Gaussian Curvature and Mean Curvature

Def: Let W be the Weingarten map (i.e., W = —ng, where G is the Gauss
map) of an orientated surface at a point, p € S. The Gauss curvature K and

mean curvature H of S at p are defined by:
_ 1
K=det(W,), H= 5 trace(Wp).

Recall that the determinant and trace of any linear transformation (like W)
can be computed as the determinant and the sum of the diagonal elements of the
matrix of the linear transformation with respect to any basis. That is, the
determinant and trace of a linear transformation are unchanged (or invariant)

when you change the basis of the linear space.

If the sign of the unit normal of S is changed then the sign of W also
changes (i.e. the matrix representation of W get multiplied by —1), thus
K = det(IW) is unchanged but trace(I/) gets multiplied by —1. Thus, K'is

uniquely defined at p € S even if § is a nonorientable surface. However, H is
only uniquely defined on an orientable surface.

To get an explicit formula for H and K, start with a coordinate patch, ® of

S, ®: U € R2 > S. Then the first and second fundamental forms can be
represented by:

E du? + 2F dudv + G dv? L du? + 2M dudv + N dv?
_(E F /L M
Fl_(F G) FZ_(M N)
E=0, O, L=&,,-N
F=0, - ®,=0, D, M=&,,-N=&,,-N
G=2o, O, N= @,,-N.



Proposition: The matrix, Wy,: T, (S) — T}, (S), with respect to the basis
{®,, ®,} of T,S is F{ 1F,.

Proof: We know the following:

W, = -D (G)
Wy (®.,) =
W, (®,) = —N,

So if the matrix for W), is ( with respect to the basis {ED)U, E))v},

then:

bd)

w,(®,) = (b CCZ) (1) =a®, + b®, = —N,

w,(@,) = (] ;)(0)=c5u+d$v=—ﬁv.



Now take the dot product of each equation with Eﬁu and ESU and use:
ﬁu'zﬁu =—-L, ﬁu'zﬁv = ﬁv zﬁu = —M, and ﬁv'zﬁv = —N to get:

1) a®, - &, + bd, - B, = —N,, - D,
aE + bF =L

3)ad, - ®,+ bD, P, =—N, - D,
aF + bG =M

4) c®, - P, +dP, D, =—N, P,
So we can write these four equations in four unknowns as:
L M\ _ (E Fy/(a c
b w) =G o6 o
That is,

R=h(, o

Hence the matrix for W), with respect to the basis {CDu, CDU} is:

(b a)=Fi'F.



_ LG—2MF+NE __ LN-M?
~ 2(EG-F?) '’ ~ EG-F?

Cor. H

Proof: K = det(WW},) = det( F[1F,)
_det(F)
~ det(F,)

__ LN-M?
~ EG-F?°

— — 2 —
Note: det(F;) > Osince det(F;) = ||®y X ®,|| and @ is regular. Thus

det(Fz)
det(Fl)
det( F,). So elliptic points have K > 0, hyperbolic points have K < 0,

the sign of the Gauss curvature K = is the same as the sign of

and parabolic or planar points have K = 0.

To compute H we have:

F1_1F2 = detl(pl) (_GF —EF) (I\Z ]\]\/;)

1. _ 1 (LG—MF MG — NF
! FZ_EG—FZ(ME—LF NE—MF)'

H= %trace (F{1F,)

__ LG-2MF+NE
"~ 2(EG-F?)




Ex. Calculate the Weingarten map W, the Gaussian and the mean

curvature of the sphere of radius R given by:

®(¢p,0) = (RcosBsing,Rsinbsing, R cos ¢).

We know from earlier calculations:

F _(RZ 0 )
17\ 0 RZ?sin?¢

—R 0
k2= ( 0 —Rsin? (l))

And that
W = F1_1F2 .
-1 1 (R2 sin? 0 )
1 R*sin® ¢ 0 R?2

—R sin? ¢

)



The easiest way to get the Gaussian curvature and the mean curvature given we
have an expression for the Weingarten map W, is to say:

K=detW) ==, H=-

7 =3 (trace(W)) -2,

R

If we hadn’t calculated W we could get the Gaussian and mean curvatures from
F1 and FZ by

_det(F;) _ R%*sin®*¢ _ 1

"~ det(F;) R*sin?¢  R?2

g = 1 LG-2MF+NE
2 det(F)
where:
L=-—R E = R?
M=0 F=0
N = —Rsin? ¢ G = R?sin? ¢
1 (-R)(R?sin? ¢)—2(0)(0)+(—R sin? ¢)R?
H=- ,
2 R%*sin? ¢
= 1 —R%®sin¢-R%sin’¢ _ 1
T2 R*sin2 ¢ R’



Ex. Find formulas for the Gaussian curvature and mean curvature of a

surface of the form: E))(u, V) = (u, v, f(u, v)), where f is a
smooth, real valued function on U € RZ.

_ det(Fz)
~ det(F,)

So, let’s find the first and second fundamental forms: Fy, F;.

@, =(1,0,£,)
@, =(0,1,f,)

= _fu?_ fvj+ ig

S|
e
X
S|
<
Il
O = o~
_ O~
Shoh X

N’z (_fur _fv» 1)
V1+(fi)?+(f)?

—

) cDu =1+ (fu)z
@, = (£)(f,)

—

v @y =1+ (fv)z

P,

Q m M
Il

?,
@

; =<1+(fu)2 (fuva))
BN AAREER(ADA



By = (0,0, fi)
By = (0,0, fi)
6>’171.7 = (OJ O; ﬁ]v)
L= E))uu ’ ﬁ = fu;" >
[+ 05 +(7)
M = E)>uv ’ ﬁ = fu; >
[+ ()
N = 61)17 ) ﬁ = fv; >
JHF)+(F)
F, = 1 (fuu fuv)
S+ () M o
. det(Fy)
"~ det(Fy)

(Fur) Fov) = Fur)?
K = 1+(fu)?+(fp)? — () Fow) = (Fup)?
1+(fu)?+(fy)? (L+(f)?+(f))?%

g1 (LG—ZMF+NE)
2 det(F1)

! ((fuu)(1+(fv)2)—2(fu)(fv)(fuv)+fw(1+(fu)2))
_ i _
2 A+ (f)2+(f)?)2



Ex. Find the Gaussian and mean curvature of the paraboloid:
d(w,v) = (u,v,u? + v?)
using the formulas for K and H for the surface of the form:

D(u,v) = (w,v, f(w,v)) with f(u,v) = u? + v2.

fu=2u
fo =2v
fuu =
fuv =0
fovr = 2

_ (fur) ow) = (fuw)?

(A+(f)?+(fp)?)?
4
- (1+4u2+4v2)2 > 0.

! <(fuu)(1+(fv)z)—Z(fu)(fv)(fuv)+fvv(1+(fu)2)>
- 3
2 A+(f)2+(f,)2)2

2

_1 <2(1+4v2)+2(1+4u2)>

(1+4u2+4v2)2

2+4u?+4p2
H= 3>O.

(1+4u?+4v?2)2
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Ex. Find the Gaussian and mean curvature of the hyperbolic paraboloid given by:

d(u,v) = (u,v,u? — v2).

fu,v) = u? — v?

fu=2u
fv = —2v
fuu = 2
fuvr =0
fov = —2
—4
K= (1+4u2+4v2)2 <0
1 <2(1+4v2)—2(1+4u2)>
H = - 3
2 (1+4u2+4v2)2
4v?% —4u?
H = 3 .
(1+4u?+4v2)2

H > 0 when v? > u? or |v| > |u|
H =0whenv? =u?orv =4u

H < 0 when |v| < |ul

For example,
whenu = 0,v # 0; ®(0,v) = (0,v,—v2) = H >0

whenv = 0,u # 0; ®(u,0) = (u,0,u?) = H < 0.



(0,v,—v?)

We have the following geometric interpretation of the Gaussian curvature, K.

Theorem: Let ®: U — R3 be a surface patch such that (ug,vg) € U and
let & > 0 be such that the closed disc:
Rs = {(u,v) € R*|(u —ug)* + (v — v)* < &}

with center (Ug, Vo) and radius & is contained in U. Then,

e e B CIS)|

5—0 A($(R5)
where A (N(Rg)) = area of image of Rg under N = G (®)

A (6(R5)) = area of image of R under @,

11



12

Proof: A (ﬁ(Rg)) = ffRallﬁu X N)v” dudv

A(BRs)) = [f |Bu x B || dudv

We saw earlier that:



N, X N, = (a®, + b®,) x (cP, + dP,)
= (ad — bc)P, X P,

= (K)E))u X 51, since K = det(I4},).

A(IV(RS)) B ffR6||ﬁuxﬁv||dudv

A(Brs) [ BBy | dudv

[l K[, Xy | duv

ffR6||$ux$v||dudv

Since K (u, V) is a continuous function, given any € > 0, there exists a

& > 0 such that: |[K(u, v) — K(up, v9)| < €, if (u, v) € Rs.
By the triangle inequality:

|lal = Ibl| < la— bl

So it follows that:

||K(u, V)| — |K(u0,v0)|| < |K(u,v) — K(up,vo)| <€

if (u,v) € Rg.
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Thus, if (u, v) € Rg, then:
—€< |K(u; U)l - |K(u01v0)| <€
|(Kug, vo)| — € < |K(u, v)| < [K(up, vo)| + €

Multiplying through by ”ED)u X E))v” and integrating over Rg:

(|K(ug, vo)| — e)f ||$u X 5)1,” < j |K(u, v)| ||$u X 5,,” du dv
Rs Rs

< (IK(uo, vo)| + €) [J, [P X B || dudv .

Now divide the entire inequality by ffR(S“ED)u X 61,”:

A(IV(RS))
A(S(R(g)) < |K(ug, vo)| + €

K|(up, vo)| — € <
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The image of the Gauss map for a plane is a single point (the unit normal for a
plane is the same at every point) and for a right circular cylinder is a circle. In both
cases, the area of the image of a region around a point on the surface is 0. Thus,
the Guassian curvature is O for a plane or the right circular cylinder.

Ex. Consider the paraboloid parametrized by ®(u, v) = (u, v, u? + v2). We

4
saw earlier that the Gauss curvature is given by K = > 0.
(1+4u2+4v2)2

Thus, in particular, K(@(0,0)) = 4. Show by direct calculation that:

i S5 = K (500 = 4

where R is the disk of radius § about the point (0,0) in the u-v plane.

[}
L

o)
y
.
‘
1
»

R = i o = —

=l
I
D
el




By direct calculation we get: 511 X zﬁv = (—2u,—2v,1) and
@, X @] = V1 + 4u? + 402,

Thus we have:

A (c1>(R5)) = [ 2y 2ase VI + 4uZ + 402 dudv
Now change to polar coordinates:

= (27 12 N1+ 4r2 (r)drde

- %[(1 + 4825 — 1].

Again by direct calculation we get:

1

ﬁ(u, v) = V1+4u2+4v2 (—2u, —2v,1)

— 1

N,(u,v) = 5 (—2 — 8v2, 8uv, —4u)
(1+4u?+4v?2)2

— 1

N,(u,v) = = (8uv, —2 — 8u?, —4v)
(1+4u2+4v2)2

— — 4

”Nu X Nv” =

3
(1+4u?+4v2)2
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Thus we have:

4

A (N)(R6)) = ffu2+v2562 3 dudv.

(1+4u?+4v2)2

Changing to polar coordinates we get:

fr 0( 3) (T')d?"dg

(1+41r2)2
= —2m( —1).
4/1+462
So we have:
1
A IV(R ) 2T -1
lim (Vo) = lim — <“1+462 ) =

§-0 A(B(Rs))  5-0 %[(1 4 52)3_1] —
Now lett = V1 + 462; soasd —» 0, t - 1.

12 ——1
= im - A -
t_>1 [t3—1] t—>1

) —12
= lim —
t—>1 4t3-1
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1
12( 1)
_ \J1+4462

o=
l

[(1+462)%—1] .

_12(1-0)
[t%—t]




