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The First Fundamental Form:  Surface Area 

 

One learns in vector calculus that the surface area of a region, 𝑅, on a surface, 𝑆, 

where Φ⃗⃗⃗ : 𝑄 ⊆ ℝ2 → 𝑆 ⊆ ℝ3, and  Φ⃗⃗⃗ (𝑄) = 𝑅  is given by: 

Area(𝑅) = ∬ 𝑑𝐴
𝑅

= ∬ ‖Φ⃗⃗⃗ 𝑢 × Φ⃗⃗⃗ 𝑣‖𝑄
𝑑𝑢𝑑𝑣. 

 

Proposition: Let Φ⃗⃗⃗ : 𝑄 ⊆ ℝ2 → 𝑆 be a parametrization of a region 𝑅 ⊆ 𝑆, then:  

          Area(𝑅) = ∬ √det(𝑔)𝑄
 𝑑𝑢𝑑𝑣 = ∬ √𝐸𝐺 − 𝐹2

𝑄
𝑑𝑢𝑑𝑣 

            where 𝑔 is the metric tensor associated with Φ⃗⃗⃗ . 

 

Proof:           Area(𝑅) = ∬ ‖Φ⃗⃗⃗ 𝑢 × Φ⃗⃗⃗ 𝑣‖𝑄
𝑑𝑢𝑑𝑣. 

Φ⃗⃗⃗ 𝑢 × Φ⃗⃗⃗ 𝑣 =

(
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Φ⃗⃗⃗ 𝑢 × Φ⃗⃗⃗ 𝑣 = (
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‖Φ⃗⃗⃗ 𝑢 × Φ⃗⃗⃗ 𝑣‖ = √(
𝜕𝑦

𝜕𝑢

𝜕𝑧

𝜕𝑣
−
𝜕𝑦

𝜕𝑣

𝜕𝑧

𝜕𝑢
)
2
+ (
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𝐸 = Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑢 = (
𝜕𝑥

𝜕𝑢
)
2
+ (

𝜕𝑦

𝜕𝑢
)
2
+ (

𝜕𝑧

𝜕𝑢
)
2
  

𝐺 = Φ⃗⃗⃗ 𝑣 ∙ Φ⃗⃗⃗ 𝑣 = (
𝜕𝑥

𝜕𝑣
)
2
+ (

𝜕𝑦

𝜕𝑣
)
2
+ (

𝜕𝑧

𝜕𝑣
)
2

  

𝐹 = Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑣 =
𝜕𝑥

𝜕𝑢

𝜕𝑥

𝜕𝑣
+
𝜕𝑦

𝜕𝑢

𝜕𝑦

𝜕𝑣
+
𝜕𝑧

𝜕𝑢

𝜕𝑧

𝜕𝑣
 .     

 

By a direct and unpleasant calculation, we get: 

‖Φ⃗⃗⃗ 𝑢 × Φ⃗⃗⃗ 𝑣‖ = √(Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑢)(Φ⃗⃗⃗ 𝑣 ∙ Φ⃗⃗⃗ 𝑣) − (Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑣)
2
  

                                          = √𝐸𝐺 − 𝐹2 = √det 𝑔 . 

 

Ex.     Find the area of the upper unit hemisphere, 𝐻, using the 

 parametrization: 𝐻 = Φ⃗⃗⃗ (𝑈), where: 

Φ⃗⃗⃗ (𝑢, 𝑣) = (cos 𝑣 sin 𝑢 , sin 𝑣 sin 𝑢 , cos 𝑢) ;   0 ≤ 𝑢 ≤
𝜋

2
,   0 ≤ 𝑣 ≤ 2𝜋. 

 

 

 

 

 We saw earlier that the metric tensor was:      𝑔 = (
1 0
0 sin2 𝑢

). 

𝐴 = ∫ ∫ √sin2 𝑢  𝑑𝑢𝑑𝑣

𝜋

2

𝑢=0

2𝜋

𝑣=0

= ∫ ∫ sin 𝑢  𝑑𝑢𝑑𝑣

𝜋

2

𝑢=0

2𝜋

𝑣=0

 

(sin 𝑢 ≥ 0  for 0 ≤ 𝑢 ≤
𝜋

2
 so |sin 𝑢| = sin 𝑢) 

                 𝐴 = ∫ (− cos 𝑢)|
𝑢=

𝜋

2
𝑢=0

2𝜋

𝑣=0
 𝑑𝑣 = ∫ 1

2𝜋

𝑣=0
𝑑𝑣 = 2𝜋.  
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 Note: If we had used the parametrization, 

Ψ⃗⃗⃗ (𝑢, 𝑣) = (𝑢, 𝑣, √1 − 𝑢2 − 𝑣2) ;    𝑢2 + 𝑣2 ≤ 1, 

     we would have gotten the same answer, but the calculation is a little messier. 

 

Ex.  Find the area of the paraboloid 𝑧 = 𝑥2 + 𝑦2 below the plane 𝑧 = 4. 

 

      We can parametrize the portion of the paraboloid by: 

Φ⃗⃗⃗ (𝑢, 𝑣) = (𝑢, 𝑣, 𝑢2 + 𝑣2) ;    𝑢2 + 𝑣2 < 4. 

 

 

 

 

 

 

 

                      Φ⃗⃗⃗ 𝑢 = (1, 0, 2𝑢),               Φ⃗⃗⃗ 𝑣 = (0, 1, 2𝑣): 

𝐸 = Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑢 = (1, 0, 2𝑢) ∙ (1, 0, 2𝑢) = 1 + 4𝑢
2 

                      𝐹 = Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑣 = (1, 0, 2𝑢) ∙ (0, 1, 2𝑣) = 4𝑢𝑣          

𝐺 = Φ⃗⃗⃗ 𝑣 ∙ Φ⃗⃗⃗ 𝑣 = (0, 1, 2𝑣) ∙ (0, 1, 2𝑣) = 1 + 4𝑣
2 

 

 So the first fundamental form is: 

(1 + 4𝑢2)𝑑𝑢2 + 8𝑢𝑣 𝑑𝑢𝑑𝑣 + (1 + 4𝑣2)𝑑𝑣2. 

−2                                            2 

𝑢2 + 𝑣2 < 4 

Φ⃗⃗⃗ (𝑢, 𝑣) 

Φ⃗⃗⃗  
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 Equivalently, the metric tensor is: 

𝑔 = (1 + 4𝑢
2 4𝑢𝑣

4𝑢𝑣 1 + 4𝑣2
) 

det 𝑔 = (1 + 4𝑢2)(1 + 4𝑣2) − 16𝑢2𝑣2 = 1 + 4𝑢2 + 4𝑣2. 

 

 

                 Area= ∬ √det 𝑔
𝑢2+𝑣2≤4

𝑑𝑢𝑑𝑣 

                          = ∬ √1 + 4𝑢2 + 4𝑣2
𝑢2+𝑣2≤4

 𝑑𝑢𝑑𝑣.  

 

 Changing to polar coordinates we get: 

                                          𝑢2 + 𝑣2 = 𝑟2 

                                              𝑑𝑢 𝑑𝑣 = 𝑟 𝑑𝑟 𝑑𝜃   

 

                              = ∫ ∫ (√1 + 4𝑟2)𝑟 𝑑𝑟𝑑𝜃
2

𝑟=0

2𝜋

𝜃=0
  

 

                              = ∫ (
2

3
) (

1

8
) (1 + 4𝑟2)

3

2| 𝑟=𝑟
𝑟=0

2𝜋

𝜃=0
𝑑𝜃  

 

 

                              = ∫
(17

3
2−1)

12

2𝜋

0
𝑑𝜃 =

(17
3
2−1)

12
(𝜃)| 2𝜋

0
  

 

                              =
(17

3
2−1)

12
(2𝜋) =

(17
3
2−1)

6
𝜋 .  
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Theorem (Change of Variables in ℝ2):  If 𝑥 = 𝑥(𝑢, 𝑣),  𝑦 = 𝑦(𝑢, 𝑣) is a smooth 

change of variables on a region 𝐷 ⊆ ℝ2 then: 

         ∬ 𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦 = ∬ 𝑓(𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣))|
𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
|𝑑𝑢𝑑𝑣

𝑅𝐷
 

where 
𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
= |
𝑥𝑢 𝑥𝑣
𝑦𝑢 𝑦𝑣

| ≠ 0, and the map 𝑇(𝑢, 𝑣) = (𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣)) 

maps 𝑅 1-1 (except perhaps on the boundary), smoothly onto 𝐷. 

 

 

Proof:   Let Φ⃗⃗⃗ (𝑢, 𝑣) = (𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 0). 

            By assumption, Φ⃗⃗⃗  is a regular parametrization of 𝐷, a surface In ℝ2. 

 

              Φ⃗⃗⃗ 𝑢 = (𝑥𝑢, 𝑦𝑢, 0),               Φ⃗⃗⃗ 𝑣 = (𝑥𝑣, 𝑦𝑣, 0):  

 

              𝐸 = Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑢 = (𝑥𝑢, 𝑦𝑢, 0) ∙ (𝑥𝑢, 𝑦𝑢, 0) = 𝑥𝑢
2 + 𝑦𝑢

2 

              𝐹 = Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑣 = (𝑥𝑢, 𝑦𝑢, 0) ∙ (𝑥𝑣, 𝑦𝑣, 0) = 𝑥𝑢𝑥𝑣 + 𝑦𝑢𝑦𝑣 

              𝐺 = Φ⃗⃗⃗ 𝑣 ∙ Φ⃗⃗⃗ 𝑣 = (𝑥𝑣, 𝑦𝑣, 0) ∙ (𝑥𝑣, 𝑦𝑣, 0) = 𝑥𝑣
2 + 𝑦𝑣

2 

𝑅 

𝑢 

𝑣 

𝐷 

𝑥 

𝑦 

𝑇 
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             So we have: 

𝑔 = (
𝑥𝑢
2 + 𝑦𝑢

2 𝑥𝑢𝑥𝑣 + 𝑦𝑢𝑦𝑣
𝑥𝑢𝑥𝑣 + 𝑦𝑢𝑦𝑣 𝑥𝑣

2 + 𝑦𝑣
2 ) 

 

           det(𝑔) = (𝑥𝑢
2 + 𝑦𝑢

2)(𝑥𝑣
2 + 𝑦𝑣

2) − (𝑥𝑢𝑥𝑣 + 𝑦𝑢𝑦𝑣)
2 

                         = (𝑥𝑢𝑦𝑣 − 𝑥𝑣𝑦𝑢)
2 = (

𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
)
2

    

  

            𝐴𝑟𝑒𝑎(𝐷) = ∬ 𝑑𝑥𝑑𝑦 = ∬ √det (𝑔)𝑑𝑢𝑑𝑣𝑅𝐷
 

                              = ∬ |
𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
|𝑑𝑢𝑑𝑣

𝑅
. 

 

          Thus we have: 

                 ∬ 𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦 = ∬ 𝑓(𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣))|
𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣)
|𝑑𝑢𝑑𝑣

𝑅𝐷
.           


