
            Differentiability of Monotonic Functions- HW Problems 

 

1.   Find �̅�𝑓(0) and 𝐷𝑓(0) for the functions: 

            a.         𝑓(𝑥) = |𝑥|. 

            b.        𝑔(𝑥) = 𝑥  𝑖𝑓 𝑥 ∈ ℚ 

                                 = 0  if  𝑥 ∉ ℚ . 

            c.        ℎ(𝑥) = 𝑥𝑠𝑖𝑛(
1

𝑥
)     if 𝑥 ≠ 0       

                                 = 0                 if 𝑥 = 0. 

 

2.   Suppose that 𝑓 is integrable over [𝑎, 𝑏].  We say that the 

antiderivative of 𝑓 is a function 𝑔 on [𝑎, 𝑏] such that  

                                      𝑔(𝑥) = ∫ 𝑓
𝑥

𝑎
;     𝑥 ∈ [𝑎, 𝑏]. 

Show that 𝑔 is differentiable a.e. on [𝑎, 𝑏]. 

 

3.   Let 𝑓 be a continuous function on ℝ.  Must there be an open 

interval on which 𝑓 is monotone?  Explain. 

     Hint: There exists a function on ℝ which is continuous everywhere 

but differentiable nowhere. 

 

4.   Suppose that 𝑓 is a function on (𝑎, 𝑏) and 𝑎 < 𝑐 < 𝑏 is a local 

minimum of 𝑓  (ie there is a neighborhood, 𝑁,  around 𝑥 = 𝑐 such that 

𝑓(𝑐) ≤ 𝑓(𝑥) for 𝑥 ∈ 𝑁).  Show that 𝐷𝑓(𝑐) ≤ 0 ≤ �̅�𝑓(𝑐).  

 


