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                          Riemannian Metrics- HW Problems 

 

1.    Let 𝑆+
2 ⊆ ℝ3 be the upper hemisphere parametrized by 

          Φ⃗⃗⃗ (𝑢, 𝑣) = (𝑢, 𝑣, √1 − 𝑢2 − 𝑣2),     𝑢2 + 𝑣2 < 1,   

 

        and 𝑆−
2 ⊆ ℝ3 the lower hemisphere parametrized by 

           Ψ⃗⃗⃗ (�̅�, �̅�) = (�̅�, �̅�, −√1 − �̅�2 − �̅�2),     �̅�2 + �̅�2 < 1.   

 

        Let 𝑓: 𝑆+
2 → 𝑆−

2  by  𝑓(𝑢, 𝑣, √1 − 𝑢2 − 𝑣2)=(-v,-u, -√1 − 𝑢2 − 𝑣2). 

   

       Suppose that 𝑋, 𝑌 ∈ 𝑇𝑝𝑆+
2 .   

 

       Show that        < 𝑋, 𝑌 >𝑝=< 𝑑𝑓𝑝(𝑋), 𝑑𝑓𝑝(𝑌) >𝑓(𝑝),   

       where < 𝑋, 𝑌 >𝑝= 𝑔(𝑋, 𝑌)  and 𝑔 is the metric induced by Φ⃗⃗⃗ ,  

 

       and      < 𝑑𝑓𝑝(𝑋), 𝑑𝑓𝑝(𝑌) >𝑓(𝑝)= ℎ (𝑑𝑓𝑝(𝑋), 𝑑𝑓𝑝(𝑌))  

       where ℎ is induced by Ψ⃗⃗⃗ . 
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2.   Let 𝑆1 be the catenoid parametrized by 

        Φ⃗⃗⃗ (𝑢, 𝑣) = ((𝑐𝑜𝑠ℎ𝑢)𝑐𝑜𝑠𝑣, (𝑐𝑜𝑠ℎ𝑢)𝑠𝑖𝑛𝑣, 𝑢),   𝑢 ∈ ℝ, 𝑣 ∈ [0,2𝜋],   

 

       and 𝑆2 be the helicoid parametrized by  

        Ψ⃗⃗⃗ (�̅�, �̅�) = (�̅�𝑐𝑜𝑠�̅�, �̅�𝑠𝑖𝑛�̅�, �̅�),    �̅�, �̅� ∈ ℝ.    

 

          Suppose   𝑓: 𝑆1 → 𝑆2 by 

     𝑓((𝑐𝑜𝑠ℎ𝑢)𝑐𝑜𝑠𝑣, (𝑐𝑜𝑠ℎ𝑢)𝑠𝑖𝑛𝑣, 𝑢) = ((𝑠𝑖𝑛ℎ𝑢)𝑐𝑜𝑠𝑣, (𝑠𝑖𝑛ℎ𝑢)𝑠𝑖𝑛𝑣, 𝑣). 

 

           Suppose that 𝑋, 𝑌 ∈ 𝑇𝑝𝑆1.   

           Show that 

                       < 𝑋, 𝑌 >𝑝=< 𝑑𝑓𝑝(𝑋), 𝑑𝑓𝑝(𝑌) >𝑓(𝑝).   

 

     (Recall the 
𝑑

𝑑𝑢
(𝑐𝑜𝑠ℎ𝑢) = 𝑠𝑖𝑛ℎ𝑢,     

𝑑

𝑑𝑢
(𝑠𝑖𝑛ℎ𝑢) = 𝑐𝑜𝑠ℎ𝑢  and 

       sinh2 𝑢 + 1 = cosh2 𝑢) .    


