Higher Order Linear Differential Equations

An n'" Order Linear Differential Equation is of the form:

Po(x)y™ + P, ()y™ D + oo 4+ Py (0)y' + Py(X)y = F(x).

If Py(x) # 0, then we can divide the above equation by Py (x):

y® +p, )y D + -+ pp ()Y + pa(x)y = ().

The associated homogeneous equation is:

y™ +p )y + o+ pp 1 (0)y + pr(x)y = 0.

Theorem: Let Y4, ..., ¥, be 1 solutions of the homogeneous linear equation on
theinterval I. If ¢4, ..., ¢;; € IR, then the linear combination

Yy = C1y1 + 3y, + -+ €, Yy is also a solution to the homogeneous linear
equation on the interval, 1.

The proof is essentially the same as the case where n = 2.

Ex. y.(x) =e(3%, y,(x) = cos2x, and y3(x) = sin2x are
all solutions to the 3" order homogeneous equation:
y® +3y" + 4y’ + 12y = 0.

Show that y = 2e(™3%) — 3 cos 2x + 2 sin 2x is a solution as well.



y = 2e(™3%) — 3 cos 2x + 2 sin 2x
y' = —6e(™3%) + 6sin 2x + 4 cos 2x
y" = +18e(™3%) + 12 cos 2x — 8sin 2x
y""" = —54e(=3%) — 24.sin 2x — 16 cos 2x
= y"+3y"+4y"+12y = 0.
We will see later that since Y4, y,, and y3 are linearly independent the

general solutionis: y = c;e(™3%) + ¢, cos 2x + c5 sin 2x.

Theorem: Suppose P4, ..., Py, and f are continuous on the open interval, I,
containing the point a. Then given . numbers, by, b4, ..., b,_1, the n'" order
linear differential equation

yW 4+ p )y Y 4+ ()Y + pa(X)y = F(x)

has a unique solution on [ with:

y(@) =bo, ¥'(@ =by, .., y" (@)= by

Ex. y= Cle(_3x) + ¢, €0S 2x + 3 sin 2x is the general solution to the
equation y'"" + 3y" + 4y’ + 12y = 0. Find the unique solution
where y(0) = 4, y'(0) = -7, y"(0) = —3.

y = c,e3% + ¢, cos 2x + 3 sin 2x; y(0)=c; +c, =4
y' = —=3c¢,e73% — 2¢, sin2x + 2c5 cos 2x; y'(0) = =3¢, + 2¢5 = =7

y'" = 9c;e(73%) — 4¢, cos 2x — 4cg sin2x; y''(0) = 9¢; — 4c, = —3



Multiply the first equation on the right by 4 and add it to the third equation:

4c; + 4cy, = 16

9¢, —4c, = =3

13¢4 =13
cp =1

C1+C2=4 = C2=3

_3C1 + 2C3 =-7 = C3 = —2.

So the unique solution with y(0) = 4, y'(0) = -7, y"'(0) = —-3:
y = e(™3% 4+ 3 cos 2x — 2 sin 2x

Def. The n functions, f3, f5, ..., f, are said to be linearly dependent on the

interval, I, provided there are constants ¢y, ..., C,,, not all O, such that
c1f1(x) + c2fo(x) + -+ cpfa(x) =0onl.

Ex. Show that the functions f(x) = 3, g(x) = 2 — 4x3, and

h(x) = x3 — 1 are linearly dependent on R.

We need to show we can find ¢4, C5, C3, not all 0, such that:
ci(3)+c;(2—4x3)+c3(x3-1)=0
3c; + 2c, —4cyx3 +c3x3 —c3 =0
3c; — 3+ 2¢, + (c3 —4cy)x3 =0

SOC3_4C2:Oand3C1_C3+2C2:0.



letc, = 1socz =4

3c, —4+2(1) =0

c, ==
173

So: 2(3) +1(2—-4x3)+4(x3—-1)=0.

Thus f(x), g(x), and h(x) are linearly dependent on R.

Def. n functions, f3, f5, ..., fn, are called linearly independent on an
interval, I, if c1 f1 + ¢of5 + -+ + ¢ f, = 0 only when
C4 = Cy =+ = ¢, = 0 forevery pointin I.

Ex. Showthat f(x) = x, g(x) = x2, and h(x) = x + x3 are linearly

independent on R.

We need to show given any ¢4, C», and ¢c3 withc; f + ¢c,g + csh =0
thenc; = ¢, = c3 = 0.
c1(x) +c;(x?) +c3(x+x3)=0
(c1+c3)x+c;(x?) +c3(x3) =0

= ¢, =0,c3 = 0andthusc; = 0.



Suppose f7, ..., f are (n — 1) times differentiable on an open interval, I, then
the Wronskian of these functions is:

fi f2 R
Wihtd=| T
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The Wronskian of 1 linearly dependent functions is O. So to prove a set of n
functions is linearly independent we just need to show that the Wronskian is non-
zero (at any pointin I).

Ex. Show the functions f(x) = x, g(x) = x2%, h(x) = x + x3 are

linearly independent on R by showing W (f, g, h) # 0 for some x € R.

x x*> x+x3
1 2x 14 3x?
0 2 6x

W(f,g,h) =

1 2x

=X|22x 1+3x2|_x2|(1) 1+ 3x2 oz

6x 6x
= x(12x2 — 2(1 + 3x2)) — x2(6x) + (x + x3)(2)
= x(6x% —2) — 6x3 + 2x + 2x3 = 2x3 # 0 forx # 0.

+(x+x3)|

Since the Wronskian is not equal to O everywhere, f, g, h are linearly

independent.



Ex. Show that y;(x) = x, y,(x) = x2, y3(x) = x3, which are solutions

tox3y"" — x2y" + 2xy' — 2y = 0, are linearly independent for x > 0.

Find the particular solution with y(1) = 2,y'(1) = 3,and y" (1) = 4.

Yi Y2 Y3 x x%2 x3
WLy, ys) =¥ Y2 Ys'|=|1 2x 3x?
iy oy 0 2 6x

_ Jl2x 3x?| .21 3x? 311 14 2x

— Xl 6x| *o 6x|+x 0 2 |

= x(12x? — 6x2) — x2(6x) + x3(2) = 2x3 # 0 forx > 0.

= V1,2, Y3 are linearly independent solutions to this differential equation.

Find the unique solution with y(1) = 2, y'(1) = 3,and y"' (1) = 4.

y(x) = cyx + cyx% + c3x3 y(D)=ci+ cy+ ¢c3=2
y' =c¢; + 2¢c,x + 3c3x? y'(1) =¢; +2¢, + 3¢5 = 3
y'"' = 2c, + 6¢c3x y'"(1) = 2¢c, + 603 =4
¢4+ 2¢c,+3c3=3 2Cy +4c3 =2
C1+ C2+ C3=2 - 2C2+6C3=4‘
C2+2C3=1 —2C3=—2:C3=1
= () = _1, 1 = 2.

So the unique solution is with y(1) = 2, y'(1) = 3,and y"'(1) = 4 is:

y =2x —x? + x3.



Theorem: Suppose V3, ..., Yy, are 1 solutions of the homogeneous n'"

order linear equation:

y® +p )y 4+ py (Y + pa()y =0
on an open interval, I, where each p; (x) is continuous.
Let W = W (y1, V2, ) V)

a) If y1,¥>, ..., Y, are linearly dependent, then W = 0 on [

b) If y1, V5, ..., ¥, are linearly independent, then W # 0 at each point of
I.

Theorem: Let Y4, V3, ..., Y, be 1 linearly independent solutions of the
homogeneous equation

y™W 4+ p )y Y+ 1 ()Y + pa(x)y =0

on an open interval, I, where p;(x) are continuous. If Y is any
solution then there exist numbers ¢y, ..., ¢,; such that

Y(x) = c1y1(x) + - + cpyn(x)

forall x in I. Y (x) is called the general solution.

Ex. We noted earlier that y;(x) = x, y,(x) = x2, and y3(x) = x> were
3.,

linearly independent solutions to x3y""" — 3x%y" + 6xy’ — 6y =0
thus, the general solution to this equation is:

y(x) = ¢1x + cx% + ¢c3x3.



Now let’s consider the non-homogeneous nt" order differential equation:

Y™ +p )y + 4 ()Y + pa(0)y = f(x)
with the associated homogeneous equation,

y® +p )y + -+ pp ()Y + pa(x)y = 0.

Suppose we know a single particular solution, ¥,,, to the non-homogeneous

equation. Let Y be any solution to the non-homogeneous equation.
lety, =Y —y, (we call y. a complementary function).

Notice that Y, is a solution of the homogeneous equation since:

Ye™ + 01y + 4 pusa e’ + Pade
=[Y®W +p, YD 4 ohp Y +p,Y]
[ ™ + P13 4 4 P (0¥ + o]
= f(x) = f(x) =0.

So any solution of the non-homogeneous equation looks like:
Y=y.+y, where y.=c1y; + ¥z ++

Y1, -, Y are linearly independent homogenous solutions.



Ex.

Given that ), = x*>+1isa particular solution to the equation
y" +y' — 2y = 2x — 2x?, find the solution to

y'" +y' —2y =2x— 2x?withy(0) = 5and y'(0) = 1.

First solve the homogeneous equation to find y,:
y'+y' —=2y=0
The characteristic equationis 7> +1r—2 =10
r+2)(r—1=0

r=1,-2 = y.=ce*+ce”

So the general solutionto y'' + y' — 2y = 2x — 2x?% is

Y=Y +y, =cre* + e +x* + 1.

y' =ce* —2c,e”?* + 2x
5=v90)=ce®+ce®+0?+1=¢c;+c, +1
1=9y"(0) = c;(e%) — 2¢,(e%) + 2(0) = ¢; — 2c,

4=ci+c
1=c¢ —2¢c

3 == 3C2

= =1, ¢ =3.
So the solutionto y'' +y' — 2y = 2x — 2x?% with y(0) = 5 and
y'(0) =1is:
y=3e*+e ?*+x%+1.

2x



