
                                                Differential Forms  

     Differential forms will allow us to express the fundamental theorem of calculus, 

Green’s theorem, Stokes’ theorem, and the divergence theorem all as the same 

theorem. 

      We have already encountered differential 1-forms (which were called 

differentials in the first 3 semesters of calculus).  For example, if 𝑧 = 𝑓(𝑥, 𝑦) we 

have: 

                                       𝑑𝑧 =
𝜕𝑓

𝜕𝑥
𝑑𝑥 +

𝜕𝑓

𝜕𝑦
𝑑𝑦. 

So if 𝑧 = 𝑥2 + 𝑥𝑠𝑖𝑛𝑦,  

        𝑑𝑧 = (2𝑥 + 𝑠𝑖𝑛𝑦)𝑑𝑥 + (𝑥𝑐𝑜𝑠𝑦)𝑑𝑦. 

 

The expression (2𝑥 + 𝑠𝑖𝑛𝑦)𝑑𝑥 + (𝑥𝑐𝑜𝑠𝑦)𝑑𝑦 is called a differential 1-form (or just a 

1-form for short). 

 

      Real valued functions on an open set in ℝ3 (or ℝ𝑛) are called 0-forms.  Thus 

when we take the differential of a function (a 0-form) we get a 1-form.  In fact, we 

will see that we can define the operation of taking a differential of an 𝑛-form to get 

an (𝑛 + 1)-form.  We will then see that the fundamental theorem of calculus, 

Green’s theorem, Stokes’ theorem, and the divergence theorem can all be written 

as:                

                                                 ∫ 𝜔 = ∫ 𝑑𝜔,
𝑀𝜕𝑀

     

    where 𝜔 is a differential 𝑛-form and 𝑑𝜔 (the differential of 𝜔) is an 𝑛 + 1 form. 

 

     For the purposes of this section we will assume that all functions have as many 

derivatives as we need. 
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0-Forms 

Let 𝐾 be an open set in ℝ3.  A zero form on 𝐾 is a real valued function               

 𝑓: 𝐾 → ℝ.  Given two 0-forms 𝑓1 and 𝑓2 on 𝐾, we can add them or multiply them. 

 

Ex.   Let   𝑓1(𝑥, 𝑦, 𝑧) = 𝑥𝑒𝑦𝑧 + 2𝑥𝑦,             𝑓2(𝑥, 𝑦, 𝑧) = 𝑥𝑦.     Then we have: 

      𝑓1(𝑥, 𝑦, 𝑧) + 𝑓2(𝑥, 𝑦, 𝑧) = 𝑥𝑒𝑦𝑧 + 2𝑥𝑦 + 𝑥𝑦 = 𝑥𝑒𝑦𝑧 + 3𝑥𝑦 

      [𝑓1(𝑥, 𝑦, 𝑧)][𝑓2(𝑥, 𝑦, 𝑧)] =( 𝑥𝑒𝑦𝑧 + 2𝑥𝑦)(𝑥𝑦) = 𝑥2𝑦𝑒𝑦𝑧 + 2𝑥2𝑦2 

 

1-Forms 

A 1-form on 𝐾 ⊆ ℝ3 is of the form :         

𝜔 = 𝑃(𝑥, 𝑦, 𝑧)𝑑𝑥 + 𝑄(𝑥, 𝑦, 𝑧)𝑑𝑦 + 𝑅(𝑥, 𝑦, 𝑧)𝑑𝑧,            or 

𝜔 = 𝑃𝑑𝑥 + 𝑄𝑑𝑦 + 𝑅𝑑𝑧. 

 

We line integrate 1-forms over a curve. 

If we write:     𝜔 = 𝑄(𝑥, 𝑦, 𝑧)𝑑𝑦,     this is just a 1-form where 

 𝑃(𝑥, 𝑦, 𝑧) = 𝑅(𝑥, 𝑦, 𝑧) = 0. 

 

It also doesn’t matter which order we write the terms in: 

 𝜔 = 𝑃𝑑𝑥 + 𝑄𝑑𝑦 + 𝑅𝑑𝑧 = 𝑄𝑑𝑦 + 𝑅𝑑𝑧 + 𝑃𝑑𝑥. 

However, the standard form is: 

 𝜔 = 𝑃𝑑𝑥 + 𝑄𝑑𝑦 + 𝑅𝑑𝑧. 
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Given two 1-forms we can add them: 

        𝜔 = 𝑃𝑑𝑥 + 𝑄𝑑𝑦 + 𝑅𝑑𝑧  

         𝜂 = 𝐿𝑑𝑥 + 𝑀𝑑𝑦 + 𝑁𝑑𝑧  

𝜔 + 𝜂 = (𝑃 + 𝐿)𝑑𝑥 + (𝑄 + 𝑀)𝑑𝑦 + (𝑅 + 𝑁)𝑑𝑧  

 

Ex.          𝜔 = (𝑥2𝑦 + 3𝑦)𝑑𝑥 + 𝑥𝑧𝑑𝑦 − 𝑥𝑦𝑑𝑧 

                𝜂 = (𝑥 − 2𝑦)𝑑𝑥 + (𝑥2 − 𝑥𝑧)𝑑𝑦 + 4𝑥𝑦𝑑𝑧 

        𝜔 + 𝜂 = (𝑥2𝑦 + 𝑥 + 𝑦)𝑑𝑥 + 𝑥2𝑑𝑦 + 3𝑥𝑦𝑑𝑧. 

 

If 𝑓(𝑥, 𝑦, 𝑧) is a 0-form (ie a function), we can multiply a 1-form by a 0-form and get a 

new 1-form. 

Ex.     𝑓(𝑥, 𝑦, 𝑧) = 𝑥4 

          𝜔 = 𝑥𝑦𝑧𝑑𝑥 + 𝑒𝑦𝑧𝑑𝑦 + 𝑥3𝑑𝑧;         then we have: 

        𝑓𝜔 = 𝑥5𝑦𝑧𝑑𝑥 + 𝑥4𝑒𝑦𝑧𝑑𝑦 + 𝑥7𝑑𝑧. 

There will be a way to multiply two 1-forms, but we will see that later. 

 

2-Forms 

A 2-form on 𝐾 ⊆ ℝ3 is of the form: 

𝜔 = 𝐹(𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑦 + 𝐺(𝑥, 𝑦, 𝑧)𝑑𝑦𝑑𝑧 + 𝐻(𝑥, 𝑦, 𝑧)𝑑𝑧𝑑𝑥;  

where  𝐹, 𝐺, 𝐻: 𝐾 → ℝ.   

The order in which we add the terms does not matter: 

𝐹𝑑𝑥𝑑𝑦 + 𝐺𝑑𝑦𝑑𝑧 + 𝐻𝑑𝑧𝑑𝑥 = 𝐺𝑑𝑦𝑑𝑧 + 𝐻𝑑𝑧𝑑𝑥 + 𝐹𝑑𝑥𝑑𝑦.   
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However, the order of 𝑑𝑥, 𝑑𝑦, 𝑑𝑧 does matter.  We will come back to this. 

For now we will write all 2-forms in the standard form: 

𝜔 = 𝐹(𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑦 + 𝐺(𝑥, 𝑦, 𝑧)𝑑𝑦𝑑𝑧 + 𝐻(𝑥, 𝑦, 𝑧)𝑑𝑧𝑑𝑥 . 

 

To add two 2-forms, we add their corresponding components. 

        𝜔 = 𝐹𝑑𝑥𝑑𝑦 + 𝐺𝑑𝑦𝑑𝑧 + 𝐻𝑑𝑧𝑑𝑥  

         𝜂 = 𝐿𝑑𝑥𝑑𝑦 + 𝑀𝑑𝑦𝑑𝑧 + 𝑁𝑑𝑧𝑑𝑥 ;     then we have: 

𝜔 + 𝜂 = (𝐹 + 𝐿)𝑑𝑥𝑑𝑦 + (𝐺 + 𝑀)𝑑𝑦𝑑𝑧 + (𝐻 + 𝑁)𝑑𝑧𝑑𝑥  

 

As with 1-forms, we can multiply a 2-form by a 0-form and get a new 2-form. 

 

Ex.    𝜔 = (𝑦2 − 𝑥)𝑑𝑥𝑑𝑦 + 𝑥𝑑𝑦𝑑𝑧 − 𝑥3𝑧2𝑑𝑧𝑑𝑥 

         𝜂 =            3𝑥𝑑𝑥𝑑𝑦 + 𝑦𝑑𝑦𝑑𝑧 +      𝑦𝑧𝑑𝑧𝑑𝑥 

         𝑓(𝑥, 𝑦, 𝑧) = 𝑥𝑦𝑧2;       then we have: 

       𝜔 +  𝜂 = (𝑦2 + 2𝑥)𝑑𝑥𝑑𝑦 + (𝑥 + 𝑦)𝑑𝑦𝑑𝑧 + (𝑦𝑧 − 𝑥3𝑧2)𝑑𝑧𝑑𝑥 

              𝑓𝜔 = (𝑥𝑦3𝑧2 − 𝑥2𝑦𝑧2)𝑑𝑥𝑑𝑦 + 𝑥2𝑦𝑧2𝑑𝑦𝑑𝑧 − 𝑥4𝑦𝑧4𝑑𝑧𝑑𝑥. 

 

There is a way to multiply 2-forms and 1-forms, but we will see that later. 
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3-Forms 

     A 3-form on 𝐾 ⊆ ℝ3 in standard form: 

𝜔 = 𝑓(𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑦𝑑𝑧;         where  𝑓: 𝐾 ⊆ ℝ3 → ℝ. 

 

We can add 3-forms and we can multiply 3-forms by a 0-form.   

 

Ex.                  𝜔 = (𝑥 + 𝑦2 + 𝑧3)𝑑𝑥𝑑𝑦𝑑𝑧 

                       𝜂 = (𝑥 − 2𝑦2 + 𝑧3)𝑑𝑥𝑑𝑦𝑑𝑧 

           𝑓(𝑥, 𝑦, 𝑧) = 𝑦𝑧2;       then we have:  

 

               𝜔 +  𝜂 = (2𝑥 − 𝑦2 + 2𝑧3)𝑑𝑥𝑑𝑦𝑑𝑧 

                      𝑓𝜔 = (𝑥𝑦𝑧2 + 𝑦3𝑧2 + 𝑦𝑧5)𝑑𝑥𝑑𝑦𝑑𝑧. 

Again the order of 𝑑𝑥, 𝑑𝑦, 𝑑𝑧 matters.  𝑑𝑥𝑑𝑦𝑑𝑧 ≠ 𝑑𝑦𝑑𝑥𝑑𝑧. 

 

Rules of Multiplication of Differential Forms 

     Let 𝜔 be a k-form and 𝜂 be an l-form , 0 ≤ 𝑘 + 𝑙 ≤ 3, on 𝐾 ⊆ ℝ3, there is a 

product called the wedge product,  𝜔 ∧ 𝜂, that is a 𝑘 + 𝑙 form on 𝐾 ⊆ ℝ3.  This 

wedge product satisfies the following properties: 

1.   For each 𝑘, there is a zero 𝑘-form, 0, such that: 

     0 +  𝜔 =  𝜔,   for all 𝑘-forms 𝜔, and   0 ∧  𝜂 = 0,   𝑙-forms 𝜂 if 0 ≤ 𝑘 + 𝑙 ≤ 3. 

2.   (Distributive property) If 𝑓 is a zero-form then: 

      (𝑓𝜔1 + 𝜔2) ∧  𝜂 = 𝑓(𝜔1 ∧  𝜂) + (𝜔2 ∧  𝜂). 
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3.   (Anti-commutativity)  𝜔 ∧ 𝜂 = (−1)𝑘𝑙(𝜂 ∧ 𝜔) 

      Ex.   When we write 𝜔 = 𝑥2𝑑𝑥𝑑𝑦,  we mean  𝜔 = 𝑥2𝑑𝑥 ∧ 𝑑𝑦. 

                  (𝑑𝑥) ∧ (𝑑𝑦) = (−1)(1)(1)𝑑𝑦 ∧ 𝑑𝑥 = −𝑑𝑦 ∧ 𝑑𝑥 

              (𝑑𝑥) ∧ (𝑑𝑦𝑑𝑧) = (−1)(1)(2)(𝑑𝑦𝑑𝑧) ∧ (𝑑𝑥) = 𝑑𝑦𝑑𝑧𝑑𝑥.  

 

                    (𝑑𝑥) ∧ (𝑑𝑥) = (−1)(1)(1)𝑑𝑥 ∧ 𝑑𝑥 = −𝑑𝑥 ∧ 𝑑𝑥                                      

which means 𝑑𝑥 ∧ 𝑑𝑥 = 0. 

             This also means:     𝑑𝑦 ∧ 𝑑𝑦 = 0 and  𝑑𝑧 ∧ 𝑑𝑧 = 0.  

 

 

4.   (Associativity)  If 𝜔1, 𝜔2, 𝜔3 are 𝑘1, 𝑘2, 𝑘3 forms respectively with 

       𝑘1 + 𝑘2 + 𝑘3 ≤ 3 then 

                  𝜔1 ∧ (𝜔2 ∧ 𝜔3) = (𝜔1 ∧ 𝜔2) ∧ 𝜔3.  

 

 

5.   If 𝑓 is a zero-form, then 

        𝜔 ∧ (𝑓 𝜂) = (𝑓𝜔) ∧  𝜂  and  𝑓 ∧ 𝜔 = 𝑓𝜔. 
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Ex.   Let 𝜔 = 𝑧𝑑𝑥 + 𝑦2𝑑𝑧 and  𝜂 = (𝑥)𝑑𝑥𝑑𝑦.  Find 𝜔 ∧ 𝜂 and 𝜂 ∧  𝜔. 

        𝜔 ∧ 𝜂 = ( 𝑧𝑑𝑥 + 𝑦2𝑑𝑧) ∧ ( 𝑥𝑑𝑥𝑑𝑦) 

                   = (𝑧𝑑𝑥) ∧ (𝑥𝑑𝑥𝑑𝑦) + (𝑦2𝑑𝑧 ∧ 𝑥𝑑𝑥𝑑𝑦)            (distributive property) 

                   = 𝑧𝑥(𝑑𝑥 ∧ 𝑑𝑥𝑑𝑦) + 𝑥𝑦2(𝑑𝑧 ∧ 𝑑𝑥𝑑𝑦)                (property 5) 

                    = 𝑧𝑥(𝑑𝑥 ∧ 𝑑𝑥 ∧ 𝑑𝑦) +  𝑥𝑦2(𝑑𝑧 ∧ 𝑑𝑥𝑑𝑦)          (𝑑𝑥𝑑𝑦 = 𝑑𝑥 ∧ 𝑑𝑦) 

                    =  𝑧𝑥(0) +  𝑥𝑦2((−1)(1)(2)(𝑑𝑥𝑑𝑦) ∧ (𝑑𝑧)        (Anti-commutativity) 

                    = 𝑥𝑦2𝑑𝑥𝑑𝑦𝑑𝑧 

       𝜂 ∧  𝜔 = (−1)(1)(2)(𝜔 ∧ 𝜂 ) = 𝜔 ∧ 𝜂 =  𝑥𝑦2𝑑𝑥𝑑𝑦𝑑𝑧.                                                 

       So in this case:               𝜔 ∧ 𝜂 = 𝜂 ∧  𝜔.    

 

Ex.  Let 𝜔 = 𝑦𝑑𝑥 − 𝑥𝑑𝑦 and 𝜂 = 𝑥𝑦𝑑𝑥 + 𝑦2𝑧𝑑𝑦 + 𝑦𝑑𝑧.  Find 𝜔 ∧ 𝜂. 

 

        𝜔 ∧ 𝜂 = ( 𝑦𝑑𝑥 − 𝑥𝑑𝑦) ∧ ( 𝑥𝑦𝑑𝑥 + 𝑦2𝑧𝑑𝑦 + 𝑦𝑑𝑧)         (now distribute) 

                   = 𝑥𝑦2𝑑𝑥 ∧ 𝑑𝑥 + 𝑦3𝑧𝑑𝑥 ∧ 𝑑𝑦 + 𝑦2𝑑𝑥 ∧ 𝑑𝑧 

                                                              −𝑥2𝑦𝑑𝑦 ∧ 𝑑𝑥 − 𝑥𝑦2𝑧𝑑𝑦 ∧ 𝑑𝑦 − 𝑥𝑦𝑑𝑦 ∧ 𝑑𝑧.   

 

   Now write each term in terms of either 𝑑𝑥 ∧ 𝑑𝑦, 𝑑𝑦 ∧ 𝑑𝑧, 𝑜𝑟 𝑑𝑧 ∧ 𝑑𝑥. 

 

    = 𝑥𝑦2(0) + 𝑦3𝑧𝑑𝑥 ∧ 𝑑𝑦 − 𝑦2𝑑𝑧 ∧ 𝑑𝑥 + 𝑥2𝑦𝑑𝑥 ∧ 𝑑𝑦 − 𝑥𝑦2(0) − 𝑥𝑦𝑑𝑦 ∧ 𝑑𝑧  

 

    𝜔 ∧ 𝜂 = (𝑦3𝑧 + 𝑥2𝑦)𝑑𝑥 ∧ 𝑑𝑦 − 𝑥𝑦𝑑𝑦 ∧ 𝑑𝑧 − 𝑦2𝑑𝑧 ∧ 𝑑𝑥. 
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Ex.   Let 𝜔 = (𝑥2𝑦)𝑑𝑥 + (𝑥𝑧)𝑑𝑧  and 𝜂 = (𝑥)𝑑𝑥𝑑𝑦 − (𝑦𝑧)𝑑𝑦𝑑𝑧.  Find 𝜔 ∧ 𝜂. 

 

𝜔 ∧ 𝜂 = (𝑥2𝑦𝑑𝑥 + 𝑥𝑧𝑑𝑧) ∧ ( 𝑥𝑑𝑥𝑑𝑦 − 𝑦𝑧𝑑𝑦𝑑𝑧)          (now distribute) 

           = 𝑥3𝑦𝑑𝑥 ∧ 𝑑𝑥𝑑𝑦 − 𝑥2𝑦2𝑧𝑑𝑥 ∧ 𝑑𝑦𝑑𝑧 + 𝑥2𝑧𝑑𝑧 ∧ 𝑑𝑥𝑑𝑦 − 𝑥𝑦𝑧2𝑑𝑧 ∧ 𝑑𝑦𝑑𝑧 

 

        Notice that 𝑑𝑥 ∧ 𝑑𝑥𝑑𝑦 = 𝑑𝑥 ∧ 𝑑𝑥 ∧ 𝑑𝑦 = 0, because 𝑑𝑥 ∧ 𝑑𝑥 = 0 and 

        𝑑𝑧 ∧ 𝑑𝑦𝑑𝑧 = 𝑑𝑧 ∧ 𝑑𝑦 ∧ 𝑑𝑧 = (−1)(1)(1)𝑑𝑦 ∧ 𝑑𝑧 ∧ 𝑑𝑧 = 0, since 𝑑𝑧 ∧ 𝑑𝑧 = 0 

 

     𝜔 ∧ 𝜂 = −(𝑥2𝑦2𝑧)𝑑𝑥𝑑𝑦𝑑𝑧 + 𝑥2𝑧(−1)1(2)𝑑𝑥𝑑𝑦 ∧ 𝑑𝑧 

                 = (𝑥2𝑧 − 𝑥2𝑦2𝑧)𝑑𝑥𝑑𝑦𝑑𝑧. 

 

The Differential, 𝑑, of a Differential Form 𝜔 

We now need to define 𝑑𝜔, the differential of a differential form 𝜔. 

 

1.   If 𝑓: 𝐾 → ℝ is a 0-form (i.e.,  a real valued function), then 

         𝑑𝑓 =
𝜕𝑓

𝜕𝑥
𝑑𝑥 +

𝜕𝑓

𝜕𝑦
𝑑𝑦 +

𝜕𝑓

𝜕𝑧
𝑑𝑧 

 

2.   If 𝜔1 and 𝜔2 are 𝑘-forms, then 

         𝑑(𝜔1 + 𝜔2) = 𝑑𝜔1 + 𝑑𝜔2  
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3.   If 𝜔 is a 𝑘-form and 𝜂 is an 𝑙-form then 

         𝑑(𝜔 ∧ 𝜂) = (𝑑𝜔 ∧ 𝜂) + (−1)𝑘(𝜔 ∧ 𝑑𝜂) 

      Note that the exponent depends only on what form 𝜔 is and not 𝜂. 

 

4.   𝑑(𝑑𝜔) = 0     (so in particular, 𝑑(𝑑𝑥) = 0,   𝑑(𝑑𝑦) = 0,    𝑑(𝑑𝑧) = 0).  

 

The differntial of a 𝑘-form is a (𝑘 + 1) −form. 

 

Ex.   Let 𝜔 = 𝑥2𝑦𝑑𝑥 + 𝑧2𝑑𝑦, find 𝑑𝜔.   

 

     𝑑𝜔 = 𝑑(𝑥2𝑦𝑑𝑥 + 𝑧2𝑑𝑦) = 𝑑(𝑥2𝑦𝑑𝑥) + 𝑑(𝑧2𝑑𝑦)    (by #2,  now apply #3)      

                 

     = 𝑑(𝑥2𝑦) ∧ 𝑑𝑥 + (−1)0(𝑥2𝑦 ∧ 𝑑(𝑑𝑥)) + 𝑑(𝑧2) ∧ 𝑑𝑦 + (−1)0(𝑧2 ∧ 𝑑(𝑑𝑦))   

  

             = (
𝜕(𝑥2𝑦)

𝜕𝑥
𝑑𝑥 +

𝜕(𝑥2𝑦)

𝜕𝑦
𝑑𝑦 +

𝜕(𝑥2𝑦)

𝜕𝑧
𝑑𝑧) ∧ 𝑑𝑥 − (𝑥2𝑦 ∧ 0)  

                      + (
𝜕(𝑧2)

𝜕𝑥
𝑑𝑥 +

𝜕(𝑧2)

𝜕𝑦
𝑑𝑦 +

𝜕(𝑧2)

𝜕𝑧
𝑑𝑧) ∧ 𝑑𝑦 − 𝑧2 ∧ 0           (by #1 and #4)  

 

             = (2𝑥𝑦𝑑𝑥 + 𝑥2𝑑𝑦 + 0𝑑𝑧) ∧ 𝑑𝑥 + (0𝑑𝑥 + 0𝑑𝑦 + 2𝑧𝑑𝑧) ∧ 𝑑𝑦   

 

             = 2𝑥𝑦𝑑𝑥 ∧ 𝑑𝑥 + 𝑥2𝑑𝑦 ∧ 𝑑𝑥 + 2𝑧𝑑𝑧 ∧ 𝑑𝑦                  (distributive property)  

 

             = 0 − 𝑥2𝑑𝑥 ∧ 𝑑𝑦 − 2𝑧 𝑑𝑦 ∧ 𝑑𝑧 = −𝑥2𝑑𝑥 ∧ 𝑑𝑦 − 2𝑧 𝑑𝑦 ∧ 𝑑𝑧 .         
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Ex.   Let 𝜂 = 𝑥𝑧2𝑑𝑥𝑑𝑦 + 𝑦𝑒𝑥𝑑𝑦𝑑𝑧,  find 𝑑𝜂. 

 

𝑑𝜂 = 𝑑(𝑥𝑧2𝑑𝑥𝑑𝑦 + 𝑦𝑒𝑥𝑑𝑦𝑑𝑧)   

    

      = 𝑑(𝑥𝑧2𝑑𝑥𝑑𝑦) + 𝑑(𝑦𝑒𝑥𝑑𝑦𝑑𝑧)                                                                 (by #2)  

 

      = 𝑑(𝑥𝑧2) ∧ (𝑑𝑥𝑑𝑦) + (−1)0(𝑥𝑧2 ∧ 𝑑(𝑑𝑥𝑑𝑦)) 

                    +𝑑(𝑦𝑒𝑥) ∧ (𝑑𝑦𝑑𝑧) + (−1)0(𝑦𝑒𝑥 ∧ 𝑑(𝑑𝑦𝑑𝑧))                            (by #3)  

 

 =(
𝜕(𝑥𝑧2)

𝜕𝑥
𝑑𝑥 +

𝜕(𝑥𝑧2)

𝜕𝑦  
𝑑𝑦 +

𝜕(𝑥𝑧2)

𝜕𝑧
𝑑𝑧) ∧ (𝑑𝑥𝑑𝑦) + (𝑥𝑧2 ∧ 𝑑(𝑑𝑥𝑑𝑦))    

   + (
𝜕(𝑦𝑒𝑥)

𝜕𝑥
𝑑𝑥 +

𝜕(𝑦𝑒𝑥)

𝜕𝑦
𝑑𝑦 +

𝜕(𝑦𝑒𝑥)

𝜕𝑧
𝑑𝑧) ∧ (𝑑𝑦𝑑𝑧) + (𝑦𝑒𝑥 ∧ 𝑑(𝑑𝑦𝑑𝑧))      (by #1) 

 

 Now notice: 𝑑(𝑑𝑥 ∧ 𝑑𝑦) = 𝑑(𝑑𝑥) ∧ 𝑑𝑦 + (−1)1𝑑𝑥 ∧ 𝑑(𝑑𝑦) = 0         (by #3,#4) 

                        𝑑(𝑑𝑦 ∧ 𝑑𝑧) = 𝑑(𝑑𝑦) ∧ 𝑑𝑧 + (−1)1𝑑𝑦 ∧ 𝑑(𝑑𝑧) = 0.  

     

𝑑𝜂 = ( 𝑧2𝑑𝑥 + 0𝑑𝑦 + 2𝑥𝑧𝑑𝑧) ∧ (𝑑𝑥𝑑𝑦) + (𝑦𝑒𝑥𝑑𝑥 + 𝑒𝑥𝑑𝑦 + 0𝑑𝑧) ∧ (𝑑𝑦𝑑𝑧)   

 

       = 𝑧2𝑑𝑥 ∧ 𝑑𝑥𝑑𝑦 + (2𝑥𝑧)𝑑𝑧 ∧ 𝑑𝑥𝑑𝑦 +  𝑦𝑒𝑥𝑑𝑥 ∧ 𝑑𝑦𝑑𝑧 + 𝑒𝑥𝑑𝑦 ∧ 𝑑𝑦𝑑𝑧                

                                                                                                                                       (distr. prop) 

 

= 0 + (2𝑥𝑧)𝑑𝑧𝑑𝑥𝑑𝑦 + (𝑦𝑒𝑥)𝑑𝑥𝑑𝑦𝑑𝑧 + 0                                                     

 

= (2𝑥𝑧(−1)(1)(2))𝑑𝑥𝑑𝑦𝑑𝑧 + (𝑦𝑒𝑥)𝑑𝑥𝑑𝑦𝑑𝑧 = (2𝑥𝑧 + 𝑦𝑒𝑥)𝑑𝑥𝑑𝑦𝑑𝑧.                            
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Ex.   Let 𝜔 = 𝑃(𝑥, 𝑦)𝑑𝑥 + 𝑄(𝑥, 𝑦)𝑑𝑦, be a 1-form on some open set 𝐾 ⊆ ℝ2.  

        Find 𝑑𝜔. 

 

𝑑𝜔 = 𝑑(𝑃(𝑥, 𝑦)𝑑𝑥 + 𝑄(𝑥, 𝑦)𝑑𝑦)  

   

      = 𝑑(𝑃(𝑥, 𝑦)𝑑𝑥) + 𝑑(𝑄(𝑥, 𝑦)𝑑𝑦)                                                           (by #2)  

 

      = 𝑑𝑃 ∧ 𝑑𝑥 + (−1)0𝑃 ∧ 𝑑(𝑑𝑥) + 𝑑𝑄 ∧ 𝑑𝑦 + (−1)0𝑄 ∧ 𝑑(𝑑𝑦)    (by #3)  

 

      = (
𝜕𝑃

𝜕𝑥
𝑑𝑥 +

𝜕𝑃

𝜕𝑦
𝑑𝑦) ∧ 𝑑𝑥 + 0 + (

𝜕𝑄

𝜕𝑥
𝑑𝑥 +

𝜕𝑄

𝜕𝑦
𝑑𝑦) ∧ 𝑑𝑦 

 

       =
𝜕𝑃

𝜕𝑥
𝑑𝑥 ∧ 𝑑𝑥 +

𝜕𝑃

𝜕𝑦
𝑑𝑦 ∧ 𝑑𝑥 +

𝜕𝑄

𝜕𝑥
𝑑𝑥 ∧ 𝑑𝑦 +

𝜕𝑄

𝜕𝑦
𝑑𝑦 ∧ 𝑑𝑦            (#1, #4) 

       

     = 0 −
𝜕𝑃

𝜕𝑦
 𝑑𝑥 ∧ 𝑑𝑦 +

𝜕𝑄

𝜕𝑥
𝑑𝑥 ∧ 𝑑𝑦 + 0                                        (anti-comm) 

 

      = (
𝜕𝑄

𝜕𝑥
−

𝜕𝑃

𝜕𝑦
 ) 𝑑𝑥 ∧ 𝑑𝑦. 
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  This should look familiar from Green’s theorem: 

∫ 𝑃(𝑥, 𝑦)𝑑𝑥 + 𝑄(𝑥, 𝑦)𝑑𝑦 = ∬ (
𝜕𝑄

𝜕𝑥𝐷𝜕𝐷
−

𝜕𝑃

𝜕𝑦
)𝑑𝑥𝑑𝑦.  

In other words, if 𝜔 = 𝑃(𝑥, 𝑦)𝑑𝑥 + 𝑄(𝑥, 𝑦)𝑑𝑦 and thus                                         

𝑑𝜔 = (
𝜕𝑄

𝜕𝑥
−

𝜕𝑃

𝜕𝑦
 ) 𝑑𝑥 ∧ 𝑑𝑦, then Green’s theorem can be written: 

                                ∫ 𝝎 = ∬ 𝒅
𝑫𝝏𝑫

𝝎.  

 

 

Ex.   Let 𝜔 = 𝑓(𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑦𝑑𝑧 on an open set 𝐾 ⊆ ℝ3.  Show 𝑑𝜔 = 0.  

 

𝑑𝜔 = 𝑑(𝑓(𝑥, 𝑦, 𝑧)𝑑𝑥𝑑𝑦𝑑𝑧)    

 

       = 𝑑𝑓 ∧  𝑑𝑥𝑑𝑦𝑑𝑧 + (−1)0𝑓(𝑥, 𝑦, 𝑧) ∧ 𝑑(𝑑𝑥 ∧ 𝑑𝑦𝑑𝑧)                         (by #3)  

 

        = (
𝜕𝑓

𝜕𝑥
𝑑𝑥 +

𝜕𝑓

𝜕𝑦
𝑑𝑦 +

𝜕𝑓

𝜕𝑧
𝑑𝑧) ∧  𝑑𝑥𝑑𝑦𝑑𝑧  

                                                                          +𝑓 ∧ [𝑑(𝑑𝑥) ∧ 𝑑𝑦𝑑𝑧 + (−1)1𝑑(𝑑𝑦𝑑𝑧)].      (by #1, #3) 

        = 0.    

  Since      (
𝜕𝑓

𝜕𝑥
𝑑𝑥 +

𝜕𝑓

𝜕𝑦
𝑑𝑦 +

𝜕𝑓

𝜕𝑧
𝑑𝑧) ∧  𝑑𝑥𝑑𝑦𝑑𝑧 = 0  

 because each term will be a 4-form where we will have either 𝑑𝑥 ∧ 𝑑𝑥, 𝑑𝑦 ∧ 𝑑𝑦,

𝑜𝑟  𝑑𝑧 ∧ 𝑑𝑧,  in it, all of which are 0 and 

The second term is 0 because:   𝑑(𝑑𝑥) = 0 by #4, and 𝑑(𝑑𝑦𝑑𝑧) = 0 (see the 2nd 

example, page 10 in this section).   Thus, 𝑑𝜔 = 0. 


