The Method of Elimination

Given a differential equation:

apx™ 4+ @y x™ D + o ax’ +agx = f(t)

we can write this as:

anD™(x) + ap_1 D" (x) + -+ a1 D(x) + ap(x) = f(t)
_ n(y) = L%
where D(x) = — and D™ (x) = — -
So we can think of:

L=a,D"+a, D" 1+ .-+ a,D+aq,

as acting on a function x(t). Thus, we can write our original differential
equation as Lx = f(t).

We call L a differential operator. We define multiplication of operators by:

LiLy(x) =L, (Lz (x))

For example, suppose we have a, b real numbers and
Li=D+a, L,=D-b.
Then LyL,(x) = (D + a)[(D — b)(x)]
= (D + a)(Dx — bx)
= D*x + aDx — bDx — abx
= D?x + (a — b)Dx — abx = [D? + (a — b)D — ab]x.



Notice that if the coefficients of L; and L, are constants we get L1 L, by
polynomial multiplication and that L; L, = L,L;.

We will now see how solving linear systems of differential equations with
constant coefficients is similar to solving systems of linear equations that you
studied in Algebra classes.

Recall that if we wanted to solve:
2x —3y =2
—3x+4y=—4

We could multiply the first equation by —3 (the coefficient of x in the second
equation) and the second equation by 2 (the coefficient of x in the first
equation) and subtract the first equation from the second equation to
eliminate the variable x.

—6x + 8y = —8 (2 times second equation)

—6x+9y = -6 (—3 times the first equation)

—y==2 = y=2.

We can then substitute y = 2 in either original equation to get x = 4.

We will take a similar approach to solving a linear system of differential
equations with constant coefficients. We can write that system as:

Lix + Ly = f1(8) (*)
Lsx + Lyy = f>(1).



Ex. Write the following linear system in terms of (*):

!/

x =-3x—4y

!

y = -2x+ Yy

Start by bringing all terms to one side of the equation:
x'+3x+4y=0
2x+ y'—y=0

or (D+3)(x) +4y=0
2x+ (D —-1)y=0.
So if we let:
Li=D+3 L,=4
Ly; =2 L,=D—1, and f1(t) = f,(t) =0

Our system of equations has the same form as ().

To solve the system of equations given by (*x) we multiply the first equation by
L5 and the second equation by L, (similar to our approach for algebraic
equations).

L3Lyx + L3L,y = L3 f;(t)
LiL3x + LiLyy = Ly f>(¢).

Since all of the L;'s have constant coefficients L3Lix — L1L3zx = 0.



So subtracting the first equation from the second gives us:

(LiLy — L3Ly)y = Lif; — L3fy.

Now we have a differential equation with only one unknown function y(t). We
can write this resulting equation as:

Ly L
Ly Ly

Ly fi
Ly £

Similarly, we could have multiplied the first equation in (*) by L, and the
second equation by L, and subtracted to get:

Ly L fi L
Ly L, f2 Ly

Notice thatif f;(t) = f,(t) = 0, the right hand side in both cases is 0, and
the left hand side gives identical differential equations in X and y.

The determinant expressions for the differential equations are reminiscent of
Cramer’s Rule for solving linear algebraic equations.

Ex. Find the general solution to the system of equations given by:
x'=-=3x—4y
y'= =2x+ y.

As we saw in an earlier example:
x'"+3x+4y=0 ()
2x+ y'—y=0



or D+3)x)+ 4y=0
2x+ (D —-1)y=0.
So if we let:
Li=D+3 L,=4
Ly =2 Ly,=D -1, and f;(t) = f,(t) = 0.

Since f1(t) = f,(t) = 0 we know:

Ly L fi L
Ly Ly f2 Ly

= 0.

[LiLy — LyLs]lx =[(D +3)(D —1) = (=2)(4)]x =0
[D?+2D +5]x =0
x"+2x"+5x = 0.

The characteristic equation for x'’ + 2x’ + 5x = O is:
r’+2r+5=0

r="2 s 1420

So the general solutionto x” + 2x" + 5x = O is:

x(t) = e t(A cos(2t) + Bsin(2t)).



Notice that:

Ly L
Ly L4

y=0
gives us the same differential equation in y that we had in x:

y" +2y"+ 5y =0.

Thus the general solution is:
y(t) = e t(Ccos(2t) + Esin(2t))

where, in general, C and E do notequal A and B.

So far our general solution for this linear system is:
x(t) = et (A cos(2t) + Bsin(2t))
y(t) = et (Ccos(2t) + Esin(2t)).

Although it looks like there are 4 arbitrary constants A, B, C, and E, in fact,
there are only two. We can see this by plugging the general solutions for x(t)
and y(t) back into either one of the original differential equations.

Differentiating our expression for x(t) we get:

x'(t) = e t(—2A4sin(2t) + 2Bcos(2t)) — e *(Acos(2t) + Bsin(2t)).



Plugginginto x' + 3x + 4y = 0 (xx) we get:

0 = e~t(—24sin(2t) + 2Bcos(2t)) — e"*(Acos(2t) + Bsin(2t))
+3 (e‘t(A cos(2t) + Bsin(Zt))) + 4 (e‘t(Ccos(Zt) + Esin(tZ)))

= e '[(2A+ 2B + 4C) cos(2t) + (—2A + 2B + 4E) sin(2t)].

Since cos(t) and sin(t) are linearly independent we have:

2A+2B+4C=0 > C=-—-(A+B)

—24+2B+4E=0 > E=-(A-B).

Thus the constant € and E are functions of A and B, i.e., they are not arbitrary
constants.

This says that the general solution to our system of equations is:
x(t) = e (A cos(2t) + Bsin(2t))
y(t) = —%e"t((A + B)cos(2t) + (B — A)sin(2t)).



Ex. Solve the initial value problem:
x' = —=3x+ 2y; x(0)=0
y' = —=3x + 4y; y(0) = 2.

We start by putting the equations in the form of ().
x'+3x—2y=0

3x+y' —4y = 0.

Thus we have:

Ly=D+3 L,=-2

L;y=3 L,=D—-4; fi1(t) = f2(t) = 0.
Ly Lyl _ . Ly Ly _
L, L4x—0, L, L4y—0.

[LiLy — LyLs]x = [(D +3)(D —4) — (=2)(3)]x =0
[D2—D—6]x =0

x"—x'"—6x=0.

The characteristic equation forx' — x" — 6x = 0 is:
r’—r—6=0
r—=3)r+2)=0
r=3 —-2.



Since f1(t) = f,(t) = 0 we get the same differential equation in y that we
getinx: y' —y' — 6y =0.

Thus our general solutions are:
x(t) = Ae3t + Be™?t
y(t) = Ce3t + Ee™?t,

Next we find the relationships between A, B, C, and E by plugging expressions
forx(t), x' (t) and y(t) intox’ + 3x — 2y = 0.

x'(t) = 34e3t — 2Be™?t, so we get:

0=x"+3x—2y

0 = 34e3t — 2Be™ 2t + 3(4e3t + Be™2t) — 2(Ce3t + Ee™?2Y).
0= (64 —2C)e3t + (B — 2E)e?t.

Since e3t and e 72t

6A—2C=0 = C =34

are linearly independent we have
1
B—2E =0 = E = EB'
Thus the general solution to this system of equations is:

x(t) = Ae3t + Be 2t

y(t) = 34e3 + ;Be‘Zt.



Now we can use our initial conditions to find A and B.
0=x(0)=A+8B
2 = y(0) = 34 +§B.

4 4
Solving these equations we get: A = ey B = —3

So the solution to our initial value problem is:
4 —
x(t) — E(eSt —e Zt)

y(6) =5 (6e% — ™).

Finally, we do an example where f; (t) and f,(t) are not the zero function.

Ex. Find the general solution to the system given by:
x' =2x — 3y + 2sin(2t)
y' = x — 2y — cos(2t).

First we rewrite the equations in terms of:
Lix + Ly = f1(t)
Lyx + Ly = f>(0).

x' —2x + 3y = 2sin(2t)
—x +y' + 2y = — cos(2t).



Ll =D-—-2 LZ == 3, fl(t) =2 Sln(Zt)
L3 = —1 L4 =D + 2, fz(t) = —COS(Zt).

Since f;(t) and f,(t) are not zero functions we have:

Ly L fi L Ly L

y = Ly f
Ly Ly fa La Ly Ly

a L3 fZ

= and .

Starting with the equations in x(t) we get:
(L1Lg — LyL3)x = Laf | — Lof,
[(D—-2)(D+2)—3(—1)]x = (D + 2)(2sin(2t)) — 3(— cos(2t))
(D? — 1)x = 4 cos(2t) + 4sin(2t) + 3 cos(2t)
(D? — 1)x = 7 cos(2t) + 4 sin(2t).

Sowe must solve: x'" —x = 7 cos(2t) + 4 sin(2t).

Solving the homogenous equation we get:
x"—x=0
r’2—1=0 = r=4=41.
x.(t) = Ae”t + Bet.

To find a particular solution we try x,, = Ecos(2t) + Fsin(2t)
xp = —2Esin(2t) + 2Fcos(2t)
x, = —4Ecos(2t) — 4Fsin(2t).



Plugginginto x'" — x = 7 cos(2t) + 4 sin(2t) we get:

—4Ecos(2t) — 4Fsin(2t) — Ecos(2t) — Fsin(2t) = 7 cos(2t) + 4 sin(2t)

—5E cos(2t) — 5Fsin(2t) = 7 cos(2t) + 4 sin(2t)

7 4
Thus we get: EZ_E’ FZ_E'

So the general solutionto x'" — x = 7 cos(2t) + 4 sin(2t) is:

x(t) = Ae™t + Be! — % [7 cos(2t) + 4 sin(2t)].

L, L, Ly f
Ly Ly Ly f7

The left hand side will give us the same (homogenous) differential equation as
we had in X, but the right hand side is different.

(L1Ls — LyL3)y = Lif; — Lafy
(D? — 1)y = (D — 2)(— cos(2t)) — (—1)(2sin (2t)
y'" —y = 2sin(2t) + 2 cos(2t) + 2 sin(2t)

Now we repeat the process for

y" —y = 4sin(2t) + 2 cos(2t).
y.(t) = me~t + net
For a particular solution we try: y,, = Ecos(2t) + Fsin(2t)

yp = —2Esin(2t) + 2Fcos(2t)
yy = —4Ecos(2t) — 4Fsin(2t).



Pluggingintoy’’ —y = 4sin(2t) + 2 cos(2t) we get:

—4FE cos(2t) — 4Fsin(2t) — Ecos(2t) — Fsin(2t) = 4sin(2t) + 2 cos(2t)

—5Ecos(2t) — 5Fsin(2t) = 4sin(2t) + 2 cos(2t)

2 4
>  E=-2 F=-ZI,
5 5

Thus we have: y(t) = me™t + net — % [2 cos(2t) + 4 sin(2t)].

To find the relationships between A, B, m, and n, we plug expressions for
x(t),x"(t),and y(t)into 0 = x" — 2x + 3y — 2sin(2t).

x'(t) = —Ae ' + Bet + 1—;sin(Zt) —zcos(Zt).

0=x"—2x+ 3y — 2sin(2t)

= —Ae t + Bet + %sin(Zt) — gcos(Zt)
—2(Ae”t + Bet — % [7 cos(2t) + 4sin(2t)])

3(me~t + net — % [2 cos(2t) + 4sin(2t)]) — 2sin (2t).

0=(-34+3m)e t+ (—B + 3n)et.



t

Since et and et are linearly independent:

—34A+3m =0
—B+3n=0.

B
> m=4, n= 3
So the general solution to this system of equations is given by:

x(t) = Ae™t + Bet — =[7 cos(2t) + 4 sin(2t)]

ullm Uil

y(t) = Ae”t + get — =[2 cos(2t) + 4 sin(2t)].

Note: we could have just as easily solved for the constants A and B in terms of
m and n and written all of the constants in the solution in terms of m and n
instead of A and B.



