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                                                                      Subspaces 

 

Def.  A subset 𝑊 of a vector space 𝑉 is called a subspace of 𝑽 if 𝑊 is a vector space 

with the operations of addition and scalar multiplication defined in 𝑉.  

 

For any vector space 𝑉, 𝑉 and {0} are subspaces of 𝑉.  {0} is called the zero 

subspace of 𝑉.  

 

Notice that vector space axioms 1,2,5,6,7, and 8 hold for all vectors in 𝑉 so they 

hold for any subset 𝑊 of 𝑉.  Thus to show that 𝑊, a subset of 𝑉, is a subspace of 𝑉 

we only need to show: 

1.   𝑣 + 𝑤 ∈ 𝑊 whenever 𝑣, 𝑤 ∈ 𝑊    (i.e. 𝑊 is closed under addition). 

2.   𝑐𝑤 ∈ 𝑊 whenever 𝑐 ∈ ℝ and 𝑤 ∈ 𝑊  (i.e. 𝑊 is closed under scalar mult.)       

3.   The zero vector of 𝑉 is in 𝑊. 

4.   Every vector 𝑤 ∈ 𝑊 has an additive inverse in 𝑊. 

 

In fact, we actually only need to show conditions 1 and 2 hold since if  𝑤 ∈ 𝑊 then 

−𝑤 ∈ 𝑊 (by condition 2) and 𝑤 + (−𝑤) = 0 ∈ 𝑊 (by condition 1).   

 

Ex.  Show that 𝑊 = {< 𝑥, 𝑦, 𝑧 >∈ ℝ3|  𝑧 = 3𝑥 + 𝑦} is a subspace of the vector 

space ℝ3 with the usual vector addition and scalar multiplication. 

 

1.  Given 𝑤1, 𝑤2 ∈ 𝑊,  where 𝑤1 =< 𝑥1,  𝑦1, 3𝑥1 + 𝑦1 >,   𝑤2 =< 𝑥2, 𝑦2, 3𝑥2 + 𝑦2 > 

      then          𝑤1 + 𝑤2 =< 𝑥1,  𝑦1, 3𝑥1 + 𝑦1 > +< 𝑥2, 𝑦2, 3𝑥2 + 𝑦2 > 

                               =< 𝑥1 + 𝑥2, 𝑦1 + 𝑦2, 3𝑥1 + 3𝑥2 + 𝑦1 + 𝑦2 >      

                               =< (𝑥1 + 𝑥2), (𝑦1 + 𝑦2), 3(𝑥1 + 𝑥2) + (𝑦1 + 𝑦2) >∈ 𝑊.       
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2.   If 𝑤 ∈ 𝑊  and  𝑐 ∈ ℝ   then 

                𝑐𝑤 = 𝑐 < 𝑥, 𝑦, 3𝑥 + 𝑦 >  

                      =< 𝑐𝑥, 𝑐𝑦, 𝑐(3𝑥 + 𝑦) >            

                      =< 𝑐𝑥, 𝑐𝑦, 3(𝑐𝑥) + (𝑐𝑦) >∈ 𝑊. 

 

Thus 𝑊 is a subspace of ℝ3. 

  

 

Ex.   Show that   𝑊 = {< 𝑥, 𝑦, 𝑧 >∈ ℝ3|  𝑧 = 𝑥 + 2𝑦 + 4} is not a subspace of the 

vector space ℝ3 with the usual vector addition and scalar multiplication.     

 

Notice that  𝑊 actually violates both conditions we would need for it to be a 

subspace of  ℝ3  (although it only needs to violate one condition to fail to be a 

subspace). 

1.   If 𝑣 =< 1,2,9 > and 𝑤 =< 2,1,8 > then 𝑣, 𝑤 ∈ 𝑊.  However, 

                 𝑣 + 𝑤 =< 1,2,9 > +< 2,1,8 >=< 3, 3, 17 >.     

       But  < 3, 3, 17 >  doesn’t satisfy    𝑧 = 𝑥 + 2𝑦 + 4  so 𝑣 + 𝑤 ∉ 𝑊. 

 

2.   Notice that 2𝑤 = 2 < 2, 1, 8 >=< 4, 2, 16 >. 

       But < 4, 2, 16 >  doesn’t satisfy    𝑧 = 𝑥 + 2𝑦 + 4  so 2𝑤 ∉ 𝑊. 
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Ex.   Show that 𝑊 = {< 𝑥, 𝑦 >∈ ℝ2| 𝑥 ≥ 0, 𝑦 ≥ 0}  is not a subspace of the vector 

space ℝ2 with the usual addition and scalar multiplication. 

 

1.  𝑊 is closed under addition since if 𝑣, 𝑤 ∈ 𝑊 then if                                                  

     𝑣 =< 𝑎1, 𝑎2 > ,   𝑤 =< 𝑏1, 𝑏2 >   

     where 𝑎1, 𝑏1, 𝑎2, 𝑏2 ≥ 0.  Then we have: 

                                𝑣 + 𝑤 =< 𝑎1, 𝑎2 > +< 𝑏1, 𝑏2 >   

                                          =< 𝑎1 + 𝑏1, 𝑎2 + 𝑏2 > 

     and 𝑎1 + 𝑎2 ≥ 0,     𝑏1 + 𝑏2 ≥ 0.   Thus  𝑣 + 𝑤 ∈ 𝑊. 

 

2.   𝑊 is not closed under scalar multiplication since if 𝑤 =< 1,2 >  then 

                       −2(𝑤) = −2 < 1, 2 >=< −2, −4 >∉ 𝑊.  

 

 

Def.  The transpose of an 𝑚 × 𝑛 matrix 𝐴 with entries (𝐴𝑖𝑗) is an 𝑛 × 𝑚 matrix 𝐴𝑡 

with entries (𝐴𝑗𝑖). 

 

Ex.  If 𝐴 = [
1 −2 3
4 −5 6

]   then     𝐴𝑡 = [
   1    4
−2
   3

−5
   6

]  . 

 

Def.  A symmetric matrix 𝐴 is a matrix 𝐴 where 𝐴𝑡 = 𝐴. 

 

Notice that a symmetric matrix must be a square matrix. 

Ex.  𝐴 = [
   2 −4
−4    6

]  is a symmetric matrix because 𝐴𝑡 = [
   2 −4
−4    6

] = 𝐴. 
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Ex.  Show that 𝑆2×2(ℝ), the set of symmetric 2 × 2 matrices with real entries is a 

        subspace of the vector space 𝑀2×2(ℝ) of all 2 × 2 matrices with real entries  

        with the usual matrix addition and scalar multiplication. 

 

      𝑀2×2(ℝ) = {[
𝑎 𝑏
𝑐 𝑑

] |  𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ} 

      𝑆2×2(ℝ) = {[
𝑎 𝑏
𝑏 𝑑

] |  𝑎, 𝑏, 𝑑 ∈ ℝ} 

 

     1.   𝑆2×2(ℝ) is closed under addition.   Let 𝐴, 𝐵 ∈ 𝑆2×2(ℝ), then  

                         𝐴 = [
𝑎 𝑏
𝑏 𝑑

]  ,      𝐵 = [
𝑒 𝑓
𝑓 𝑔

] ,      𝑎, 𝑏, 𝑑, 𝑒, 𝑓, 𝑔 ∈ ℝ. 

                   𝐴 + 𝐵 = [
𝑎 𝑏
𝑏 𝑑

] + [
𝑒 𝑓
𝑓 𝑔

] 

                               = [
𝑎 + 𝑒 𝑏 + 𝑓
𝑏 + 𝑓 𝑑 + 𝑔

] ∈ 𝑆2×2(ℝ). 

 

     2.  𝑆2×2(ℝ) is closed under scalar multiplication.  If 𝑐 ∈ ℝ  then 

                     𝑐𝐴 = 𝑐 [
𝑎 𝑏
𝑏 𝑑

] = [
𝑎𝑐 𝑏𝑐
𝑏𝑐 𝑑𝑐

] ∈ 𝑆2×2(ℝ). 

      

        Thus 𝑆2×2(ℝ) is a subspace of 𝑀2×2(ℝ).  A similar argument shows that  

         𝑆𝑛×𝑛(ℝ) is a subspace of 𝑀𝑛×𝑛(ℝ).   

 

 

 

 



5 
 

Ex.   Show that the set 𝑀 of 2 × 2 matrices with real entries with determinant  

        equal to 0, 𝑀 = {[
𝑎 𝑏
𝑐 𝑑

] | det [
𝑎 𝑏
𝑐 𝑑

] = 0,   𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ}, is not a 

       subspace of 𝑀2×2(ℝ) with the usual matrix addition and multiplication.  

 

       As we saw earlier when we showed that 𝑀 was not a vector space, 𝑀 is not 

       closed under addition (although it is closed under scalar multiplication) 

       since if 𝐴 = [
0 0
0 1

] and 𝐵 = [
1 0
0 0

],   𝐴, 𝐵 ∈ 𝑀 but 

                                𝐴 + 𝐵 = [
0 0
0 1

] + [
1 0
0 0

] = [
1 0
0 1

] ∉ 𝑀 

        because    det(𝐴 + 𝐵) = 1 ≠ 0. 

 

Ex.  Show that the set of polynomials of degree at most 3 with real coefficients, 

        𝑃3(ℝ), is a subspace of the vector space                                                       

        𝑃(ℝ) = {𝑎𝑙𝑙 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙𝑠 𝑤𝑖𝑡ℎ 𝑟𝑒𝑎𝑙 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠} with the usual 

        addition and scalar multiplication of functions.  

 

       1.   𝑃3(ℝ) is closed under addition.  If 𝑓, 𝑔 ∈ 𝑃3(ℝ)  then 

                                        𝑓 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 

                                      𝑔 = 𝑏0 + 𝑏1𝑥 + 𝑏2𝑥2 + 𝑏3𝑥3      and 

 

        𝑓 + 𝑔 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 + 𝑏0 + 𝑏1𝑥 + 𝑏2𝑥2 + 𝑏3𝑥3 

                   = (𝑎0 + 𝑏0) + (𝑎1 + 𝑏1)𝑥 + (𝑎2 + 𝑏2)𝑥2 + (𝑎3 + 𝑏3)𝑥3 ∈ 𝑃3(ℝ). 
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      2.   𝑃3(ℝ) is closed under scalar munltiplication.  If  𝑓 ∈ 𝑃3(ℝ) ,  𝑐 ∈ ℝ  then 

                                      𝑓 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + 𝑎3𝑥3 

                                    𝑐𝑓 = 𝑎0𝑐 + 𝑎1𝑐𝑥 + 𝑎2𝑐𝑥2 + 𝑎3𝑐𝑥3 ∈ 𝑃3(ℝ).  

 

     Thus 𝑃3(ℝ) is a subspace of 𝑃(ℝ). 

 

 

 

Notice that if we took the set of polynomial                                                          

𝑃3
̅̅ ̅(ℝ) = {𝑎𝑙𝑙 𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙𝑠 𝑜𝑓 𝑑𝑒𝑔𝑟𝑒𝑒 3 𝑤𝑖𝑡ℎ 𝑟𝑒𝑎𝑙 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠}, this would 

not be a subspace of 𝑃(ℝ) because it violates both conditions we would need to 

satisfy to be a subspace : 

 

1.  If  𝑓(𝑥) = 𝑥3, 𝑔(𝑥) = −𝑥3 + 𝑥, then 𝑓(𝑥), 𝑔(𝑥) ∈ 𝑃3
̅̅ ̅(ℝ), but 

                                𝑓(𝑥) + 𝑔(𝑥) = 𝑥 ∉ 𝑃3
̅̅ ̅(ℝ). 

 

2.   If 𝑓(𝑥) ∈ 𝑃3
̅̅ ̅(ℝ)  and 𝑐 = 0, then 𝑐𝑓(𝑥) = 0 ∉ 𝑃3

̅̅ ̅(ℝ). 
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Ex.   Show that the set of continuous functions from ℝ to ℝ, 𝐶(ℝ), is a subspace of 

         the vector space ℑ = {𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑓𝑟𝑜𝑚 ℝ 𝑡𝑜 ℝ} with the usual addition and 

         scalar multiplication of functions. 

 

      1.   If 𝑓, 𝑔 ∈ 𝐶(ℝ) then 𝑓 + 𝑔 ∈ 𝐶(ℝ) since the sum of continuous functions 

             is continuous. 

    

       2.  if 𝑓 ∈ 𝐶(ℝ) and 𝑐 ∈ ℝ then 𝑐𝑓 ∈ 𝐶(ℝ), as a constant multiple of a  

            continuous function is continuous. 

 

 

        Notice that one can also show that 𝑾 is a subspace of 𝑽 by verifying that 

        𝒗 + 𝒄𝒘 ∈ 𝑾 for all 𝒗, 𝒘 ∈ 𝑾 and all 𝒄 ∈ ℝ. 


