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                               Changing Bases- HW Problems 

For all of the following problems when you are changing bases use a 

change of basis matrix 𝑃. 

1.    Let 𝑇: ℝ2 → ℝ2  by  𝑇(𝑥1, 𝑥2) = (2𝑥1 + 𝑥2,   𝑥1 − 𝑥2).  

a.    Find a matrix 𝐴 which represent 𝑇 in the standard basis {𝑒1, 𝑒2} for 

ℝ2. 

b.    Let 𝑣1 = 𝑒1 + 𝑒2 and 𝑣2 = 𝑒1 − 𝑒2.  {𝑣1, 𝑣2} is another basis forℝ2 .  

Find a matrix representation, 𝐵, of 𝑇 with respect to {𝑣1, 𝑣2} (for both 

ℝ2′𝑠). 

c.    Let 𝑤1 = −𝑒1 + 3𝑒2 and 𝑤2 = 2𝑒1 − 𝑒2.  Find a matrix 

representation, 𝐶, of 𝑇 with respect to {𝑤1, 𝑤2} (for both ℝ2′𝑠). 

d.    Show that using the matrices from parts b and c you can find  

matrix 𝐶 from matrix 𝐵 and the change of basis matrix from  {𝑤1, 𝑤2} 

to {𝑣1, 𝑣2}. 

 

 

In problems 2-5 𝐴 is a matrix representation of a linear transformation 

in the standard basis.  Find a matrix representation of the linear 

transformation in the new basis. 

2.    𝐴 = [
2 −1
1    3

] ;    new basis= {< 1, 2 >, < 1, 1 >}  

 

3.    𝐴 = [
3 1
1 3

] ;       new basis= {< 7, 3 >, < 2, 1 >}   
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4.    𝐴 = [
   1 0 2
−1 1 3
   0 1 1

] ;  

                     new basis= {< 1, 1, 1 >, < 2, 1, 0 >, < −1, 1, 1 >} 

You can assume that if 𝑃 = [
1 2 −1
1 1    1
1 0    1

] then 𝑃−1 =
1

2
[

   1 −2    3
   0    2 −2
−1    2 −1

] 

 

5.    𝐴 = [
   2 1 −1
   0 1    3
−1 2    1

] ;  

                     new basis= {< 0, −2, 1 >, < 1, 2, 0 >, < 1, 1, 1 >}. 

You can assume that if 𝑃 = [
   0 1 1
−2 2 1
   1 0 1

] then 𝑃−1 = [
   2 −1 −1
   3 −1 −2
−2    1    2

] 

 

 

 

 

 

 

 

 

 

 

 



3 
 

6.    Suppose 𝑇: 𝑃2(ℝ) → 𝑃2(ℝ) by 

         𝑇(𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2) = (𝑎0 + 𝑎1) + (𝑎2 − 𝑎1)𝑥 + (𝑎2 − 𝑎0)𝑥2. 

a.    Find a matrix representation of 𝑇 with respect to the standard basis 

for 𝑃2(ℝ),   {1, 𝑥, 𝑥2}. 

b.    Find a matrix representation of 𝑇 with respect to the basis           

{1 + 𝑥, 𝑥 + 𝑥2, 1 + 𝑥2}. 

You can assume that if 𝑃 = [
1 0 1
1 1 0
0 1 1

] then 𝑃−1 =
1

2
[

   1   1 −1
−1    1    1
   1 −1    1

]. 

 

c.    Find a matrix representation of 𝑇 with respect to the basis                 

{1, 1 + 𝑥, 1 + 𝑥 + 𝑥2}. 

You can assume that if 𝑃 = [
1 1 1
0 1 1
0 0 1

] then 𝑃−1 = [
1 −1    0
0    1 −1
0    0    1

]. 

 

7.    𝑛 × 𝑛 matrices 𝐴 and 𝐵 are similar if there exists an invertible      

𝑛 × 𝑛 matrix 𝑄 such that 𝐵 = 𝑄−1𝐴𝑄.  Show that if 𝐴 and 𝐵 are similar 

matrices then det(𝐴) = det(𝐵). 

 

8.    Suppose that 𝐴, 𝐵, and 𝐶 are 𝑛 × 𝑛 matrices.  Show 

a.    𝐴 is similar to 𝐴 

b.    If 𝐴 is similar to 𝐵, then 𝐵 is similar to 𝐴. 

c.    If  𝐴 is similar to 𝐵, and 𝐵 is similar to 𝐶, then 𝐴 is similar to 𝐶. 

Note:  a, b, and c  mean that similarity of matrices is an equivalence 

relation. 
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9.    Suppose that 𝐴 is an invertible 𝑛 × 𝑛 matrix and 𝐴 is similar to 𝐵. 

a.    Prove that 𝐵 is invertible. 

b.    Prove that 𝐴−1 is similar to 𝐵−1. 

 


