The First Fundamental Form: Lengths of Curves on Surfaces

When studying a surface, S, we would like to be able to say how to find the
length of a curve on S and how to find the surface area of S. The first

fundamental form will allow us to do that.

We already know that if ¥ isa curve on S, i.e., y: (a,b) = S S R3 then
we can find its length by:

L= [y’ ®l dt.

Def. Let p € S, a point on a surface S. The first fundamental form of S at p
associates to the tangent vectors Wy, W, € TpS the scalar product:

— — — —
< W1, Wy >p'5= W1 Wsh.

Thus, the first fundamental form is just the usual dot product in R3

restricted to vectors in TpS.

let ®:U € R? — S be a surface patch for S and

D(u,v) = (x(u, v),y(u,v),z(u, v)).

—  (0x 0y 62) - (ax dy 62)
We know @, = (au’au’ F and @, = 35" 35" 35) 3T€ tangent

vectors in T, S and they are linearly independent (Zﬁu X Eﬁv * 6) and

hence any vector W € T,S can be written as:

\7\7=a6u+b6>v; a,b € R.



We define maps:
du:T,S > Rand dv: T,S = R by
du(wW) = a and dv(w) = b where

W=ad, +bd,.

<W, W >=a?(d, D)+ 2ab®, - D, + b*(P, - D).

If we let: E =$u$u
F=0, &,=0, ®,
G=, 0,

then:

< W,W>=Ea?+ 2Fab + Gb?.

But, du(wW) = a and dv(w) = b, so we can write:

<w,w>=E(du@))’ + 2F(du(@dv(®)) + G (dv())".

We call Edu? + 2Fdudv + Gdv? the first fundamental form of the

surface patch @ (u, v).

E,F,G,du, and dv all depend on the choice of 5, but the first
fundamental form itself only dependson S and p € S.



Let ¥ be a curve on the surface, S, and 5(11, V) a surface patch. Then:
y(@®) = @(u(®), v(t)).

That is, we can think of Y as the image of a curve, , in U © R? under @, where

a(t) = (u(t),v(t)).

e TN

/a(t) = (u(t), v

By the chain rule:

Y (£) = D u'(t) + D,v'(t)

dx dy 0z

Y'® =0 (55 5) V'O (G5 52)



So we have:

<y'(®),y'®) >=lly' Ol
= W)2D, D, + 2u VD, - D, + (v)2D, - D,
=EW)?+ 2Fw)@") + G(v')2.

Thus we have:

b b .
L= j Iyl dt = j (E@)? + 2F@) () + Gw)D)3 de.

Because of the equation above, you sometimes see:

(%) ds? = Edu? + 2Fdudv + Gdv?Z.

This means if y(t) = $(u(t), v(t)) isacurveon S and s = s(t) isitsarc
d
length, then sinced—i =s"=|ly'(®)ll:

(s =E@W)?+2F)(@") + G(v')2.

We can also write (*) in matrix form:

ds? = (du dv) (1€ g) (ill:j) = Edu? + 2Fdudv + Gdv?Z.



If we let:

g1 =E = 611 ) a))u
Ji12 =F = 611 617
g1 =F = a))v E))u
922 =G = 61} ' 6)v
(911 Y12
Then: 9= (921 922)

is called the metric tensor for the parametrization ® of the surface, S.

Ex. Find the first fundamental form for the plane z = 4x + 3y + 5, given by
the parametrization:

d(w,v) = (wv,du+3v+5), (wv)eR2

@, =(1,0,4), @, =(0,1,3)
E=®,-®,=(1,04)-(1,04) =17
F=d,-®,=(1,0,4)-(0,1,3) = 12
G=d, -d,=(0,1,3)(0,1,3) = 10.

So the first fundamental form is:

17du? + 24dudv + 10dv?.

17 12).

Equivalently, the metric tensoris: g = (12 10



Ex. Find the first fundamental form for the circular cylinder x2 + y2 =1,

parametrized by:

®(u,v) = (cosu,sinu,v), 0<u<2m vER.

6u = (—sinu,cosu,0), 5,, =(0,0,1)
E =5u -$u = (—sinu,cosu,0) - (—sinu,cosu,0) =1
F=®, -®,=(—sinu,cosu,0)-(0,0,1) =0

G=o, d,=(001)-(001) = 1.

So the first fundamental form is du? + dv?.

Equivalently, the metric tensor is:

-G 9



Note: If one parametrizes the x-y plane by d(u,v) = (u, v,0) then the

first fundamental form is also du? + dv?2. Thus, the first fundamental form does
not uniquely define the surface.

Ex. Find the first fundamental form of ®(u, v) = (vcosu, vsinu, v); where

0<u<g?2n veR, v#0,andfindthe length of the image under @

of the curve a(t) = (t,t2); where 0 < t < 2m.

BU

)
é - —% 'l
®,, = (—vsinu,vcosu,0), ®,, = (cosu, sinu, 1).
—_ —_ . .
E=®&,-,=(—vsinu,vcosu,0) - (—vsinu,vcosu,0)
= v?sin? u + v? cos? u = v?
—_ _ . .
F=&, -®,=(—vsinu,vcosu,0) - (cosu,sinu,1) =0
G o

» = (cosu, sinu, 1) - (cosu, sinu, 1) = 2.



So the first fundamental form is v2du? + 2dv2.

Equivalently, the metric tensor is given by:

2.0
9= (% 2)'
L= [P(E@)? + 2F) (") + G2z dt.

a(t) = (u®),v(®)) = (¢, t2);
soult)=t, vit)=t? = u@)=1 v'(t)=2t.

t=2m

L@(a®)) = [ E@)? + 6wHD)dt

t=2m

. (W) +2(v")? )zdt
= [ 2”((t4(1)2 + 20202z dt

= [T + 8t2)3 dt

— 1
= [T t(¢? + 8)2dt
letw = t% + 8; when t=0, w=28
dw = 2tdt when t =21, w=4m?+8

Ldw = tdt
2



1

L(@(a(t))) =% w=am+8 wadw

w=8
_1(z2 W% w=412+8
2 \3 w=8

= 1{(4n? + 8)2 - (8)7)

=2 +2): - @7,

Ex. Using the two parametrizations of the upper unit hemisphere below:

1) Find the first fundamental form in each case

2) Find the length of the portion of the great circle starting at (0,0, 1) and
ending at (1,0, 0).

®(u,v) = ((cosv) sinu, (sinv) sinu, cos w) ; OSusg, 0<v<2m

rﬁ(u,v) = (u,v,\/l — u? —vz); u® +v? <1.

Let's start with @.
811 = ((cosv)cosu, (sinv)cosu, —sinu)
51, = (—(sinv)sinu, (cosv)sinu, 0).
E=0, -,
= ((cosv)cosu, (sinv) cosu,—sinu) - ((cosv) cosu, (sinv) cosu, —sinu)
= (cos? v) cos? u + (sin? v) cos? u + sin u

cos?u +sinfu=1
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F=o, -9,
= ((cosv) cosu, (sinv) cosu, —sinu) - (—(sinv) sinu, (cos v) sinu, 0)

= 0.

G=, O,
= (—(sinv) sinu, (cosv) sinu,0) - (—(sinv) sinu, (cosv) sinu, 0)
= (sin? v) sin® u + (cos? v) sin® u = sin® u.
So the first fundamental form is: du? + sin? u dv?
Equivalently, the metric tensoris: g = (1 0 )

0 sin‘u

Now for ﬁ:

g ot -Uu -V uv
F=%, % =(10—==) (01==) =5~

So the first fundamental form is:

2 2
(1—%——%;—;)du2—F—Jg?—;dudv-+(1-+ -
1-u4-v 1-u<—v

)dv2

1-u?-v2
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Equivalently, the metric tensor is:

2

u uv
1+ 2_1,2 2_,2
g = 1-u?-v 1-u?-v
Uv 14+ v2
1-u?-v? 1-u?-v?

The portion of the great circle starting at (0, 0, 1) and ending at (1, 0, 0) is the

image of different curves depending on whether we are using E)’ or @’

For @, the portion of the great circle is the image of the line segment starting at

u=0v= Oandendingatu=§,v= 0.

1%

(s
2

We can parametrize this curve by:

a(t) =(,0); 0<t<

N _

thus u(t) =¢t, v(t) =0=> u'(t) =1, v'(t) =0.

L= [2(EQ)? +2F(u)(v") + G(w")?)e dt = [21dt =T

>
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For W, the portion of the great circle is the image of the line segment starting at

u=0,v=0andendingatu =1,v =0.

We can parametrize this curve by:
a(t) =(,0); 0<t<1
thus u(t) =¢t, v(t) =0
= u'(t)=1, v'(t) =0.

L= [{EM@)? +2F@)) + G2 dt

= ! (1+ £’ )Edt = fol( 12)Edt = sin”1(t)| 5 = 2.

1-t2 1-t




1

2
Ex. Find the length of the curve given by x? + yz =2 Z = g on the

sphere x?% + yz + 7% = 1, using the parametrization given by:

Y(u,v) = (wv,V1—u2—v2); v +v? <1

First let's parametrize the curve whose image under W is

1 V2
=~ Z=—.
2 2

x% +y? =

1
In the u-v plane that's the curve u? +v? = >

2 2 .
That's just the curve a(t) = (g Cost,gsmt); where 0 < t < 2.

(2, 2
e ‘(I?QSti 7Slnt)

Thus:  u(t) = gcost, u'(t) = —?Zsint

Z . 2
v(t) = gsmt, v'(t) = gcost.
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From the previous example we know that:

u? %cos2 t 5
E=1+ =14+ —3 1 =1+ cos“t
1-u?—v? 1-=cos?t—=sin?t
2 2
(ﬂcost)(ﬂsint)
LA & = (cost)(sint)
1-u2-v? 1—% cos? t—% sin? t
2 %Sinzt . 5
G=1+ =1+— i =1+ sin“t.
1-u2-v? 1->cos? t—sin?t

L=["TE@)?+2FW)@) + 6(w')? ) dt

2
E(u')? = (1 + cos?t) (— £Smt) = %(sin2 t)(1 + cos?t)

2F(w) (") = 2(cost) (sint) (—\/gsint) (\/; COSt) = — (cos? t)(sin?t)

2
G(v")? = (1+sin’t cost =L(cos?t)(1 +sin? ¢
2

E@W)? +2Fu)) +G6Ww)? = %
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