A Quick Review of a few Topics from 3rd Semester Calculus

1. Vectorsin R3

A vector in R3 is a line segment from the origin (0,0,0) to a point in R3,
(a,b,c). We denote this vector by < a, b, c >.
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(a,b,c)

(0,0,0)

We can also write this vector as:
<ab,c>=art+bj+ CE;
where 1=<1,00>, j=<0,10>, k=<0,01>.

Ex. <2,5,—1>= 20+5/—k.

We can add or subtract vectors by adding or subtracting their components.
Ex. <2,-3,4>+4<50,-2>=<7,-3,2>

<32-4>-<5-1,2>=<-2,3,-6>
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<7,-32>
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We can also multiply a vector by a real number (called a scalar), by multiplying
each of the components.

Ex. (—6)<3,-2,—3>=<-18,12,18 >.

There are 2 ways to multiply vectors in R3, through a "Dot" product (whose
answer is a number, not a vector), and through a "Cross" product (whose answer
is a vector not a number).

Let 1_51 =<< a, bli 1 > and 1_52 =< az,bz, (65) >.

Dot Product:
1_7)1 ) 1_7)2 == a1a2 + b1b2 + C1C2
Note: ¥, * U, is a real number, NOT a vector.

Ex. < 2,-3,4><5,0,-2>=2)5)+(=3)0)+@)(-2)=10+0-8=2.
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Notice that: 131 ' 1_51 = a12 + b12 + C12 = ”1_7)1”2

or ”1_7)1” =\/1_7)1'1_]’1 =\/a12+b12+C12

Properties of the Dot product:
1. 1})1'62=52'{7}1

2. 131'(132‘}‘1})3):131'524‘51'1})3

Ifv=al+ bj+ ck, ¥ # 0, then a unit vector (a vector of length 1) in the
direction of v is given by:

C e d

b >
+ —+ k
\/a2+b2+62] va2+b2+c?
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a
17| va2+b2+c?2
Ex. Find a unit vector in the direction of ¥ =< 2,—-2,1 > =27 — 2] + k

Herea=2, b=-2, c=1, soa?+b*+c>=4+4+4+1=09.

— a - b > c 7 25 25
L+ + k=-1—-7+
va?+b?+c? Va2+b2+c2] va?+b2+c? 3 3/

k

W=

Theorem: Assume ¥, W # 0. Then ¥ - w = 0 if and only if ¥ and w are
perpendicular.



Cross Product:
131 =< aq, bl' C1 > = a1?+ b1j+ C1E

1_7)2 =<< a,, bz, (85) > = azi)'l' bz]_)‘l' C2E

T
Uy XUy =det|q, b, ¢ (Note: The "det" is often omitted)
a; by ¢

Ex. Find <2,1,-3 >x<-1,1,2 >

i ] k
<21,-3>x<-112>=|, 7 _3
1 1 2

_ 1 _3 —)_ 2 _3 - 2 1 7

—l1 2! |—1 2 ]+|—1 1|k

= [(D@) - WEI-[@DR) - CDEDT+ Q) - D@k

=51 —7J + 3k.

Notice that the answer is a vector, NOT a number (ie a scalar).

Properties:

1. ¥ X W is perpendicular to ¥ and w (hence perpendicular to the plane
containing ¥ and w)

X w =0 ifandonlyif ¥ and w are parallelor v = 0 orw = 0.

<N

2.

—W X V.

S
I

X

<N

3.



2. Finding an equation of a line in R3

Given a point (xg, yo, Zo) and a direction vector v =< a, b, ¢ >, we can write a
vector equation of a line through (x,, yo, Zo) in the direction of ¥ =< a, b, ¢ > by:

R(t) = < X0, V0,20 > +tB =< X0, V0,20 > +t < a,b,c > t€ER.

This vector form of a line can also be written as:

R(t) =< (x + at), (yo + bt), (zo +ct) > teR

=y
Y

Ae{!

R(®)

< X0,Y0,Zp >

This line can also be written in parametric form:

X =Xxy+at
Yy =yo+ bt
zZ= zy+ct

where t € R.
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Ex. Find a vector equation and parametric equations for the line through the
points P = (2,—3,—1) and Q = (—1,2,3).

First we find a direction vector from P to Q (or from Q to P)

—_— —

Direction Vector5=PQ = Q — P =< —-1—2,2—(=3),3 - (-1) >

=< —3,54 >.

Now we use either point, say, (2,—3,—1) = (xg, Yo, Zp):

R(t) =< x+at,yy+ bt, zg+ct >=<2—3t, —3+5t, —1+4t>; t€R.

In parametric equations this becomes:
X=xg+at=2-3t
y=y9+at=-3+5¢t
zZ=zg+at=-1+4t

where t € R.

Equations of line segments from P to Q.

If we find an equation of the line through the points P and Q by finding the

direction vector v = P_Q) =<a,b,c >= 5 — 13, and use the starting point

P = (xg,Y0,29) asour point on the line then the vector equation of the line is

R(t) =< xo + at,yo + bt, zy +ct >; t € R.



If the equation of the line through P and Q is found this way (there are an infinite
number of equations of lines that go through P and Q) then the line segment
from P to Q is given by

R(t)=<x,+at, yo+bt, zg+ct> 0<t<l.

Notice thatatt = 0; R(0) =< xo, Yo, 2o > = P
t=1 R(1)=<x,+ay,+bzo+c>=0
since b = PQ = Q — P.
Alternatively, we can find a line segment from P to Q by taking:
ﬁ(t) =tP + (1- t)ai 0<t<1 (StartsatQ, endatP); or

R(®) = té) + (1 - t)ﬁ; 0<t<1 (StartsatP,endatQ).

Ex. Find an equation for the line segment between P = (2,—3,—1) and

Q0 = (-1,2,3).

In the previous example we found an equation of the line through P and Q by
finding the direction v = P—Q> =< a,b,c>= (_j — ﬁ, and using the starting point
P = (2,—3,—1). Thus an equation for the line segment between P and Q is

R(t) = < xo + at, y, + bt, zy + ct >

=< 2 —3t,—3+5t,—1+ 4t >; 0<t<1.



Using the second approach we could find an equation for the line segment by
R)=tP+(1-1t)0=t<2-3,-1>+(1-t)<-123> 0<t<1
=< —1+4+3t, 2—5t, 3 —4t >; 0<t<1 (StartsatQ)
or
R)=t0+(1-t)P=t<-123>+(1-1t)<2,-3,-1> 0<t<1

=<2—-3t, =3+5¢t, —14+4t>; 0<t<1. (StartsatP).

3. Equations of planesin R3

In order to write an equation for a plane in R® we need a point (X, Yo, Zo) and a
vector, 1, perpendicular to the plane, called a "normal" vector.

For any general point (x, y, z) on the plane we have:
P=<xy,2z> P,=<xyY02 >, 1n=<AB,C>,
N PP =1<x—X0,Y— V0, Z— 29 >=0

A(x —x9) + B(y —yo) + B(z — z,) = 0.

i n
P(x,y,z)  _|PyP
7Po (X0, Y0, Zo)

 —




Ex. Find an equation of a plane containing the points C(—2,14)

A(2,1,1), B(0,4,1), C(—2,1,4).

AB=<0-2,4—-11-1>=<-2,3,0>

AC=<-2-21-1,4—1>=<—4,0,3 >.

AB and AC are vectors that lie in the plane containing

A(2,1,1), B(0,4,1), C(—2,1,4).

How do we find a vector, 7, perpendicular to the plane containing 4, B, C?

[
NN
O W~
wo X

= 97— (—=6)] + (—(=12))k = 97 + 6] + 12k.

=<9,6,12 >=<A4,B,C >.

s+ 125 ol

Using any point on the plane we can take (xq, o, 20) = (2,1,1).
An equation of the plane: A(x —x,) + By —y,) + B(z—2,) =0
9(x—2)+6(y—1)+12(z—1) =0;
Or 9x + 6y +12z—-36=0

Or 3x+ 2y +4z=12.
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4. Equations of Cylinders and a few common Quadric Surfaces in R3

Def. A cylinder consists of all lines that are parallel to a given line and pass
through a given plane curve.

Notice that if an equation in R3 contains only 2 variables, the graph is a cylinder.

When picturing a graph of an equation in R3 it is often helpful to examine the
level curves (z = constant ) and sections (y = constant and x = constant) of
the graph.

Ex. Sketch z = x? inR3

In the xz plane (y = 0) this is just the parabola z = x2. Since the function does
not have a "y" in it, every cross sectional of the plane y = k is the same parabola.
This is called a parabolic cylinder. In fact, if one of x, y, z is missing from the

equation, then you will get a cylinder.
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Ex. Sketchin R3: a)x2+y2=1 b) y2 +z%2 =1

a) x? + y? = 1lisacircle of radius 1in z = k plane.

b) y? + z2 = 1isacircle of radius 1 in x = k plane.
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72 x2  y?
The graph of any equation of the form: 2z = b2 + oz is a cone.

2 _ x? y? . .
Ex. sketch Zz© = > + 3 using level curves and sections.

x
z=k: k%= > + y? slices Il to xy plane are ellipses if k # 0,

if k = 0, then it’s a point.

. 2 y® _ Kk? . .
x=k: z°— ? = 7 slices Il to yz plane are hyperbolas if k # 0,
major axis is the z axis.
X2 2
y=k: 7% — ? = ? slices Il to xz plane are hyperbolas if k # 0,

major axis is the z axis.
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_xZ 2

z
The graph of any equation of the form P + oz is an elliptic paraboloid.

Ex. Sketch f(x,y) = x? + 2y2. Domain = R?; range z = 0.

Level curves for z = k > 0 are ellipses.

liptic paraboloid

Sections of the graph of f are parabolas.
For example, if y = k, then we get:
z=x?%+ 2k?
If x = k, then we get:

z = k? + 2y?
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Ex. Sketch a graph of z = —2x2? — 2y? and z = 8 — 2x? — 2y2.

z=8—2x%—2y?



x2  y% g2
The graph of any equation of the form ; + ﬁ + c_2 = 1 is an ellipsoid
(when a = b = c you get a sphere).
5 Y2 z?
Ex. Use the level curves and sections to sketch X =+ ? + 7 = 1.

2
When z = 0: x?2 + % =1 ellipse in the xy plane

z=k x*+—+—=1
9 4
2 kZ
x? +y? =1l=" isan ellipse if —2 < k < 2.Ask - 2
or —2 the major and minor axes are
shrinking to 0. For example,

2 2 2

Yy 3 X Yy
k=1 x’+===>>5+5

9 4 3 27

4 4

2,2
At x = 0: y? + Vi 1 ellipse in yz plane

Y _ 2 .
Atx =k : ?-l- =1—k" —1<k<1 elipse

2
Aty = 0: x% + ZZ = 1 ellipse in the xz plane

2
Aty = k: X2+—=1—% — 3 < k<3 ellipse

15

= 1.
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Ellipsoid

2 2
The graph of z = x——y—orz =

yZ x2
a? b2 2

Z 32 is a hyperbolic paraboloid (ie a saddle).

Ex. Use level curves and sections to sketch z = yz — x2.

Level curves: k = y? — x?2;
Hyperbolas, k > 0, major axis is y axis k < 0, major axis is x axis.
i /r I ‘\ y /,
_\\ HE // | N /|
\ a / \\ 2 ,/ yz mum xz =—1
N T Ext=1 \ /
s X X
R
AT N Y/ N
// = \\ 74 N
/] N / N
: N 7 N




Sections:

k=1:

Hyperbolic Paraboloid (Saddle)

y=k; z=k?*-—x?
parabolas in xz plane opening

in negative z direction.

x=k; z=y%—k?

parabolas in yz plane opening

opening in positive z direction.
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2 2

The graph of— + — — i— = 1 is a hyperboloid of one sheet.

x? z?
Ex. Sketch ” + yz i 1, using level curves and sections.

2 2
Atz = k: x: +y2=1+ ” ellipse in slices Il xy plane

PR 1 hyperbola in slices Il xz plane

2

Aty = k: x: — Z: =1 — k?, hyperbolasin xz planeif k # +1

N

—1 < k < 1, major axis is x axis; k < —1ork > 1, major axis is z axis.

N

At x = 0: y? — ZT =1 hyperbolas in slices Il to yz plane

kZ
At x = k: y? =1- " hyperbolas in yz plane if k # +2

—2 < k < 2, major axis is y axis; k < —2ork > 2, major axis is z axis.

Hyperboloid of one sheet

If — e +y° + ZT = 1, then the major axis is the x-axis (with negative term).



