Smooth Surfaces

Def: Let U be an open setin R™, we say:
f:U - R™ by:

f_)(xll 'xm) = (fl(xb -"'xm);fZ(xltth ---!xm): ;fn(xl» "-'xm))

is smooth iffi(xl, . xm) has continuous partial derivatives of all orders for i =
1,..,n.

Soif ®(u,v) = (x(u, v),y(u, v), z(u, v)), then @ is smooth if:

_’_%a_y%). —»_(a_xa_y@)
q)“_(au’au'au ’ Py = ov’ dv’ dv
3 - o’x 9%y 0%z\ 3 o’x 0%y 9%z

uu =\ gu2’ gu2’ ou? )’ uv = \ gudv’ oudv’ duov)’ "

has continuous partial derivatives of all orders.

Def. Let U € R? be an open set. A surface patch (i.e. a parametrization)

®: U — R3 of asurface, S, is called regular if it is smooth and the vectors:

— Ox 0y 0 - Ox 0y 0
d)u:(x y_z) and CI>v=(x y—z)

ou’ ou’ du v’ v’ v
are linearly independent at all points (u, v) € U. This is equivalent to

saying: $u X ED)U # 0 forany point (u,v) € U.



Def. If S is a surface, an allowable surface patch for S is a regular surface patch,

Def.

U - R3, such that @ and © 1 are continuous (this is called a
homeomorphism) from U to an open subset of S. A smooth or regular
surface is a surface, S, such that for any point p € S, there is an allowable
patch, @, such that p € ?5(U) A collection, A, of allowable surface
patches for a surface S such that every point of S is in the image of at least
one patch in A is called an atlas for the smooth surface S.

(Alternative Definition) A subset S € R3 is a smooth or regular surface if
for each point p € S there exists an openset, U C ]Rz, an open
neighborhood Q of p in R3 and a surjective continuous function

C—I;: U — Q N S (surjective means every point ¢ € Q NS has a point
p € U such that a))(p) = @) such that:

1) @ is smooth, i.e. if $(u, v) = (x(u, v),y(u,v), z(u, v)) the

x(u, v), y(u,v) and z(u, v) have continuous partial derivatives of all
orders.

—_— —
2) ® is a homeomorphism: @ is continuous and has an inverse function

o1 Q NS — U, which is also continuous.

— —

3) 8u X @, # 0 forany (u,v) € U.




Ex. Show that the unit cylinder S = {(x,y,2) € R3| x? + y?2 = 1}isa

smooth surface.

3(u,v) = (cosu,sinu,v); 0<u<2m vER
is @ parametrization of this cylinder, however the set:
V={uv) €ER?0<u<2mve€ER}
is not an open set in R?.

So consider the open set:
U={(uv) ER?)|0<u<?2mve€ER}.
U is open but a(U) does not cover all of the surface S

(the line (1,0, z) is missing).

=




However, ®is 1 — 1 from U into S, since if:
®(ug, ;) = P(uy, ;)  then:
(cosuy,sinuy,vy) = (cosu,,sinu,,v,)
This implies v = v, and:
COSU; = COSUy; = Uy, = Uq Or 27T — Uy
sinu; =sSinu, = Uy, = Uq Or T — Uyq.

Sou1=u2and$isl—1.

It’s clear that @ is smooth. But we need to show that @ has a

a continuous inverse, 1 5(U) - U. For {(x,y,2) € a(U)} define:

6“1(9@ y,z) = (Tan™?! (%) ,Z) if (x,7y)isin the 1st quadrant

— (g, 2) if (x,y) = (0,1)

= (m+ Tan™?! (%) ,Z) if (x,¥)isinthe 2"/3rd quadrant
= (3%, Z) if (x,y) =(0,—-1)

= (2m + Tan™1 (%) ,Z) if (x,y)isin the 4th quadrant.

We need this messy inverse function because —g <tan"lt < gand o1

maps ®(U) onto U = (0,21) X (—00, o).

It’s not too difficult to show that @ 1 is continuous.



But we need another open set, W, so that @: W S R2 > S such that the
points that we missed by d:U->S get covered by 6(W)

Here we can just take:

W={(uv)ER?|—-r<u<mv€ER}

(-1,0,z) —

S|

v

By the same argument, disl—1lonW

Now we have:

5u = (—sinu,cosu,0)
@, =(0,0,1).

®,, and @, are linearly independent because one vector is not a multiple of the
other. We can also see it by:

— — i) j) I_é > . > -
D, XD, =|_sinu cosu O0|=(cosu)t+ (sinu)j+0
0 0 1

So S is a smooth surface.



Ex. Show that the unit sphere S = {(x,y,2)| x? + y? + z? = 1}isa

smooth surface.

One smooth, regular parametrization of the unit sphere is given by:

®(¢p,0) = (cosOsing,sinfsing,cos); 0< ¢ <m0 <6 < 2.

< &
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(cos, 0, Sinqb);P 0<¢p<m

S|

In a manner similar to the previous example, it can be shown that

® is 1 — 1 and has a continuous inverse given by:

D 1(x, y,z) = (cos™tz, Tan™?! (3;’)) if (x,y) isin the 1st quadrant
= (cos™1z, g) if (x,y) = (0,1)
= (cos_1 z, T+ Tan™?! (%) ) if (x,y) isin the 2"/3rd quadrant
= (cos 1z, 3?11) if (x,¥) = (0,—-1)

= (cos™1z, 2m + Tan™?! (g)) if (x,y) isin the 4th quadrant.



o

To show @,

¢ = (cos 6 cos ¢, sin 6 cos ¢, —sin ¢)
59 = (—sinfsing,cosOsing,0)
Dy X DPg =|cosOcos¢p sinfcos¢p —sing
—sinf@sin¢g cos @ sing 0

= cosOsin>pr+sinfsin®¢pJ

+(cos? 6 sin ¢ cos ¢ + sin? 0 sin ¢ cos ) k

5(1, X @ = cos 0 sin® ¢ 7+ sin O sin ¢ J + sin ¢ cos ¢ k.

We can see that zﬁd, X ?59 # 0 by showing its length is never 0.

||6¢ X @g|| = {/cos? 6 sin* ¢ + sinZ @ sin* ¢ + sinZ ¢ cos? ¢

= \/(cosz 0 + sin? 6) sin* ¢ + sin? ¢ cos? ¢

= ,/sin* ¢ + sin? ¢ (cos? ¢)

= \/sinz ¢ (sin? ¢ + cos? ¢)

= |singp| >0 since 0 < ¢ <.



However, ® does not map the set:

U={(¢p,0) eER?|0<¢p<m 0<0<2m}

onto the unit sphere. The semicircle on the sphere of points of the form
(x,0,2), x = 0is missing (black semi-cirlce in previous picture).

So now let’s consider the set: H = {(x,y,2) € R3| x <0,z = 0}, and
consider W = S — H (W is open). W is the sphere with the semicircle
(x,y,0), x < 0 missing.

<l
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45 | Negative x-axis

Now define: U: U > S —H =W by,

?(qﬁ,@) = (—cosfsin¢,cos¢p,—sinfsing),0< ¢ <m,0<0 <2m.

As with the map 6, @’ is smooth and a homeomorphism.



And we have:
@:l, = (—cos B cos¢p,—sing,—sin b cos @)

ﬁg = (sinf sin ¢, 0, — cos 6 sin ¢)

—

Wy X Wg =|—cosOcos¢p —singp —sinfcosg
sin @ sin ¢ 0 — cos 8 sin ¢

= cos 0 sin? ¢ T — (cos? O cos ¢ sin ¢ + sin? G cos ¢ sin ¢p)J
+sin6sin2 ¢ k

= (cos 0 sin? ¢)7 — (sin ¢ cos ¢) + sin 6 sin ¢ k.

tﬁ(p qugll = |sin ¢p| > Osince 0 < ¢ < .

As before,

So ”¢)¢ X W)g” * 6

Since 6(U) U ?(W) D Sand @ and ¥ are homeomorphisms, S is a

smooth surface.
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This is not the only way to show that S is a smooth surface. For example, we
could use 6 open patches (open sets) on the sphere. Each of the maps below map the
set U = {(u, v)|u? + v? < 1}in R? onto a different hemisphere:

51(u,v)=(u,v,\/1—u2—v2); z>0

D, (u,v) = (wv,—V1—u2—-v2); z<0

O, v) = (wVI—uZ—vZ,v); y>0

D, (u,v) = (w,—V1-u2—vZv); y<0

?55(u,v)=(\/1—u2—v2,u,v); x>0

D (u,v) = (—Vi-u?-vZuv); x<0

Each of these 51-5 has the property that it's a homeomorphism from the

disk u? + v? < 1in R? onto a hemisphere and it is regular.

We’ll demonstrate this with @ (u, v).
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1. 61 is clearly smooth for u? + v? < 1.
2. 51 is 1-1 since:
D1 (ug, v1) = P1(uz, v3)

2 7\ _ 2 2
(u1rU1:\/1 — Uq _vl) = (uz:vz»\/l — Uy _vz)

= U =U, Vi =7V, SO0 P;isl-1.

3. d71(x,y,2) = (x,y) is the continuous inverse of @ .

4, (61)11 X (51)1) # 0 since:

@), =(105m=) B, =(0lm=)

-

P 7k
— — -u o R —
(@,), x (®1), =1 O Vimwrvr| = =t =/ tk
0 1 Fme
R R 2 2
||((D1)u X (cbl)v - \/1—52—172 + 1—11}2—172 +1= 1—1;—172 #0

So (61)1/‘ X (51)17 #* 0.

Since U%_, @, (U) 2 S, S is a smooth surface.



