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                             Linear Transformations- HW Problems 

 

In problems 1-4 determine which mappings are linear transformations. 

1.    𝑇: ℝ2 → ℝ2    by  𝑇(𝑥1, 𝑥2) = (𝑥2, 𝑥1𝑥2) 

2.    𝑇: ℝ2 → ℝ3    by  𝑇(𝑥1, 𝑥2) = (𝑥1, 𝑥2,  𝑥1 + 3𝑥2) 

3.    𝑇: 𝑀𝑛×𝑛(ℝ) → 𝑀𝑛×𝑛(ℝ)   by 𝑇(𝐴) = 𝐴 + 𝐼,   𝐼 =identity matrix 

4.    𝑇: 𝐶(ℝ) → ℝ    by   𝑇(𝑓) = 𝑓(3). 

 

In problems 5-7 𝑇 is a linear transformation.  Find a basis for ker(𝑇) 

and 𝐼𝑚(𝑇) (ie 𝑅(𝑇)).  Also determine if 𝑇 is one-to-one and/or onto. 

5.    𝑇: ℝ2 → ℝ3    by  𝑇(𝑥1, 𝑥2) = (0, 𝑥1 + 𝑥2, 3𝑥2 − 𝑥1) 

6.    𝑇: 𝑃2(ℝ) → 𝑃2(ℝ)   by  𝑇(𝑝(𝑥)) = 𝑥𝑝′(𝑥),                                              

        where 𝑝(𝑥) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 

7.    𝑇: 𝑀2×2(ℝ) → 𝑀2×2(ℝ)   by                                                 

                   𝑇([
𝑎11 𝑎12

𝑎21 𝑎22
]) = [

𝑎11 − 𝑎12 0
0 𝑎22 − 𝑎21

] 

 

8.    Let 𝑇: ℝ2 → ℝ be a linear transformation with 𝑇(2,1) = −2 and 

𝑇(1, −3) = 3.  Find 𝑇(5,6). 

 

9.    Does there exist a linear transformation 𝑇: ℝ2 → ℝ3 such that 

𝑇(−3,2) = (4, 3, 2) and 𝑇(6, −4) = (−4, −3, −2)? 
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10.    Let 𝑉 and 𝑊 be finite dimensional vector spaces.  Suppose    

𝑇: 𝑉 → 𝑊 is a linear transformation.  Prove that if 

a.    dim(𝑉) < 𝑑𝑖𝑚(𝑊),  then 𝑇 can’t be onto 

b.    dim(𝑉) > 𝑑𝑖𝑚(𝑊),  then 𝑇 can’t be one-to-one 

Hint:  Nullity(𝑇) +Rank(𝑇) = dim(𝑉). 

 

11.    Suppose that 𝑈, 𝑉, and 𝑊 are vector spaces and 𝑇1: 𝑈 → 𝑉 and 

𝑇2: 𝑉 → 𝑊 are linear transformations.  Prove that 𝑇2 ∘ 𝑇1: 𝑈 → 𝑊 

defined by 𝑇2 ∘ 𝑇1(𝑢) = 𝑇2(𝑇1(𝑢)) is a linear transformation. 

 

12.    Let 𝑉 and 𝑊 be finite dimensional vector spaces and 𝑇: 𝑉 → 𝑊 a 

linear transformation.  Suppose that dim(𝑉) = dim (𝑊) and        

𝑁(𝑇) = {0}.  Prove that 𝑇 is onto. 


