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                       The Gauss-Bonnet Theorem- HW Problems 

 

1.   In an earlier HW exercise we saw that the Gauss curvature function  

      of the torus: 

        Φ⃗⃗⃗ (𝑢, 𝑣) = ((2 + cos(𝑣)) cos(𝑢) , (2 + cos(𝑣)) sin(𝑢) , sin(𝑣)); 

                  where (𝑢, 𝑣) ∈ [0,2𝜋) × [0,2𝜋)  

     is given by  Κ =
cos(𝑣)

2+cos(𝑣)
.  The Euler characteristic of the torus, 𝜒(𝑇),   

     is  0.  Show that the Gauss-Bonnet theorem holds for this surface,  

     i.e., show:    ∬ ΚdS = 2𝜋𝜒(𝑇) = 0
𝑇

. 

     (recall    ∬ Κ𝑑𝑆 = ∫ ∫  Κ ‖Φ⃗⃗⃗ 𝑢 × Φ⃗⃗⃗ 𝑣‖
2𝜋

𝑢=0
𝑑𝑢𝑑𝑣

2𝜋

𝑣=0𝑇
  ). 

 

2.    Consider the ellipsoid 𝑆 given by  

            Φ⃗⃗⃗ (𝑢, 𝑣) = ((cos(𝑣)) sin(𝑢) , (sin(𝑣) sin(𝑢) , 2 cos(𝑢)); 

                 where  (𝑢, 𝑣) ∈ [0,2𝜋) × [0,2𝜋). 

         (ie, the surface 𝑥2 + 𝑦2 +
𝑧2

4
= 1). 

       It can be shown through direct calculation that the Gaussian 

       curvature is:        Κ =
4

(cos2 𝑢+4sin2 𝑢)2
 . 

       An ellipsoid is homeomorphic to a sphere thus 𝜒(𝑆) = 2. 

       Show that the Gauss-Bonnet theorem holds for this surface.  That is 

       show:                    ∬ ΚdS = 2𝜋𝜒(𝑆) = 4𝜋
𝑆

. 

                                   


