The First Fundamental Form: Surface Area

One learns in vector calculus that the surface area of a region, R, on a surface, S,

where ©: Q0 € R? > S <R3, and a(Q) = R is given by:

Area(R) = ffR dA = fo ||$u XED),,” dudv.

Proposition: Let ®: Q € R? — S be a parametrization of a region R € S, then:

Area(R) = ff det(g) dudv = ff VEG — F? dudv

where g is the metric tensor associated with ®.

Proof: Area(R) = fo ||5u X 51,” dudv.
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By a direct and unpleasant calculation, we get:
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=+EG —F? =,/detg.
Ex. Find the area of the upper unit hemisphere, H, using the
parametrization: H = 5(U), where:
- T
®d(u,v) = (cosvsinu,sinvsinu,cosu); 0 <u< 5 0<v<2nm
: . 1 0

We saw earlier that the metric tensorwas: g = .o )

0 sin“u

2T z 2T T
A =J jz v/ sin?2 u dudv = j jz sinu dudv
v=0Ju=0 v=0Ju=0

(sinu>0 forO <u S%so |sin u| = sinu)

A= fvzfo(— cos )| Z:g dv = fvzno 1dv = 2m.



Note: If we had used the parametrization,

Y(u,v) = (u,v,\/l — u? —vz); u? +v2 <1,

we would have gotten the same answer, but the calculation is a little messier.
Ex. Find the area of the paraboloid z = x? + y2 below the plane z = 4.

We can parametrize the portion of the paraboloid by:

D, v) = (wv,u? +v2); u?+v?<4.
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So the first fundamental form is:

(1 + 4u®)du? + 8uv dudv + (1 + 4v?)dv?.



Equivalently, the metric tensor is:

g= (1 + 4u? 4uv )
4uv 1 + 4v?

detg = (1 + 4u?)(1 + 4v?) — 16u?v? = 1 + 4u? + 4v2,

Area= [f , ,_,+/detgdudv

= [ 2,20, V1 +4u? + 4v? dudv.

Changing to polar coordinates we get:

u? +v? =r?

dudv =rdr df

= [0 [~ (VT+ 4r?)r drd6

= (g) (g) (1+4r2)z| =" df
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Theorem (Change of Variables in R?): If x = x(u, v), ¥ = y(u, V) is a smooth
change of variables on a region D € R? then:

o(x,y)
Il feoydxdy = [[, f(x(u,v),y@ )52 1dudy

where

0xy) _ |xu # 0, and themap T(u, v) = (x(u, v), y(u, v))

owv) 1Yu W

maps R 1-1 (except perhaps on the boundary), smoothly onto D.
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Proof: Let ®(u,v) = (x(u,v), y(u,v),0).

By assumption, @ is a regular parametrization of D, a surface In R?.

D, = (xy, ¥, 0), 617 = (xy, ¥, 0):

E = 611 614 — (xu: Yu 0) (xw Yu 0) - xu + yu

F = 6u a))v — (xu; Yu O) (xw Y 0) XuXy + YuYv
G = a))1) a))v = (xv: Y O) (Xv, Vv, 0) = Xv + yv



So we have:
g < Xg +yi XXyt yuyv)
XyXy + VVy  Xp + Vo

det(g) = (x2 + y2)(x2 + y2) — (xuxp + YuVp)?

a(x,y)
= (xuyy — xqu)z = (W,Z))

Area(D) = [ dxdy = [f, /det(g)dudv

=y 150 ldudv.

Thus we have:

If, fGy)dxdy = [, f(x(u,v),y, v))l

|dd.



