𝑡)(𝑐𝑜𝑠2𝑡)𝑑𝑡 

          = ∫ 2(
1

2

2𝜋

0
−

1

2
𝑐𝑜𝑠2𝑡) (

1

2
+

1

2
𝑐𝑜𝑠2𝑡) 𝑑𝑡 

          = ∫ (
1

2
−

2𝜋

0

1

2
𝑐𝑜𝑠22𝑡)𝑑𝑡 

           = ∫ (
1

2
−

2𝜋

0

1

2
(

1

2
+

1

2
𝑐𝑜𝑠4𝑡)𝑑𝑡 

           = ∫ (
1

4
−

2𝜋

0

1

4
𝑐𝑜𝑠4𝑡)𝑑𝑡 

           = (
1

4
𝑡 −

1

16
𝑠𝑖𝑛4𝑡)⃒ 

2𝜋
0

=
𝜋

2
 .  
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Now evaluate by Stokes’ theorem:   ∬ 𝑑𝜔
𝑆

 =∫ 𝜔
𝜕𝑆

.    

  𝑑𝜔 = 𝑑(−𝑦𝑥2𝑑𝑥 + 𝑥𝑦2𝑑𝑦)  

 

          = 𝑑(−𝑦𝑥2) ∧ 𝑑𝑥 + (−1)0(−𝑦𝑥2) ∧ 𝑑(𝑑𝑥) + 𝑑(𝑥𝑦2) ∧ 𝑑𝑦 

                          +(−1)0(𝑥𝑦2) ∧ 𝑑(𝑑𝑦)  

 

           = (−2𝑥𝑦𝑑𝑥 − 𝑥2𝑑𝑦) ∧ 𝑑𝑥 + (𝑦2𝑑𝑥 + 2𝑥𝑦𝑑𝑦) ∧ 𝑑𝑦  

 

            = −𝑥2𝑑𝑦 ∧ 𝑑𝑥 + 𝑦2𝑑𝑥 ∧ 𝑑𝑦 = (𝑥2 + 𝑦2)𝑑𝑥 ∧ 𝑑𝑦.  

 

∬ 𝑑𝜔
𝑆

= ∬ (𝑥2 + 𝑦2)𝑑𝑥 ∧ 𝑑𝑦
𝑆

.   

 

To evaluate this integral we need to parametrize the cone 𝑆. 

�⃗⃗⃗�(𝑟, 𝜃) =< 𝑟𝑐𝑜𝑠𝜃, 𝑟𝑠𝑖𝑛𝜃, 𝑟 > ;    0 ≤ 𝑟 ≤ 1,    0 ≤ 𝜃 ≤ 2𝜋.  

𝑑𝑥𝑑𝑦 =
𝜕(𝑥,𝑦)

𝜕(𝑟,𝜃)
𝑑𝑟𝑑𝜃 = |

𝜕𝑥

𝜕𝑟

𝜕𝑥

𝜕𝜃
𝜕𝑦

𝜕𝑟

𝜕𝑦

𝜕𝜃

| 𝑑𝑟𝑑𝜃  

          = |
𝑐𝑜𝑠𝜃 −𝑟𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑟𝑐𝑜𝑠𝜃

| 𝑑𝑟𝑑𝜃 = 𝑟𝑑𝑟𝑑𝜃.  

  

∬ 𝑑𝜔
𝑆

= ∬ (𝑥2 + 𝑦2)𝑑𝑥 ∧ 𝑑𝑦
𝑆

  

               = ∫ ∫ (𝑟2)𝑟𝑑𝑟𝑑𝜃 = ∫ 𝑑𝜃 ∫ 𝑟3𝑑𝑟 =
𝜋

2

1

𝑟=0

2𝜋

𝜃=0

1

𝑟=0

2𝜋

𝜃=0
 . 
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The Divergence Theorem 

Theorem (Divergence Theorem): Let 𝑊 ⊂ ℝ3 be an elementary region with 𝜕𝑊 

given the outward orientation.  If 𝜂 is a 2-form on some region 𝐾 which contains 

𝑊, then     ∭ 𝑑𝜂
𝑊

 =∬ 𝜂
𝜕𝑊

. 

 

Proof:  The Divergence theorem said:     ∭ 𝐷𝑖𝑣
𝑊

�⃗�𝑑𝑉 = ∬ �⃗�
𝜕𝑊

∙ 𝑑𝑆 . 

When proving Stokes’ theorem we saw that: 

𝑑𝑥 ∧ 𝑑𝑦 =
𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
𝑑𝑢 ∧ 𝑑𝑣   

𝑑𝑦 ∧ 𝑑𝑧 =
𝜕(𝑦,𝑧)

𝜕(𝑢,𝑣)
𝑑𝑢 ∧ 𝑑𝑣      

𝑑𝑧 ∧ 𝑑𝑥 =
𝜕(𝑧,𝑥)

𝜕(𝑢,𝑣)
𝑑𝑢 ∧ 𝑑𝑣      

and that 𝑑𝑆 = (�⃗⃗�𝑢 × �⃗⃗�𝑣)𝑑𝑢𝑑𝑣 = (
𝜕(𝑦,𝑧)

𝜕(𝑢,𝑣)
𝑖 +

𝜕(𝑧,𝑥)

𝜕(𝑢,𝑣)
𝑗 +

𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
�⃗⃗�)𝑑𝑢𝑑𝑣  

                                                              = (𝑑𝑦 ∧ 𝑑𝑧)𝑖 + (𝑑𝑧 ∧ 𝑑𝑥)𝑗 + (𝑑𝑥 ∧ 𝑑𝑦)�⃗⃗� . 

 

So,  �⃗� ∙ 𝑑𝑆 =< 𝐹1, 𝐹2, 𝐹3 >∙< (𝑑𝑦 ∧ 𝑑𝑧), (𝑑𝑧 ∧ 𝑑𝑥), (𝑑𝑥 ∧ 𝑑𝑦) > 

                   = 𝐹1𝑑𝑦𝑑𝑧 + 𝐹2𝑑𝑧𝑑𝑥 + 𝐹3𝑑𝑥𝑑𝑦;   

 

Now let’s let 𝜂 be: 

            𝜂 = 𝐹1𝑑𝑦𝑑𝑧 + 𝐹2𝑑𝑧𝑑𝑥 + 𝐹3𝑑𝑥𝑑𝑦. 

We need to show that 𝑑𝜂 = 𝐷𝑖𝑣�⃗�𝑑𝑥𝑑𝑦𝑑𝑧. 
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𝑑𝜂 = 𝑑(𝐹1𝑑𝑦𝑑𝑧 + 𝐹2𝑑𝑧𝑑𝑥 + 𝐹3𝑑𝑥𝑑𝑦)  

       = 𝑑𝐹1 ∧ 𝑑𝑦𝑑𝑧 + (−1)0(𝐹1 ∧ 𝑑(𝑑𝑦𝑑𝑧)) + 𝑑𝐹2 ∧ 𝑑𝑧𝑑𝑥 

               +(−1)0(𝐹2 ∧ 𝑑(𝑑𝑧𝑑𝑥)) + 𝑑𝐹3 ∧ 𝑑𝑥𝑑𝑦 + (−1)0(𝐹3 ∧ 𝑑(𝑑𝑥𝑑𝑦)). 

                         

We saw earlier that 𝑑(𝑑𝑦𝑑𝑧) = 𝑑(𝑑𝑧𝑑𝑥) = 𝑑(𝑑𝑥𝑑𝑦) = 0.  So we have:  

 

𝑑𝜂 = 𝑑𝐹1 ∧ 𝑑𝑦𝑑𝑧 + 𝑑𝐹2 ∧ 𝑑𝑧𝑑𝑥 + 𝑑𝐹3 ∧ 𝑑𝑥𝑑𝑦  

where: 

𝑑𝐹1 ∧ 𝑑𝑦𝑑𝑧 = (
𝜕𝐹1

𝜕𝑥
𝑑𝑥 +

𝜕𝐹1

𝜕𝑦
𝑑𝑦 +

𝜕𝐹1

𝜕𝑧
𝑑𝑧) ∧ 𝑑𝑦𝑑𝑧 =

𝜕𝐹1

𝜕𝑥
𝑑𝑥𝑑𝑦𝑑𝑧       

    

𝑑𝐹2 ∧ 𝑑𝑧𝑑𝑥 = (
𝜕𝐹2

𝜕𝑥
𝑑𝑥 +

𝜕𝐹2

𝜕𝑦
𝑑𝑦 +

𝜕𝐹2

𝜕𝑧
𝑑𝑧) ∧ 𝑑𝑧𝑑𝑥 =

𝜕𝐹2

𝜕𝑦
𝑑𝑦𝑑𝑧𝑑𝑥 

                          = (−1)(2)(1) 𝜕𝐹2

𝜕𝑦
𝑑𝑥𝑑𝑦𝑑𝑧 =

𝜕𝐹2

𝜕𝑦
𝑑𝑥𝑑𝑦𝑑𝑧      

                         

𝑑𝐹3 ∧ 𝑑𝑥𝑑𝑦 = (
𝜕𝐹3

𝜕𝑥
𝑑𝑥 +

𝜕𝐹3

𝜕𝑦
𝑑𝑦 +

𝜕𝐹3

𝜕𝑧
𝑑𝑧) ∧ 𝑑𝑥𝑑𝑦 =

𝜕𝐹3

𝜕𝑧
𝑑𝑧𝑑𝑥𝑑𝑦 

                          = (−1)(2)(1) 𝜕𝐹3

𝜕𝑧
𝑑𝑥𝑑𝑦𝑑𝑧 =

𝜕𝐹3

𝜕𝑧
𝑑𝑥𝑑𝑦𝑑𝑧. 
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So now we can say: 

𝑑𝜂 =
𝜕𝐹1

𝜕𝑥
𝑑𝑥𝑑𝑦𝑑𝑧 +

𝜕𝐹2

𝜕𝑦
𝑑𝑥𝑑𝑦𝑑𝑧 +

𝜕𝐹3

𝜕𝑧
𝑑𝑥𝑑𝑦𝑑𝑧       

 𝑑𝜂 = (
𝜕𝐹1

𝜕𝑥
+

𝜕𝐹2

𝜕𝑦
+

𝜕𝐹3

𝜕𝑧
) 𝑑𝑥𝑑𝑦𝑑𝑧 = 𝐷𝑖𝑣�⃗�𝑑𝑥𝑑𝑦𝑑𝑧.    

 

Thus we have:  ∬ �⃗�
𝜕𝑊

∙ 𝑑𝑆 = ∬ 𝜂
𝜕𝑊

   and   ∭ 𝐷𝑖𝑣
𝑊

�⃗�𝑑𝑉 = ∭ 𝑑𝜂
𝑊

. 

So by the Divergence theorem: ∭ 𝐷𝑖𝑣
𝑊

�⃗�𝑑𝑉 = ∬ �⃗�
𝜕𝑊

∙ 𝑑𝑆,   we can conclude: 

                                          ∭ 𝑑𝜂
𝑊

 =∬ 𝜂
𝜕𝑊

. 

 

Ex.   Evaluate ∬ 𝜂
𝑆

, where  𝜂 = 𝑥𝑑𝑦𝑑𝑧  and 𝑆 is the unit sphere, directly and by the 

Divergence Theorem. 

 

Divergence theorem:    ∭ 𝑑𝜂
𝑊

 =∬ 𝜂
𝜕𝑊

   where 𝑊 is the unit ball and 𝜕𝑊 = 𝑆 

i.e.,   𝑊 = {(𝑥, 𝑦, 𝑧): 𝑥2 + 𝑦2 + 𝑧2 ≤ 1},     𝑆 = {(𝑥, 𝑦, 𝑧): 𝑥2 + 𝑦2 + 𝑧2 = 1} .       

 

𝜂 = 𝑥𝑑𝑦𝑑𝑧  

𝑑𝜂 = 𝑑(𝑥𝑑𝑦𝑑𝑧) = 𝑑𝑥 ∧ (𝑑𝑦𝑑𝑧) + (−1)0𝑥 ∧ 𝑑(𝑑𝑦𝑑𝑧)  

       = 𝑑𝑥𝑑𝑦𝑑𝑧                           

∭ 𝑑𝜂
𝑊

= ∭ 𝑑𝑥𝑑𝑦𝑑𝑧 = 𝑣𝑜𝑙𝑢𝑚𝑒(𝑊) =
4

3𝑊
𝜋(1)3 =

4

3
𝜋.  
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Direct calculation:    ∬ 𝜂
𝑆

= ∬ 𝑥𝑑𝑦𝑑𝑧
𝑆

. 

Use the standard parametrization of the unit sphere: 

�⃗⃗⃗�(𝑢, 𝑣) =< 𝑐𝑜𝑠𝑣𝑠𝑖𝑛𝑢, 𝑠𝑖𝑛𝑣 𝑠𝑖𝑛𝑢, 𝑐𝑜𝑠𝑢 > ,     0 ≤ 𝑢 ≤ 𝜋   ,     0 ≤ 𝑣 ≤ 2𝜋 . 

 

∬ 𝑥𝑑𝑦𝑑𝑧 = ∫ ∫ (𝑐𝑜𝑠𝑣)(𝑠𝑖𝑛𝑢)(
𝜕(𝑦,𝑧)

𝜕(𝑢,𝑣)

𝑢=𝜋

𝑢=0

𝑣=2𝜋

𝑣=0𝑆
)𝑑𝑢𝑑𝑣      

 

 
𝜕(𝑦,𝑧)

𝜕(𝑢,𝑣)
= |

𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣
𝜕𝑧

𝜕𝑢

𝜕𝑧

𝜕𝑣

| = |
𝑐𝑜𝑠𝑢(𝑠𝑖𝑛𝑣) 𝑐𝑜𝑠𝑣(𝑠𝑖𝑛𝑢)

−𝑠𝑖𝑛𝑢 0
| = 𝑠𝑖𝑛2𝑢(𝑐𝑜𝑠𝑣)  

 

∬ 𝑥𝑑𝑦𝑑𝑧 = ∫ ∫ (𝑐𝑜𝑠𝑣)(𝑠𝑖𝑛𝑢)(
𝑢=𝜋

𝑢=0

𝑣=2𝜋

𝑣=0𝑆
𝑠𝑖𝑛2𝑢)(𝑐𝑜𝑠𝑣)𝑑𝑢𝑑𝑣  

                     = ∫ ∫ 𝑐𝑜𝑠2𝜋

0

2𝜋

0
𝑣(𝑠𝑖𝑛3𝑢)𝑑𝑢𝑑𝑣 = ∫ (𝑐𝑜𝑠2𝑣)𝑑𝑣 ∫ (𝑠𝑖𝑛3𝑢)𝑑𝑢

𝜋

0

2𝜋

0
 

                     = ∫ (
1

2
+

𝑐𝑜𝑠2𝑣

2
)𝑑𝑣 ∫ (𝑠𝑖𝑛2𝑢)(𝑠𝑖𝑛𝑢)𝑑𝑢

𝜋

0

2𝜋

0
 

                     = [(
1

2
𝑣 +

𝑠𝑖𝑛2𝑣

4
)⃒

2𝜋
0

] ∫ (1 − 𝑐𝑜𝑠2𝑢)(𝑠𝑖𝑛𝑢)𝑑𝑢
𝜋

0
 

                      = (𝜋)(−𝑐𝑜𝑠𝑢 +
𝑐𝑜𝑠3𝑢

3
⃒

𝜋
0

= (𝜋)(
4

3
) =

4

3
𝜋. 

 

General Stokes’ Theorem:  Let 𝑀 be a (compact) oriented 𝑛-dimensional manifold 

with boundary and  𝜔 is a (𝑛 − 1)-form on 𝑀 then: 

                                          ∫ 𝑑𝜔 = ∫ 𝜔
𝜕𝑀𝑀

. 


