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   The Convolution Theorem/Derivatives & Integrals of Transforms 

 

If we take the Laplace transform of 𝑥′′ + 𝑥 = cos 𝑡 , 𝑥(0) = 𝑥′(0) = 0 we 

get: 

(𝑠2𝑋(𝑠) − 𝑠𝑥(0) − 𝑥′(0)) + 𝑋(𝑠) = 
𝑠

𝑠2+1
 

                                     (𝑠2 + 1)𝑋(𝑠) =
𝑠

𝑠2+1
  

𝑋(𝑠) = (
𝑠

𝑠2+1
) (

1

𝑠2+1
) = ℒ(cos 𝑡) ℒ(sin 𝑡)    

 

Unfortunately, ℒ(cos 𝑡) ℒ(sin 𝑡) ≠ ℒ(cos 𝑡 ∙ sin 𝑡) 

                                                         = ℒ(
1

2
sin 2𝑡) =

1

𝑠2+4
 .    

 

However, given 𝐻(𝑠) = 𝐹(𝑠)𝐺(𝑠) there is a function ℎ(𝑡) such that, 

ℒ(ℎ(𝑡)) = 𝐻(𝑠) = 𝐹(𝑠)𝐺(𝑠). 

 

This function is: 

ℎ(𝑡) = ∫ 𝑓(𝑤)𝑔(𝑡 − 𝑤)
𝑤=𝑡

𝑤=0
𝑑𝑤  

where ℒ(𝑓(𝑡)) = 𝐹(𝑠) and ℒ(𝑔(𝑡)) = 𝐺(𝑠). 

 

We call ℎ(𝑡) the convolution of 𝑓(𝑡) and 𝑔(𝑡) and write it as: 

ℎ(𝑡) = 𝑓 ∗ 𝑔(𝑡) = ∫ 𝑓(𝑤)𝑔(𝑡 − 𝑤)𝑑𝑤
𝑤=𝑡

𝑤=0
  

and                          ℒ(𝑓(𝑡) ∗ 𝑔(𝑡)) = [ℒ(𝑓(𝑡))] ∙ [ℒ(𝑔(𝑡))]. 
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Ex.  When we took the Laplace transform of 𝑥′′ + 𝑥 = cos 𝑡, where 

 𝑥(0) = 𝑥′(0) = 0 we got: 

𝑋(𝑠) = (
𝑠

𝑠2+1
)(

1

𝑠2+1
) = ℒ(cos 𝑡) ∙ ℒ(sin 𝑡).    

 Thus, ℒ(cos 𝑡 ∗ sin 𝑡) = ℒ(cos 𝑡) ∙ ℒ(sin 𝑡) and 𝑥(𝑡) = cos 𝑡 ∗ sin 𝑡
 (we will calculate this shortly). 

 

Ex.  Let’s calculate (𝑓 ∗ 𝑔)(𝑡) when:  

 𝑓(𝑡) = 5 for 0 ≤ 𝑡 ≤ 2 and 0 otherwise 

𝑔(𝑡) = 10 for 4 ≤ 𝑡 ≤ 7 and 0 otherwise. 

 

(𝑓 ∗ 𝑔)(𝑡) = ∫ 𝑓(𝑤)𝑔(𝑡 − 𝑤)𝑑𝑤
𝑤=𝑡

𝑤=0
.  

Let’s graph 𝑓(𝑤), 𝑔(𝑤), 𝑔(−𝑤), and 𝑔(𝑡 − 𝑤) 

 

 

 

 

 

 

 

 

 

 

𝑔(𝑤) 𝑔(−𝑤) 

𝑓(𝑤) 
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𝑓(𝑤)𝑔(𝑡 − 𝑤) = 0 for 0 ≤ 𝑡 < 4. 

We won’t get any nonzero value for the integral for 0 ≤ 𝑡 ≤ 4. 

(𝑓 ∗ 𝑔)(4) = ∫ 𝑓(𝑤)𝑔(4 − 𝑤)𝑑𝑤
4

0
= 0.  

 

But for 4 < 𝑡 < 9, we will get nonzero values for the integral: 

(𝑓 ∗ 𝑔)(5) = ∫ 𝑓(𝑤)𝑔(5 − 𝑤)𝑑𝑤
5

0
  

                    = ∫ (5)(10)𝑑𝑤
1

0
= 50  

 

 

 

 

𝑔(𝑤) 𝑔(𝑡 − 𝑤) 

𝑓(𝑤) 

−7 + 𝑡 −4 + 𝑡 

−7   −6   −5   −4   −3   −2   −1      0     1       2      3      4       

𝑦 = 𝑔(5 − 𝑤) 

𝑦 = 𝑓(𝑤) 

10 

5 
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(𝑓 ∗ 𝑔)(6) = ∫ 5(10)𝑑𝑤
2

0
= 100  

 

 

 

 

 

 

 

 

 

 

(𝑓 ∗ 𝑔)(7) = ∫ (5)(10)𝑑𝑤
2

0
= 100  

 

 

 

 

 

 

 

 

 −2      −1        0        1         2        3 

𝑦 = 𝑓(𝑤) 

𝑦 = 𝑔(6 − 𝑤) 

10 

5 

−2     −1        0        1       2        3        4 

𝑦 = 𝑔(7 − 𝑤) 

𝑦 = 𝑓(𝑤) 

10 

5 
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(𝑓 ∗ 𝑔)(8) = ∫ (5)(10)𝑑𝑤
2

1
= 50  

 

 

 

 

 

 

 

 

 

  (𝑓 ∗ 𝑔)(9) = ∫ (5)(10)𝑑𝑤
2

2
= 0 

 

 

 

 

 

 

 

 

 

 −2    −1      0       1      2      3       4       5 

𝑦 = 𝑔(8 − 𝑤) 

𝑦 = 𝑓(𝑤) 

10 

5 

 −2    −1     0       1      2      3       4       5      6 

𝑦 = 𝑔(9 − 𝑤) 

𝑦 = 𝑓(𝑤) 

10 

5 
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                     = ∫ 50𝑑𝑤 = 50𝑡 − 200
𝑤=𝑡−4

𝑤=0
     if  4 ≤ 𝑡 ≤ 6 

(𝑓 ∗ 𝑔)(𝑡) = ∫ 50𝑑𝑤 =    100
𝑤=2

𝑤=0
                   if 6 < 𝑡 < 7 

                    = ∫ 50𝑑𝑤 = 450 − 50𝑡
𝑤=9

𝑤=𝑡−7
       if 7 ≤ 𝑡 ≤ 9 

       

 

 

 

 

 

 

 

 

Proposition: (𝑓 ∗ 𝑔)(𝑡) = (𝑔 ∗ 𝑓)(𝑡). 

 

Proof:         (𝑓 ∗ 𝑔)(𝑡) = ∫ 𝑓(𝑤)𝑔(𝑡 − 𝑤)𝑑𝑤
𝑤=𝑡

𝑤=0
  

                                  Let 𝑢 = 𝑡 − 𝑤 

                                    𝑑𝑢 = −𝑑𝑤  

                                        = ∫ 𝑓(𝑡 − 𝑢)𝑔(𝑢)(−𝑑𝑢)
𝑢=0

𝑢=𝑡
   

                                        = − ∫ 𝑓(𝑡 − 𝑢)𝑔(𝑢) 𝑑𝑢
𝑢=0

𝑢=𝑡
  

                                        = ∫ 𝑓(𝑡 − 𝑢)𝑔(𝑢) 𝑑𝑢
𝑢=𝑡

𝑢=0
  

                                        = (𝑔 ∗ 𝑓)(𝑡).  
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Ex.  Now let’s calculate (cos 𝑡) ∗ (sin 𝑡). 

 

(cos 𝑡) ∗ (sin 𝑡) = ∫ (cos 𝑤)(sin(𝑡 − 𝑤)) 𝑑𝑤
𝑤=𝑡

𝑤=0
  

 Recall: cos 𝐴 sin 𝐵 =
1

2
[sin(𝐴 + 𝐵) − sin(𝐴 − 𝐵)]. 

 So let 𝐴 = 𝑤,    𝐵 = 𝑡 − 𝑤: 

                    (cos 𝑡) ∗ (sin 𝑡) = ∫
1

2
[sin 𝑡 − sin(2𝑤 − 𝑡)] 𝑑𝑤

𝑤=𝑡

𝑤=0
  

                                 = [
1

2
𝑤 sin 𝑡 +

1

4
cos(2𝑤 − 𝑡)] |𝑤=0

𝑤=𝑡   

                                                  =
1

2
𝑡 sin 𝑡.  

 Thus the solution to 𝑥′′ + 𝑥 = cos 𝑡 ,   𝑥(0) = 𝑥′(0) = 0 is 

𝑥(𝑡) = cos 𝑡 ∗ sin 𝑡 =
1

2
𝑡 sin 𝑡 . 

 

 

Ex.  Find 𝑡 ∗ sin 𝑡. 

 

      𝑡 ∗ sin 𝑡 = ∫ 𝑤 sin(𝑡 − 𝑤)  𝑑𝑤
𝑡

𝑤=0
      Integrate by parts. 

  Let 𝑢 = 𝑤            𝑣 = cos(𝑡 − 𝑤) 

                       𝑑𝑢 = 𝑑𝑤       𝑑𝑣 = sin(𝑡 − 𝑤)𝑑𝑤  

 

                     = 𝑤 cos(𝑡 − 𝑤) |𝑤=0
𝑤=𝑡 − ∫ cos(𝑡 − 𝑤) 𝑑𝑤

𝑤=𝑡

𝑤=0
 

                     = (𝑡 cos 0 − 0) + sin(𝑡 − 𝑤) |𝑤=0
𝑤=𝑡   

                     = 𝑡 − sin 𝑡. 
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Ex.    Apply the convolution relationship, ℒ(𝑓 ∗ 𝑔) = ℒ(𝑓) ∙ ℒ(𝑔), 

        to find the inverse Laplace transform of 𝐹(𝑠) =
1

(𝑠2+1)
2.   

 

𝐹(𝑠) = (
1

𝑠2+1
)(

1

𝑠2+1
)   

         ℒ(sin 𝑡) =
1

𝑠2+1
  so   

           
1

(𝑠2+1)2 = ℒ(sin 𝑡) ℒ(sin 𝑡)   

 

 Thus, ℒ−1 (
1

(𝑠
2

+1)
2) = 𝑥(𝑡) = sin 𝑡 ∗ sin 𝑡. 

 

sin 𝑡 ∗ sin 𝑡 = ∫ (sin 𝑤)(sin(𝑡 − 𝑤)) 𝑑𝑤
𝑤=𝑡

𝑤=0
  

 

                   sin(𝑡 − 𝑤) = sin 𝑡 cos 𝑤 − sin 𝑤 cos 𝑡 

 

                      = ∫ sinw(sin 𝑡 cos 𝑤 − sin 𝑤 cos 𝑡)𝑑𝑤
𝑤=𝑡

𝑤=0
  

 

 = ∫ sin 𝑡 (sin 𝑤)(cos 𝑤) − cos 𝑡 (sin2 𝑤) 𝑑𝑤
𝑤=𝑡

𝑤=0
  

 

                  = ∫ sin 𝑡 (sin 𝑤)(cos 𝑤) 𝑑𝑤
𝑤=𝑡

𝑤=0
− ∫ cos 𝑡 (sin2 𝑤) 𝑑𝑤

𝑤=𝑡

𝑤=0
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         Let 𝑢 = sin 𝑤  , 𝑑𝑢 = cos 𝑤  𝑑𝑤 ;         sin2 𝑤 =
1

2
−

1

2
cos 2𝑤 

          = ∫ (sin 𝑡)𝑢 𝑑𝑢
𝑢=sin(𝑡)

𝑢=0
− ∫ cos 𝑡 (

1

2
−

1

2
cos 2𝑤)  𝑑𝑤

𝑤=𝑡

𝑤=0
  

 

          = (sin 𝑡)
𝑢2

2
|𝑢=0
𝑢=sin 𝑡 − [

1

2
𝑤 cos 𝑡 − (

1

4
cos 𝑡) sin 2𝑤 |𝑤=0

𝑤=𝑡   

 

                     =
sin3 𝑡

2
− [

1

2
𝑡 cos 𝑡 −

1

4
cos 𝑡 sin 2𝑡].  

 

𝑥(𝑡) =
sin3 𝑡

2
−

1

2
tcos 𝑡 +

1

4
(cos 𝑡)(sin 2𝑡) 

                                   =
1

2
sin3 𝑡 −

1

2
𝑡𝑐𝑜𝑠𝑡 +

1

4
(𝑐𝑜𝑠𝑡)(2𝑠𝑖𝑛𝑡(𝑐𝑜𝑠𝑡)) 

                                   =
1

2
𝑠𝑖𝑛𝑡 −

1

2
𝑡𝑐𝑜𝑠𝑡. 

 

Note:  sin 𝑡 ∗ sin 𝑡 can also be calculated by using: 

              (𝑠𝑖𝑛𝐴)(𝑠𝑖𝑛𝐵) =
1

2
[cos(𝐴 − 𝐵) − cos(𝐴 + 𝐵)]. 
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Differentiation of Transforms 

If ℒ(𝑡 𝑓(𝑡)) exists, then ℒ(𝑡 𝑓(𝑡)) = −𝐹′(𝑠), or equivalently: 

𝑓(𝑡) = ℒ−1[𝐹(𝑠)] = −
1

𝑡
ℒ−1[𝐹′(𝑠)].  

(We'll prove the above at the end of the section). 

We also have: 

ℒ(𝑡𝑛𝑓(𝑡)) = (−1)𝑛𝐹(𝑛)(𝑠).  

Ex.  Find ℒ(𝑡2 cos 𝑘𝑡). 

 

        ℒ(𝑡2 cos 𝑘𝑡) = (−1)2 𝑑2

𝑑𝑠2 (
𝑠

𝑠2+𝑘2)    

 

                            =
𝑑

𝑑𝑠
(

(𝑠2+𝑘2)−𝑠(2𝑠)

(𝑠2+𝑘2)2 ) =
𝑑

𝑑𝑠

(−𝑠2+𝑘2)

(𝑠2+𝑘2)2   

 

                             = [
(𝑠2+𝑘2)2(−2𝑠)−(−𝑠2+𝑘2)2(𝑠2+𝑘2)(2𝑠)

(𝑠2+𝑘2)4 ]  

 

                             = [
−2𝑠(𝑠2+𝑘2)−4𝑠(−𝑠2+𝑘2)

(𝑠2+𝑘2)3 ] =
2𝑠3−6𝑘2𝑠

(𝑠2+𝑘2)3  .   
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Ex.  Find ℒ−1(ln[(𝑠2 + 1)(𝑠2 + 9)]).   

 

𝐹(𝑠) = ln[(𝑠2 + 1)(𝑠2 + 9)] = ln(𝑠2 + 1) + ln(𝑠2 + 9)  

 We know: ℒ−1[𝐹(𝑠)] = −
1

𝑡
ℒ−1[𝐹′(𝑠)]   

 

           𝐹′(𝑠) = 
2𝑠

𝑠2+1
+

2𝑠

𝑠2+9
  

 

ℒ−1(ln[(𝑠2 + 1)(𝑠2 + 9)]) = −
1

𝑡
[ℒ−1 (

2𝑠

𝑠2+1
) + ℒ−1 (

2𝑠

𝑠2+9
)]  

 Recall: ℒ(cos 𝑘𝑡) =
𝑠

𝑠2+𝑘2 .   

ℒ−1(𝐹(𝑠)) = −
1

𝑡
[2 cos 𝑡 + 2 cos 3𝑡].  

 

Ex.  Transform the following equation and find a nontrivial solution with 

        𝑥(0) = 0.   

𝑡𝑥′′ + (3𝑡 − 1)𝑥′ + 3𝑥 = 0. 

 

ℒ(𝑡𝑥′′ + (3𝑡 − 1)𝑥′ + 3𝑥) = ℒ(𝑡𝑥′′) + 3ℒ(𝑡𝑥′) − ℒ(𝑥′) + 3ℒ(𝑥)  

 

           ℒ(𝑥′′) = 𝑠2𝑋(𝑠) − 𝑥(0)𝑠 − 𝑥′(0) = 𝑠2𝑋(𝑠) − 𝑥′(0)  

           ℒ(𝑡𝑥′′) = −
𝑑

𝑑𝑠
(𝑠2𝑋(𝑠) − 𝑥′(0)) = −[𝑠2𝑋′(𝑠) + 2𝑠𝑋(𝑠)]  

 

              ℒ(𝑥′) = 𝑠𝑋(𝑠) − 𝑥(0) = 𝑠𝑋(𝑠) 

            ℒ(𝑡𝑥′) = −
𝑑

𝑑𝑠
(𝑠𝑋(𝑠)) = −𝑠𝑋′(𝑠) − 𝑋(𝑠)  
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ℒ(𝑡𝑥′′) + 3ℒ(𝑡𝑥′) − ℒ(𝑥′) + 3ℒ(𝑥)  

    = [−𝑠2𝑋′(𝑠) − 2𝑠𝑋(𝑠)] + 3[−𝑠𝑋′(𝑠) − 𝑋(𝑠)] − 𝑠𝑋(𝑠) + 3𝑋(𝑠) = 0 

 

       ⟹   (−𝑠2 − 3𝑠)𝑋′(𝑠) − 3𝑠𝑋(𝑠) = 0. 

 

 

 So we need to solve this differential equation for 𝑋(𝑠): 

 

(−𝑠2 − 3𝑠)𝑋′(𝑠) = 3𝑠𝑋(𝑠) 

 

                                 
𝑋′(𝑠)

𝑋(𝑠)
=

−3𝑠

𝑠2+3𝑠
=

−3𝑠

𝑠(𝑠+3)
= −

3

𝑠+3
  

 

 Integrating both sides we get: 

      ln 𝑋(𝑠) = −3 ln|𝑠 + 3| + 𝐶      ⟹     𝑋(𝑠) = 𝑒−3 ln|𝑠+3|+𝐶 =
𝐶′

(𝑠+3)3.   

 

 Recall: ℒ(𝑒𝑎𝑡𝑡𝑛) = 
𝑛!

(𝑠−𝑎)𝑛+1 

 

                            ⟹   𝑥(𝑡) = 𝐶′′𝑡2𝑒−3𝑡 . 
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Integration of Transforms 

Theorem:  If lim
𝑡→0+

𝑓(𝑡)

𝑡
 exists and is finite and 𝑓(𝑡) is piecewise continuous with  

|𝑓(𝑡)| ≤ 𝐾𝑒𝑎𝑡; for constants 𝐾 and 𝑎, as 𝑡 → ∞, then 

ℒ (
𝑓(𝑡)

𝑡
) = ∫ 𝐹(𝑤) 𝑑𝑤

∞

𝑤=𝑠
    

or 

𝑓(𝑡) = ℒ−1(𝐹(𝑠)) = 𝑡ℒ−1[∫ 𝐹(𝑤) 𝑑𝑤].
∞

𝑠
      

 

Ex.   Find ℒ (
sin 𝑡

𝑡
).    

 

ℒ (
sin 𝑡

𝑡
) = ∫ ℒ(sin 𝑡) 𝑑𝑤

∞

𝑤=𝑠
= ∫

1

𝑤2+1
 𝑑𝑤

∞

𝑤=𝑠
  

= tan−1 𝑤 |𝑠
∞ =

𝜋

2
− tan−1 𝑠.  

 

Ex.    Find ℒ−1(
𝑠

(𝑠2+1)
2).    

 

                    ℒ−1 (
𝑠

(𝑠2+1)
2) = 𝑡ℒ−1[∫

𝑤

(𝑤2+1)2 𝑑𝑤]
∞

𝑠
 

                                             = 𝑡ℒ−1[−
1

2
(

1

𝑤2+1
) |𝑠

∞] 

                                                  = 𝑡ℒ−1 [
1

2
(

1

𝑠2+1
)] =

1

2
𝑡𝑠𝑖𝑛(𝑡).   
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Proof of ℒ(𝑡 𝑓(𝑡)) = −𝐹′(𝑠): 

 

                                           𝐹(𝑠) = ∫ 𝑒−𝑠𝑡𝑓(𝑡) 𝑑𝑡
∞

0
  

𝑑

𝑑𝑠
𝐹(𝑠) =

𝑑

𝑑𝑠
∫ 𝑒−𝑠𝑡𝑓(𝑡) 𝑑𝑡

∞

0
  

                                                      = ∫
𝑑

𝑑𝑠
(𝑒−𝑠𝑡𝑓(𝑡)) 𝑑𝑡

∞

0
  

                                                       = ∫ −𝑡𝑓(𝑡)𝑒−𝑠𝑡 𝑑𝑡
∞

0
  

       = −ℒ(𝑡 𝑓(𝑡)) 

                           ⟹     ℒ(𝑡 𝑓(𝑡)) = −𝐹′(𝑠). 


