The Second Fundamental Form

We saw earlier that a smooth curve in R3 is determined (up to a rigid
transformation) by its curvature and torsion (in R? it’s determined by its signed
curvature). For a smooth surface in R3, it’s determined by its first and second
fundamental forms. To define the curvature of a surface, we imitate the approach
to defining the curvature of a curve.

Let ®: U € R? - S be a surface patch for the surface, S. Since
_C—ﬁu X _C_Ev * 6, $u X 5,, is a vector perpendicular to the tangent plane
determined by E)’u, 6} (Eu and C_D)v are tangent vectors to S at E))(uo, Vo))
Thus, (511 X E)’v)(uo, V) is normal to the tangent plane, T,,S, where
— (6uX$v)(uOrv0)

p = ®(ug, vp). So the vector: Ny = |®ux @y (ug.v0)|

is a unit normal vector
to TpS.

Suppose we start at a point, p = 8(u, V), on the surface S, and consider
the vector ED)(u + Au, v + Av) — $(u, V). If the length of the projection of

-
this vector onto the unit normal vector Np is “large” we should expect a “large”

curvature. This length is the deviation of 6(11 + Au, v + Av) — a(u, v) from
the tangent plane T}, S. v ¢

Length of projection =

(P + A, v + Av) — ®(u,v)) - N, ]

Projection on to N,

a(u + Au,v + Av) — 5(11, V)




Using Taylor’s Theorem in two variables with remainder R we get:
D(u + Au, v + Av) — D(u, v)
= B, (M) + B, (A) + 5 (B (Au)? + 2B, (A1) (AV) + By (AV)?) + R

R 2 2
where B+ (a0 tends to zero as (Au)“ + (Av)“ tends to O.

Now @,, and @, are tangent vectors to S at p and hence are perpendicular to

—

Np. So we have:
(3(11 + Au, v + Av) — D(u, v)) : IVp

= [(®,(Au) + D, (A v)
+ % (E))uu(Au)z + 26uv(Au) (Av) + E))UU(AU)Z + R)] . ﬁp

1, — — — — — — —
[E (Pyy - Np(Aw)? + 20, - Ny (Aw) (AV) + @, - N, (Av)?) +R] - N, .

Define: L= $uu _)p
M = @y, N,
N =a,,- N,

L(Auw)? + 2M (Au) (Av) + N(Av)? is the analogue for a surface of the term
K (At)? for a curve. One calls the expression:

L du? + 2M dudv + N dv?

the second fundamental form of the surface patch ®. Equivalently, we can think
of the second fundamental form as:

(du dv) (1@ %) (gz) = L du? + 2M dudv + N dv?.



Ex. Parametrize the plane Ax + By + Cz = D and compute the second
fundamental form for that parametrization.

Solving for z, we get:
A B
J— _x — —

D
C cYTe

7 =
So we can parametrize the surface by:

5(u,v) = (u,v, Ay By +2).
C C C

Notice that: E’uu =0; ED)W =0, C_D)W = 0.

Thus, L = M = N = 0 and the second fundamental form of a plane is O.

Ex. Calculate the second fundamental form for a sphere of radius R

parametrized by:

®(p,0) = (RcosOsing,Rsinfsing,Rcosp); 0<¢p <m,0<86 < 2.

—

@4 = (Rcos O cos ¢, R sin 6 cos ¢, —Rsin ¢)

69 = (—Rsin#@sin ¢ ,RcosOsin¢p,0)

—

Dy XDPg=|Rcosfcos¢p Rsinfcos¢p —Rsing
—Rsinfsing Rcosfsing 0

= (R%sin? ¢ cos 0)7 + (R? sin? ¢ sin 6)] + (R? sin ¢ cos ¢)k.



||ES¢ X @g | = JR*sin* ¢ cos? 6 + R*sin* ¢ sin? O + R* sin2 ¢ cos? ¢

= R%sin ¢
So:
N =———— = (sin¢cos0)l + (sin¢p sinB)j + (cos ¢)k.
|g x ol

3¢¢ = (=R cos 0 sin $)7 — (R sin 6 sin ¢)] — (R cos ¢p)k
5(1,9 = (=R sin6 cos ¢p)r + (R cos B cos p)J

®py = (=R cos 0 sin )T — (R sin 6 sin ¢)].

h

=$¢¢-N>=—Rcoszesinqu—Rsinzesinng—Rcosng=—R
M=?§¢9-ﬁ= —R sin 6 cos 8 sin ¢p cos ¢ + R sin 6 cos O sin¢p cosp = 0
N =

@y, N = —Rcos? 0 sin® ¢ — Rsin® 0 sin® ¢ = —R sin? ¢

Thus, the second fundamental form is:

—R d¢? — Rsin? ¢ d?.

Equivalently we can write:

<_0R —R s(i)n2 d))'



Ex. Find the second fundamental form for the monkey saddle, z = x3 — 3xy2,

parametrized by:

d(u,v) = (u,v,u® — 3uv?). z = x3 — 3xy?

Then we have: Eﬁu = (1,0, 3u? — 3v?)

@, = (0,1, —6uv)

-

PuX®y =11 0 3u%-3p2
0 1 —6uv
= (3v2 — 3u?)i+ (6uv)] + k
N = DyxD, (3v2-3u?,6uv,1) _ (3v?-3u?6uv,1)

[®ux®y||  JGVE-3u2)Z+(6uv)2+1  J1+(3v2+3u2)?

@, = (0,0,6u)
@, = (0,0,—6v)
@, = (0,0, —6u)

— — 6u
L=%u N= J1+(Bv2+3u?2)?
— o —6v
M= Gy N = J1+(Bv2+3u?)2

N=a,, N —ou

-~ J1+(3v2+3u?)?



So the second fundamental form is:

1
J1+(3v2+3u?2)?2

[6u du?® — 12v dudv — 6u dv?]

Equivalently:

1 (6u —6v)
J1+GBvZ+3u?)Z \—6v  —6u/’

Notice thatat u = 0, v = 0, the second fundamental form is zero.

Def. Let S be aregular (orientable, i.e., any two surface patches give the same
unit Normal) smooth surface. Let the second fundamental form be:

H=( W)

A point, p € S, is called:
1) Elliptic if det(H) > 0

2) Hyperbolicif det(H) < 0
3) Parabolicif det(H) = 0, but notall L(p), M(p), N(p) are O

4) Planarif L(p) = M(p) = N(p) = 0.



So the point (0, 0, 0) on the monkey saddle (corresponding to

u = 0, v = 0)is a planar point. All other points on the monkey saddle are
hyperbolic because:

_ 1 6u —6v
det(H) = 1+(3v2+3u2)° det (—6‘0 —6u)
1

= =(—36)(u? + v?) <0 (fuorv # 0).
14+(3v2+3u?)

Ex. Find which points of the torus below are elliptical, hyperbolic, parabolic, or

planar.
d(u,v) = ((2 + cosv)cosu, (2 + cosv)sinu,sinv)

T 31
OSuSZn;—ESvS7.

—

If one calculates: ®,, &, P, X P,,N = =

one finds:

N = (—cosucosv,—sinucosv,—sinv)
@, = (—(2 + cosv) cosu,—(2 + cosv) sinu, 0)
5),“, = ((sinu) sinv, —(cosu) sinv, 0)

®,, = (—(cosv) cosu,—(cosv) sinu, — sin v).



L =3uu-ﬁ= (2 4+ cosv) cosv

So the second fundamental form is:

H = ((2 + cosv) cos v (1))

0

and detH = (2 + cosv) cosv.

Since —1 < cosv < 1wehave,1 < 2+ cosv < 3. So the sign of

det H is the same as COS V.

detH=O:,~cosv=0:,~v=gor_§
detH>0whencosv>0:,~—E<v<g

3
detH<OwhenCOSU<0=>§<v<7n

Parabolic points

Elliptic points
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— Elliptic points
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Hyperbolic points



