Curves in R? and R3/Arc Length

One way to define a curve in the plane, ]RZ, is by saying a curve, C, is the set of
points:

C={Cx,y) ER? f(x,y) =c}

Ex. a)y=x2—1 (ory—x?=—1,here f(x,y) =y — x?)
b) x* +y? =4 (here f(x,y) = x* + y?)

A second way to define a curve is with parametric equations.

Def. A parameterized curve in R™ isamap y: (a, b) = R", for some a, b with

—o <a<b< o, where (a,b) ={t e Rla<t<b}.

Note: even though the curve ¥ is a vector function, we will write ¥ instead of ¥ .

Ex. Any curve, Cq, in R? of the form y = f(x) or curve, C,, of the form
x = g(y) can be given in parametric form by:
C: vi(® = (¢, f(®)
Ca: v2(t) = (g(t),t)

For example, y = x? can be parameterized by:
y1(t) = (t,t%); —0 <t < oo
and x = e can be parameterized by:

Y2(t) = (ef,t); —oo <t < oo,



It’s worth noting that there are an infinite number of ways to parametrize the
same curve:

Ex. The parabola y = x? can be parametrized by:

a) yi(t) = (t,t%); —o<t< o
b) yo(t) = (t3,t%); —0o <t <
c) ys(t) = 2t — 1,2t —1)?); —0 <t < o,
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In fact, y(t) = (a(t), (a(t)) ) is a parametrization of y = x2 as long as the
range of a(t) is all real numbers.

However, notice that if we take: ¥, () = (t2,t*); —0 < t < o0, we only get
the portion of y = x2 where x = 0 since t% > 0.

Ex. Parametrize the circle x? + y2 = 1.

There are an infinite number of ways to do this. Here are some examples:

a) y1(t) = (cost,sint); —o<t< o0
b) y,(t) = (cos 2t,sin2t); —co <t <
c) y3(t) = (sint,cost); —oo<t < oo,

In each case the graph of y;(t) goes around the circle an infinite number of times.
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However, “a” and “b” move in a counterclockwise direction while “c” movesin a
clockwise direction as t increases.

v1(0), ¥2(0) a2z va(t)




In general, we can define a curve in R™ by: y: (a,b) - R"

Y@ = (1), v2(0), .. ,va(@®).

. . . dmyi®)
We will restrict our attention to curves where “gem exists forallm > 1

and all t € (a, b). These are called smooth curves.

Recall that the first derivative of a curve, r(t) ,
r'(t) = (r’l(t), ) T'n(t)), is a tangent vector to 7 (t). In vector form this
r(t+h)—r(t)

h

is r'(t) = %lim
~0 r(t + h) — r(t)

| r(t + h)

. . VA
Ex. Find tangent vectors to the following curves at t = >

a) y1(t) = (2cost,6sint) (ellipse)

b) y,(t) = (2cost,2sint,5t)  (helix)



T
a) V'l(t) = (—2sint, 6 cost); Y1 (E) =< -2,0> (6.0)
att=§weget: T ' I
Y1 (g) = (—2 sing, 6 cos %) =(-2,0)
So (—2,0) is the tangent vector to the ellipse: |
yY1(t) = (2cost,6sint) att = g :
Y1 (g) = (2 cosg, 6sin§) = (0,6).

b) y',(t) =(—2sint,2cost,5)
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y1(t)

v2(3) = (-2sinZ,2c0s2,5) = (-2,0,5)  ¥,(Z)=<-205>

So (—2,0,5) is the tangent vector to the helix:

T

v2(t) = (2cost,2sint,5t) att ==

3
r2(5) =0 2 3.




Notice that there is more information in a parametrized curve than there is if the
curveisgivenasy = f(x) orx = g(y).

Ex. x2+y2 =1, y,(t) = (cost,sint), y,(t) = (cos 2t,sin 2t) all
have the same graph in R%. However, if we think of ¥4 (t) and Y, (t) as

describing the path along which a particle is moving, then Y (t) and ¥, (t)
not only tell us what points are on the graph but also the velocity (and

acceleration) at any point on the graph.
Velocity vector= y'(t)
Velocity vector= y';(t) = (—sint,cost)

Velocity vector=y',(t) = (—2sin 2t, 2 cos 2t)

We define ||y’ (t)|| = speed of y(t) at t.
ly'1 (Il = \/(— sint)? + (cost)? =1

1Yzl = /(=2 sin 2)2 + (2 cos 2t)? = 2

So Y1 and Yy, describe objects moving at different speeds along the same path.

Def. The arc length of a curve y starting at Y (t;) is given by:

s(®) = J; Iy’ @l du.



Ex. Find the arc length function y(t) = (et cost,e?sint)

for the logarithmic spiral:

y(t) = (et cost, e’ sint)

fort > 0,k # 0 a constant.

N
SHERE

y'(t) = (—e*tsint + ket cost,e* cost + ke*tsint)
y'(t) = (e**(kcost —sint), e*(ksint + cost))
Iy’ (O|I? = e?**(kcost —sint)? + e?*t(ksint + cos t)?
ly' OIIF = (k* + 1)e?*
ly' Il = (Vk? +1)ek

K +1

s(t) = f;:tto k2 +1ek du = -

u=t
ekt| -
u—to

2
_ kk+1 (ekt — ektoy

If we want to know the length of this curve betweent = 1 and t = 2

we would get:

t=2 VkZ+1 -

— 2 kt — kt| t=2

L=]_, Vke+T1e®dt=——e"| ]
K2+1



Notice that the arc length function, s(t) = ftt ly' (W) du, has the
0

property (by the Fundamental Theorem of Calculus) that:

ds ’
== Iy'@l.

Def. If y: (a,b) = R™ is a parametrized curve, its speed at the point y(t) is
ly'()|], and ¥ is said to be a unit speed curve if y'(t) is a unit vector for all
t € (a,b).

Ex. y(t) = (cost,sint) is a unit speed curve since

Y'(t) = (—=sint,cost) and ||y’ (®)|| = Vsin? t + cos?t = 1.

. 3
Ex. Show y(t) = (g cost,1 —sint,— = oS t) has unit speed and find

its length betweent = 2 and t = 5.




y'(t) = (—%sint,—cost,%sin t)

ly' @©)ll = J (~%sint) + (= cost)? + (Esint)’

16 . 9 .
= |—sin?t+ cos?t + —sin?t
25 25

= +sin?t + cos?t =1

So [ly'(t)|| = 1 and y(t) has unit speed.

L=[_lly®lldt = [ dt =5-2=3.

t=2

The length of any unit speed curve, ¥ (t), between t = a and

t = b, where b = a, will always be b — a.

3
Ex. Find the length of y(t) = (Sin 3t, cos3t, ZtE) between the points

(0,1,0) and (0, —1, 2(m)3).

First let’s determine which values of t (0,—1,2(m)2) 10

3
correspond to (0, 1,0) and (0, —1, 2(m)?2).

3
(sin3¢, cos3t, 2¢2) = (0,1,0)
= t=0.

3 3
(sin 3t, cos3t, ZtE) = (0, -1, 2(m)2)

= t =TI.



1
y'(t) = (3cost,—3sint, 3t2)

1
Iy’ (Ol = V9cos?t+9sin?t +9t = 3(1+ t)z.

= = l
L=[_Tly'@®ldt = [ 3(1+t)2dt

=3(3)a+oe |2 ”_2[(1+n)§—1].

As we have seen, there are many ways to parametrize a curve. However, when
we parametrize a curve using arc length as the parameter we will find that this

simplifies many of our calculations. This is because if S = arc length is the
parameter for a curve then the curve is unit speed, i.e., ||y’ (s)|| = 1.

Let’s see why this is true. Notice that by the chain rule we have:

y(s) = (x(s),y(s),2(s)) and
av _ (%E dy ds %E)_ﬂﬁ
dt \dsdt’ dsdt’ dsdt) ds dt’

ds
Remember that it is a scalar, so if it’s not 0 we can say:

dy
dy _ dt : .
s = ds - Taking the length of both sides we get:
dt
o || - Ll
dy ac || — llatll,
ds as || — |E ’
dt dt

but we saw earlierthat% = ”)”(t)” = || ||

thas |52 = I’ @)1l = 1.



Recall that the dot product of two vectors in R™:

d = (ay,ay, ...,ay) and b = (by, by, ..., by) is

—
C_l) ' b = ?=1 Cll'bl'.

If a(t), B(t) are vector functions of t then:

a(t) - b(t) = Iy a;(6) bi(t)

and

db(t)
dt

= (d® - b Q)

da (t)

Since: — (a (Ob(1)) = - b;(t) + a;(t) -

dt

db;(t)
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Proposition: Suppose 71(t) is a smooth vector function of t and ||71(t)|| = 1 for

Proof:

all t, then 7' (t) and 71(t) are perpendicular to each other, thus

n'(t)-n(t) = 0forallt.

() -1t) =I1]* =1

—

dn _, L dn
1t n+n P forall t

or

n'(t) -n(t) =0 forallt.



