Some Substitution Methods and Exact Equations

Sometimes one can make substitutions in a differential equation that can

transform the equation into one you know how to solve.
d
Suppose we have: = = f(x,y).
dx
We might be able to make a substitution v = a(x, y) to get an equation

in ¥ and X instead of y and x that we can solve.
dy _ 2
Ex. Solve —~ = (x +y+3)~.

letv =x+y+3soy =v—x—3and
d d
2 =-=_

dx dx

d
Now substitute into d_ic/ =(x+y+ 3)2:

Em 1 = v* so, dx—1+v.
) dv
Now separate the variables: > = dx
1+v
dv
f1+v2 a fdx

tanlv+c¢ =x+c
tan"lv=x+c3

v = tan(x + c3).



v=x+7y+3so,
X+ y+3=tan(x +c3)
or y =tan(x + ¢3) —x — 3.

, : , dy
So differential equations of the form - F(ax + by + c¢) can be

transformed into separable equations by making the substitution

v =ax + by +c.

Homogeneous Equations

f(x,y) is a homogeneous function if f(tx,ty) = f(x,y).

24 94,2

x“+2

Ex. f(x,y) =—5—— Y s homogeneous since:
3x“—5xy

0 +2(ty)* | 2(P+2y?) | x242y?
3(tx)2—5(tx)(ty)  t2(3x*—5xy)  3x’—5xy

f(tx, ty) = = f(x,y).

Another way of saying this is that we can write f (x,y) = F(%)

2 2
242y2 x2(1+2§—2) B (1+2(¥) )
3x*—5xy xZ(S—S(%)) 3—5(%)

Ex. f(x,y) =

. _y . _1+2v2
Soif v = = flx,y) =F) = ey -



d
Given a differential equation in the form d_ic] = f(x,y) = F(%)

make the substitution v = % .

s vxandZ = v+ 2+ X
(0] = ang — = I
y dx dx

dy
Substituting into d_ F(—) we get:

dv dv
v+xa—F(v) or xa—F(v)—v.

We can now separate variables:

dv ——dx

F(v) v

Now integrate both sides of the equation.

Ex. Solve ny% = 2x?% + 5y?

d
First put this in the form: d_ic} = f(x,y)

dy 2x2+5y2
dx 2xy
2x2+5y2

Notice that f (x, y) = 2xy

is homogenous since:

2(tx)%+5(ty)* _ 2x%+5y2
2(tx)(ty) T 2xy

Now write f(x,y) = F(%):

—f(xy)—u—(f)+§(z).

xy

f(tx, ty) =



. dy . dv _ y 1 _ X
lety =vx, = =v+x_, V=5 vy
dv 1 5
vV+x—=-+-
dx v 2( )
dv _ 1, 3v _ 3v%42 :
—=—-+4+—= (now separate variables)
dx v 2 2v

2V 1
v =
3v242 X

[Z_dv = [=dx

3v242 X

I

I
QU
=

“In(3v% +2) + ¢; = Infx| +

In(3v? + 2) = 3ln|x| + 3

eln(3v2+2) — e3Inlxl+cs — eln|x|3 . oC3

3v2 + 2 = culx|3; ¢4 =e% >0.

Substitute back v = % and we get the general solution:

3y?

—t2= clx|®> or 3y?+2x?=c|x|3, wherec > 0.



d
Ex. Solve x? d—z =x?+ Xy + yz

d x%+xy+y? x%+xy+y? 2
= #; Notice# =1+ Y + . is homogeneous.
dx x2 x? x  x2
dy y ¥
—=14+=4+=.
dx x  x2
_ dy _ dv _. Lo
lety = vx, dr v+ x T’ V= x so we get by substituting:
v
v+ xa =1+v+v? (separate variables)
1 1
>dv = —dx
1+v X
1 1
dv = | =dx
J.1+vz fx

tan~*(v) + ¢; = In|x| + ¢,
tan"1(v) = In|x| + ¢3
tan‘l(%) = In|x| + 3

% = tan(In|x| + c3)

y = x tan(In|x| + c3)

general solution.



Exact Differential Equations

d
If we have a differential equation of the form M (x,y) + N(x,y) d—z =0

whenis M(x,y) + N(x,y) % = % (F(x,y)) (called Exact in this case)?

If we think of y as a function of X, using the chain rule the RHS becomes:

d d
E(F(x,y)) = F, +Fyd—z.

d d dy
SoM(x,y) + N(x,y)d—i: = E(F(x,y)) =F +F EWhen:

oF oF
M(xu‘y):a: N(X,y)=—

ay
If that’s the case, then F (x,y) = c is the general solution to:

d
M(x,y) + N(x,y) 2= = 0.

If we are given a differential equation of the form:
d
M(x,y) + N(x,y)d—i =0

Or equivalently:

M(x,y)dx + N(x,y)dy = 0,



1) How do we know if M (x,y) = F, and N(x,y) = E, for some F(x,y)?

2) If we know M(x,y) = F, and N(x,y) = F, for some and F(x,y), how
do we find that function?

3) If we can find and F(x, y) such that M(x,y) = F, and N(x,y) = F, then
F(x,y) = cis the general solution to:

d
M(x,y) + NQ,y) =0

or equivalently:

M(x,y)dx + N(x,y)dy = 0.

Notice that if F(x, y) has continuous second partial derivatives then

Fey = Ey.
Soif M(x,y) =E,
N(x,y) = F,

then M, (x,y) = Fy,
Nx(x»Y) = Fyx-

So a necessary condition for M(x,y) = F, and N(x,y) = E, is that

M, (x,y) = Ny(x,y). Soif My, # N, then:

M(x,y) + N y) 2 # = (F(x,y).



Theorem:

Suppose M (x,y) and N (x, y) have continuous partial derivatives in the open
rectangle:

a<x<b, c<y<d
Then the differential equation
M(x,y)dx + N(x,y)dy =0
is exact if, and only if,

om _ oN
ay_ax

at each point in the rectangle.

Ex. Solve (x3 -+ %) dx + (y? +Inx)dy =0, x> 0.

M(x,y)=x3+¥, N(x,y) = y* +1Inx

1 1
My_;, Nx_;.

So the differential equation is exact for x > 0.

Now we have to find F (x, y) such that:

OF 0F
Py +7 and 3y y“ + Inx.



Choose either equation and integrate with respect to the appropriate

variable (x if it’s Fy, y if it's F,):

4
F(x,y) =fodx=f(x3+%)dx=x:+ylnx+g(y).

Now differentiate F (x, y) with respect to the other variable (y)

E, =In(x) + g'(y).

But we know that £}, = y2 + In x so,
Inx+g'(y) =y*+1Inx
g'y) =y?
9 =3y +c.
So we now know that:

x* x* 1 3
F(x,y) =T+ylnx+g(y) =T+ylnx+§y + c.

So this means that the solution to the differential equation is:
F(x,y)=c

x4 1 3 _
T+ylnx+§y = C.



Ex. Solve (1 + x)?dy — (1 + y)?dx = 0.

here: M(x,y) =—(1+y)?, N(xvy)=(1+x)>?
M, = —2(1+7Y), N, = 2(1 + x).

M,, # N, so the equation is not exact and we have to find another
method. In this case we can separate variables.

(1+x)2dy— (1 +y)?dx=0

(14 x)%dy = (1 + y)?dx
1 1

dy = dx
(1+y)2 Y = a2
1 1
dy = dx
f(1+y)2 Y f(1+x)2
1 1
—— 4+ 1= —— + (0)
1+y 1+x
1 1
= + C3 now take reciprocals
1+y 1+x
L4 1 _ 1 . 1+x
Yy =1 Iy - 63(1+x)+1 _ 1+C3(1+X)
1+x 1+x
14+x

Y= 1+c3(1+x) B
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Reducible Second Order Equations

A second order differential equation has the form

F(x,y,y',y") =0.

For example, xy" + y' = 4x and y" = 2y(y")3 are second order differential
equations. If either y, the dependent variable, or x, the independent variable,
are missing from the second order equation (as in the cases above), then the
second order equation can be reduced to a first order equation by letting

d
p = d_ic] , Where p is a function of x or y.

Ex. Solve xy" + ¥’ = 4x (missing y) by reducing it to a first order differential

equation (assume x > 0).

Let p(x) = y'sop’(x) = y"and, xp'(x) + p(x) = 4x
Now we can solve this as follows:
, 1
p'(x) +—p(x) = 4

This is in the form p’(x) + R(x)p(x) = Q(x) so we can solve this by
finding an integrating factor.

p(x) = el R)dx — eJxd* — glnx — o
xp’(x) + p(x) = 4x
d
— (xp(x)) = 4x
xp(x) = [4x = 2x% + ¢4

p(x) = 2x +%



_dy
but p(x) = - SO,
d
2 —2x+2
dx X

y=x%>4+c¢Inx+c, general solution.

Ex. Solve y" = 2y(y')3, (missing x) by reducing it.

Notice that this a non-linear differential equation because y' is raised to
the 3" power and y and y' are multiplied.

w_dp _dpdy _ dp
T dx  dydx pdy
substituting into " = 2y(y")3 we get:

Letp(x) =y’ =

ap

o = 2y(p)3 (now separate the variables)
1dp
ay = 2
dp
o2 = 2ydy

d
5= [2ydy

1 2
——=y“+c
b y 3
1 2
- = —y° — Ca.
. y 3
1
so, p=
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_ 4y :
p =5, SO Wwe get:

dy -1 . .
- =— separate variables again
dx ye+c3
(v* + c3)dy = —dx

[(y? + c3)dy = [ —dx
y3
?+03y+c4= —X + Cg

1 3 :
X=—3y —Cy + Cc¢  general solution.
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