The Convolution Theorem/Derivatives & Integrals of Transforms

If we take the Laplace transform of X'’ + x = cost, x(0) = x'(0) = 0 we

get:
(s2X(5) = sx(0) — x'(0)) + X(5) = 5

S

(s2+ 1DX(s) = ]

X(s) = (szi-l) (522_1) = L(cost) L(sint)

Unfortunately, L(cos t) L(sint) # L(cost - sint)
1

1,
= L(E sin 2t) = e

However, given H(s) = F(s)G(S) there is a function h(t) such that,
L(h(t)) = H(s) = F(s)G(s).

This function is:

h(E) = [ =5 fFwW)g(t — w) dw

where L(f(t)) = F(s) and L(g(t)) = G(s).

We call h(t) the convolution of f(t) and g(t) and write it as:
h(t) = £+ g(t) = [ fF(w)g(t — w)dw
L@+ g@) = [L(F®)] - [£(g®)].

and



Ex. When we took the Laplace transform of x'' + x = cost, where
x(0) = x'(0) = 0 we got:

X(s) = (Szil) (5211) = L(cost) - L(sint).

Thus, L(cost * sint) = L(cost) - L(sint) and x(t) = cost * sint

(we will calculate this shortly).

Ex. Let’s calculate (f * g)(t) when:
f(t) =5for0 <t < 2and 0 otherwise
g(t) = 10for4 < t < 7 and 0 otherwise.

(f*g)@) = fv‘::otf(w)g(t — w)dw.
Let’s graph f'(w), g(w), g(—w), and g(t — w)
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fw)g(t—w)=0for0 <t <4.
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We won’t get any nonzero value for the integral for 0 < t < 4.

(f @)@ = [ fFw)g(4 — w)dw = 0.

Butfor 4 < t < 9, we will get nonzero values for the integral:

(f *9)(5) = [ fw)g(5 — w)dw
= [(5)(10)dw = 50
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(f * 9)(6) = [, 5(10)dw = 100

(f * 9)(7) = [(5)(10)dw = 100
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(f * 9)(8) = [(5)(10)dw = 50

(f * 9)(9) = [ (5)(10)dw = 0

I y = g(8|—w)
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= [V 50dw = 506 — 200 f4<t<6
(f *@)(®) = [/ 50dw = 100 6 <t<7

= [77 50dw =450 —50¢ if7<t<9
100 | |-
= *9)x)

"'|_.

,.u._...................

Proposition: (f * g)(t) = (g * f)(¢).

Proof:  (f*g)(®) = [ fF(w)g(t —w)dw
letu=t—w

du = —dw
= [0 f (e — w) g (W) (—du)
= — [ F(t —wgw) du
= [Y7f(t ~wgw) du
= (g = N®.



Ex. Now let’s calculate (cost) * (sint).

w=t

(cost) * (sint) = [ _ (cosw)(sin(t —w)) dw

N

Recall: cos A sin B = =[sin(4 + B) — sin(4 — B)].
SoletA=w, B=t—w:

(cost) = (sint) = fvf:ot% [sint —sin(2w — t)] dw
= [%W sint + %COS(ZW -] |w=t
= 2tsint.

2
Thus the solutionto x'" + x = cost, x(0) =x'(0) =0is

. 1, .
x(t) = cost xsint = —tsint.

Ex. Find t *sint.

. t .
t*sint = fw=0 wsin(t — w) dw  Integrate by parts.
letu = w v = cos(t —w)

du=dw dv =sin(t —w)dw

= wcos(t —w) |WZ} — fv‘::ot cos(t —w) dw
= (tcos0 — 0) + sin(t — w) |W=§

=t —sint.



Ex. Apply the convolution relationship, L(f * g) = L(f) - L(g),

1
(s2+1)*

to find the inverse Laplace transform of F(s) =

F(s) = (7)) @50

L(sint) = 231 °
1 ] :
T L(sint) L(sin t)

1 . .
Thus, £L71 < 2) = x(t) = sint * sin t.
(s*+1)

sint *sint = fv‘:/:ot(sin w)(sin(t — w)) dw
sin(t — w) =sintcosw — sinw cost
w=t . . .
=, _, sinw(sint cosw — sinw cos t)dw

_w=t _ B -
= fw=0 sint (sinw)(cosw) — cost (sin“ w) dw

__ (w=t . . w=t .. 2
= fW:O sint (sinw)(cosw) dw — fw=0 cost (sin“w) dw



. . 1 1
Lletu =sinw , du = cosw dw ; smzw=5—5c052W

= fuzsm(t) (sint)u du — f ‘cost (— — =cos ZW) dw

u=0
= (sin t) |u sint [ wcost — (i cost) sin 2w |W=k

sm t

= [ tcost——coststt]

sint 1 1 _
— Etcos t + 2 (cos t)(sin 2t)

x(t) =
1.4, 1 1 .
= 5sin®t — ~tcost + - (cost) (2sint(cost))

1 . 1
= -sint — - tcost.
2 2

Note: sint * sin t can also be calculated by using:

(sinA)(sinB) = =[cos(A — B) — cos(4 + B)].

N =



Differentiation of Transforms

If L(t £(£)) exists, then L(t f(£)) = —F'(s), or equivalently:

f(®) = LHF($)] = = L7F/ ()]

(We'll prove the above at the end of the section).

We also have:
L (@) = (~DPFM(s).

Ex. Find L(t? cos kt).

2 — (_ zd_2 S
L(t? coskt) = (~1)% 15 (57-2)

_ i((52+k2)—s(25)) _ d (=s*+K?)

T ds (s2+Kk?)? T ds (s2+k?)2

_ l(sz+k2)2(—25)—(—52+k2)2(52+k2)(23)]
B (s2+k2)%

_ l—25(52+k2)—4s(—52+k2)] _ 253-6k?s
N (s2+k2)3

 (s2+k2)3
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Ex. Find L71(In[(s? + 1)(s% + 9)]).

F(s) =In[(s?+ 1)(s* +9)] =In(s? + 1) + In(s? +9)

We know: L71[F(s)] = —+ L7 [F"(5)]

28 28

/ _
F'(s) = s24+1  s249

L7(n[(s? + D(s? + 9 = —7[£ 7 (75) + £ (5]

Recall: L(cos kt) = )
( ) s2+k*?

L7Y(F(s)) = —%[2 cost + 2 cos 3t].

Ex. Transform the following equation and find a nontrivial solution with
x(0) = 0.
tx""+ (3t—1)x" 4+ 3x = 0.

L(tx" + @Bt —1)x"+3x) = L(»tx"") +3L(tx") — L(x") + 3L(x)

L(x") =5%2X(s) —x(0)s —x'(0) = s2X(s) — x'(0)

L(tx") = —%(SZX(S) — x’(O)) = —[s%2X'(s) + 25X (s)]

L(x") =5X(s) —x(0) =sX(s)
L(tx") = —%(SX(S)) = —sX'(s) — X(5)
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L(tx") +3L(tx") — L(x") + 3L(x)
= [-s2X'(s) — 2sX(s)] + 3[—sX'(s) — X(s)] —sX(s) +3X(s) =0

= (—s?>—=35)X'(s) —3sX(s) = 0.

So we need to solve this differential equation for X (s):

(=52 —39)X'(s) = 3sX(s)

X'(s)  -3s _ -3s 3

X(s)  s243s  s(s+3)  s+3

Integrating both sides we get:

InX(s) =—-3In|s+3|+C = X(s)=e 3ls+3+C = —(Sf3)3-

n!

Recall: l:(eattn) = m

= x(t) = C"t%e™ 3",
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Integration of Transforms

t
Theorem: If tllrcr)l T) o yists and is finite and f(t) is piecewise continuous with
ﬁ

|f (t)| < Ke%; for constants K and a, as t — o, then

L (@) = f‘;ozs F(w) dw

or

f(&) = L7HF () = tLHf] F(w) dw].

Ex. Find L (SI? t)

dw

Sw2+1

L (Sm t) f JL(sint) dw = f
1

— T —
= tan 1W|§°=E—tan S.

Ex. Find L71(

2)-

52+1)

-1 S _ -1 (0] w
[' <(52+1)2> - tL [fs (w2+1)2 dW]
. -1 1 1 0
=tL [_E (w2+1) ']

= tL™ [ ( 2+1)] = ~tsin(t).




Proof of L(t f(£)) = —F'(s):

F(s) = [, e tf(t) dt
SF(s) == J e S f(£) dt
= [ < (et f (D) dt
= [ —tf(t)e st dt
= —L(t f(®))
= L(tf(©) = —F'(s).



