First Order Linear Differential Equations

We will solve linear first order differential equations of the form:

2+ P(x)y = Q(x)

where P(x) and Q(x) are continuous.

Notice that we can’t separate variables in this case. However, if we multiply the

entire equation by p(x) = efp(x)dx, called an integrating factor, something
interesting happens:

d
efP(x)dx d_i’ + P(x)efP(x)dx(y) — Q(x)efP(x)dx
Notice that since % (] P(x)dx) = P(x) the LHS becomes:

d d
E [}IefP(x)dx] — efP(x)dx ) y + P(x)efP(x)dxy

dx
So, % [yefP(x)dx] — Q(x)efp(x)dx
and yefP(x)dx — f(Q(X)efP(x)dx)dx iy,

y = e IP@[[(Q(x)el PX¥¥)dx + C].

d
Steps to solving d_ic/ + P(x)y = Q(x):
. Calculate p(x) = el P(x)dx
. Multiply the differential equation by p(x)

1

2

3. Notice that%[p(x)y] = p(x)Q(x)

4. Integrate both sides: p(x)y = [ p(x)Q(x)dx + C
1

>V 0w

Ly = [ p(0)Qx)dx + €]



Ex. Solve 2xy’ +y = 10v/x, for x > 0.

d
Start by putting the equation in the form d_ic} + P(x)y = Q(x):

ry 1 5
y+2xy_\/§

S0 P(x) =5-, Q(x) ==

1 1

p(x) = efp(x)dx = ef%dx = eElnx = (elnx)E = x2

1
Note: Any antiderivative of; will work and |x| = x > 0.

5
Multiplyy’ + %y = NG by Vx

\/_y+ y—5

Nownotlce—(\/_y) \/—y + y SO,

a(\/;y) =5

Now integrate both sides:

Vxy = [5dx =5x+C

y = \/—_(SX +¢) =5Vx + \/—_ general solution.



Ex. Solve the initial value problem:

y' = 2xy + 3x%e*’;  y(0) = 5.

Start by putting the equation in the form y' + P(x)y = Q(x).
y' — 2xy = 3x2e*’
P(x) = —2x, Q(x) = 3x2e*’

p(x) = e/ P(dx — pf —2xdx — p—x?

2 2

e~y —2xe 'y = 3x2eX” . e7X" = 342
% e—xzy) — e"xzy’ — 2xe"x2y
d A2
—(e™ y) = 3x2
ey =[3x2dx=x3+C
y = exz (x3 + C) general solution
y(0) = 5 so,

5=e@*(03+C)=C

2
y =e* (x3+5) particular solution



Ex. Solve y' = —ytanx + (cos? x) sinx , y(0) = 3, for —% < X <§

y' + (tanx)y = (cos? x) sin x

P(x) =tanx , Q(x) = (cos?x)sinx

p(x) = ef tanxar = i

cosx

let U = COS X
du = —sinx dx

—du = sinx dx

_ rdu -1
p(x)=e I~ = e~ Inu — (elnu) _1

= SecCX.
u CoS X

T T
Note: 0 < cosx = u, for == <x <-,s0 |lul = u.

(secx)y’ + (secx)(tanx)y = (secx) (cos? x) sinx = (cos x) sin x

% ((secx)y) = (cosx) sin x.

(secx)y = [(cosx)sinx dx

letu =cosx, du = —sinx dx ,—du = sinx dx
2 cos2 x
=—fudu=—=+C=- +C
2 2
COSZX
(secx)y = — >t C
COSSX
y=—-——"+= C(cosx) general solution.



y(0) = 3 so,

_ cos? (1))
o 2

+ C(cos0) = —%+C

y=-— + S Cosx particular solution.



