Piecewise Continuous Functions

Recall if:

u(t) =0ift <0
1 Y = Uq(t)

=1ift=0
u,(t) =u(t—a)=0ift<a
=1ift=a

Then:
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Theorem: Translation on the t-axis.

If L(f(t)) exists for s > ¢, then L(u(t — a)f(t — a)) = e F(s)
and L7(e™®F(s)) = u(t — a)f(t — a).

Notice that:
ut—a)f(t—a)=0ift<a
=f(t—a)ift = a.




Proof:
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e"SF(s) = ftt:aoo e Stf(t—a)dt

t=o0

= e Stu(t —a)f(t—a)dt

— Jt=0

= L(u(t —a)f(t— a)).

Ex. Let F(5) = <. Find L7 (F(s)).

L1 (e"“S(G(S))) =u(t —a)g(t —a)

where L(g(t)) = G(s).

-1 e__s) — —_1
So for L (s+2 ,a=1andG(s) = o

_ 1
From a Laplace transform table, if g(t) = e~2%, then G(s) = e

£ () =ult— Dt — 1) = u(t — De™?ED,



Ex. Find L(f(t)) when L L
f®)=0 ift <2m | y::f(t)\ /\ /\
= cos2t ift = 2m. |
f(t) =u(t — 2m) cos 2t | 2\ |3m
= u(t — 2m) cos(2t — 2m) | 1 \/ \/ \/

L(u(t — 2m) cos(2t — 2m)) = e 2" L(cos 2t)

Ex. Find L(f(t)) when {\ [\

f(t) =cos2t ift<2m

=0 ift > 2m. y =7

u(t—2m) =0ift < 2m

e I

So - 1
1—u(t—2n)=1ift <2m

=0ift > 2m.

Thus,

f() = (1 —u(t — Zn)) cos 2t = cos 2t — u(t — 2m) cos[2(t — 2m)].




L(cos 2t —u(t — 2m) cos[2(t — 2m)])
= L(cos2t) — L(u(t — 2m) cos[2(t — 2m)])

_ s e72™s _ s(1—e27)
LU@®) = s2+4  s2+4 T 5244
Ex. Find L(g(t)) when /
gt)=0 ift<?2 /
=t? ift=>2. /
/
y=rf() /
/
—1 0 1 2 3 4

We need to write g(t) = u(t — 2)f(t — 2).
So after translating f (t) two units to the right we get t2.
f(@®) = (t+ 2)% works (i.e. f(t — 2) = t2).

L(g(®) = L(u(t —2)f(t—2)) = e 25L(t? + 4t + 4)



Ex. A mass weighing 32 Ibs. is attached to the end of a spring that is stretched
one foot by a force of 4 |bs (i.e. kK = 4lb/ft). Initially, The mass is at rest.
At time t = 0 seconds, an external force f(t) = 4 cos 2t is applied to the
mass. Attime t = 27T seconds the force is turned off and the mass
continues its motion. Find x(t), the position of the mass at time t.

Sowe needtosolve: x"' +4x = f(t), x(0)=x'(0)=0
where f(t) = 4cos2t f0<t<2m

=0 if t = 2m.

Taking the Laplace transform of this equation we get:

, 4s5(1—e2ms
(s2X(s) — 5x(0) — x'(0)) + 4x(s) = 2T
where the RHS comes from a previous example.
2 _ 4s(1—e2m)
(s“+4)X(s) = )
—p—27S
X(s) = 4s(1—e i ) __4s - (e_zns)LZ.
(s2+4) (s2+4) (s2+4)



Recall that:

g(@®) = L7(G() =L _ G(w) dw)

_ 4s _ oo 4w
- 1<<s2+4)2) t 1(fw=5 (w2 +a)? dW)

tL‘l(— 2 Wf°°)

w244 IW=S

tL1 ((5214)) = t sin 2t

L7 e ®F(s)) =u(t — a)f(t — a)

L1 (6"2"5 ﬁ) = u(t — 2m)(t — 2m)(sin 2(t — 2m))

Since: X(s) = — (e=2ms
ince (s) 2+4) (e ) 2+4)

we have:

_ -1 4s =1 -2ns_S
X)) =1L ((52+4)2> . (e (52+4)2)

x(t) = t(sin 2t) — (u(t — 2m))(t — 2m)(sin 2t)
x(t) = [t = (u(t — 2m))(t — 2m)] sin 2t.

In other words:
x(t) = tsin2tift <2m  since (u(t —2m))(t —2m) =0

= 2msin2tift > 2m  since (u(t — 2m))(t — 2m) = t — 2.



