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         Solving Initial Value Problems with Laplace Transforms 

 

We will solve differential equations with constant coefficients using Laplace 

transforms by transforming the differential equation. 

            𝑎𝑥′′(𝑡) + 𝑏𝑥′(𝑡) + 𝑐𝑥(𝑡) = 𝑓(𝑡)  

𝑎ℒ(𝑥′′(𝑡)) + 𝑏ℒ(𝑥′(𝑡)) + 𝑐ℒ(𝑥(𝑡)) = ℒ(𝑓(𝑡)).  

 

To do this we need the following: 

Theorem:  Suppose  𝑓(𝑡) is continuous and piecewise differentiable for 𝑡 ≥ 0 

                   and there exist non-negative constants 𝑀, 𝑐, and 𝑇 such that  

                   |𝑓(𝑡)| ≤ 𝑀𝑒𝑐𝑡    for  𝑡 ≥ 𝑇 then 

                               ℒ(𝑓′(𝑡)) = 𝑠ℒ(𝑓(𝑡)) − 𝑓(0 ) 

                                                 = 𝑠𝐹(𝑠) − 𝑓(0);      𝑠 > 𝑐. 

 

      Proof:  Using integration by parts we get: 

ℒ(𝑓′(𝑡)) = ∫ 𝑒−𝑠𝑡𝑓′(𝑡)𝑑𝑡 =
∞

0
𝑒−𝑠𝑡𝑓(𝑡)|0

∞ + 𝑠 ∫ 𝑒−𝑠𝑡∞

0
 𝑓(𝑡)𝑑𝑡  

                    Let 𝑢 = 𝑒−𝑠𝑡                𝑣 = 𝑓(𝑡) 

                       𝑑𝑢 = −𝑠𝑒−𝑠𝑡𝑑𝑡     𝑑𝑣 = 𝑓′(𝑡)𝑑𝑡   

 

        ℒ(𝑓′(𝑡)) = −𝑓(0) + 𝑠ℒ(𝑓(𝑡))  (since lim
𝑡→∞

𝑒−𝑠𝑡𝑓(𝑡) = 0, for 𝑠 > 𝑐) 

         ℒ(𝑓′(𝑡)) = 𝑠𝐹(𝑠) − 𝑓(0).  
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Now to find ℒ(𝑓′′(𝑡)) we assume 𝑔(𝑡) = 𝑓′(𝑡) and use the previous 

relationship since 𝑓′′(𝑡) = 𝑔′(𝑡):   

 

                      ℒ(𝑓′′(𝑡)) = ℒ(𝑔′(𝑡)) = 𝑠ℒ(𝑔(𝑡)) − 𝑔(0) 

 

                                         = 𝑠ℒ(𝑓′(𝑡)) − 𝑓′(0)  

 

         = 𝑠[𝑠ℒ(𝑓(𝑡)) − 𝑓(0)] − 𝑓′(0)  

 

                       ℒ(𝑓′′(𝑡)) = 𝑠2𝐹(𝑠) − 𝑠𝑓(0) − 𝑓′(0).   

 

Similarly: 

                       ℒ(𝑓′′′(𝑡)) = 𝑠ℒ(𝑓′′(𝑡)) − 𝑓′′(0)  

                         = 𝑠3𝐹(𝑠) − 𝑠2𝑓(0) − 𝑠𝑓′(0) − 𝑓′′(0)  

 

and 

 

ℒ (𝑓(𝑛)(𝑡)) = 𝑠𝑛𝐹(𝑠) − 𝑠𝑛−1𝑓(0) − 𝑠𝑛−2𝑓′(0) − 

                                                              … − 𝑠𝑓(𝑛−2)(0) − 𝑓(𝑛−1)(0). 
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Ex.  Solve the initial value problem 𝑥′′ − 𝑥′ − 2𝑥 = 0,     𝑥(0) = 7, 𝑥′(0) = 2.  

 

              ℒ(𝑥′′(𝑡)) − ℒ(𝑥′(𝑡)) − 2ℒ(𝑥) = 0 

ℒ(𝑥′′(𝑡)) = 𝑠2𝑋(𝑠) − 𝑠(𝑥(0)) − 𝑥′(0) ,  where 𝑋(𝑠) = ℒ(𝑥(𝑡)) 

              ℒ(𝑥′(𝑡)) = 𝑠𝑋(𝑠) − 𝑥(0)  

 

Substituting into the transformed equation: 

[𝑠2𝑋(𝑠) − 𝑠(𝑥(0)) − 𝑥′(0)] − [𝑠𝑋(𝑠) − 𝑥(0)] − 2𝑋(𝑠) = 0  

           (𝑠2𝑋(𝑠) − 7𝑠 − 2) − (𝑠𝑋(𝑠) − 7) − 2𝑋(𝑠) = 0  

                                          𝑋(𝑠)(𝑠2 − 𝑠 − 2) − 7𝑠 + 5 = 0. 

Solving for 𝑋(𝑠), we get: 

𝑋(𝑠) =
7𝑠−5

𝑠2−𝑠−2
=

7𝑠−5

(𝑠−2)(𝑠+1)
 .    

Now use partial fractions: 

                           
7𝑠−5

(𝑠−2)(𝑠+1)
=

𝐴

𝑠−2
+

𝐵

𝑠+1
  

         =
𝐴(𝑠+1)+𝐵(𝑠−2)

(𝑠−2)(𝑠+1)
 .  

 

7𝑠 − 5 = 𝐴(𝑠 + 1) + 𝐵(𝑠 − 2)              (can also solve for 𝐴, 𝐵 by  

             = (𝐴 + 𝐵)𝑠 + (𝐴 − 2𝐵)             letting 𝑠 = −1, then 𝑠 = 2) 

7 = 𝐴 + 𝐵 

                 −5 = 𝐴 − 2𝐵 

⟹   𝐴 = 3,   𝐵 = 4. 
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 Now we can write: 

                             𝑋(𝑠) =  
7𝑠−5

(𝑠−2)(𝑠+1)
=

3

𝑠−2
+

4

𝑠+1
 

 The solution, 𝑥(𝑡), is the inverse Laplace transform of 𝑋(𝑠) 

𝑥(𝑡) = ℒ−1(𝑋(𝑠)) = ℒ−1(
3

𝑠−2
+

4

𝑠+1
)     

 = 3ℒ−1 (
1

𝑠−2
) + 4ℒ−1(

1

𝑠+1
)     

                               𝑥(𝑡) = 3𝑒2𝑡 + 4𝑒−𝑡 .  

 

Ex.  Solve the initial value problem:  

𝑥′′ + 𝑥 = cos 3𝑡 , 𝑥(0) = 1,    𝑥′(0) = 0. 

 

ℒ(𝑥′′) + ℒ(𝑥) = ℒ(cos 3𝑡)  

 

     𝑠2𝑋(𝑠) − 𝑠(𝑥(0)) − 𝑥′(0) + 𝑋(𝑠) = 
𝑠

𝑠2+9
 

 

                                  𝑠2𝑋(𝑠) − 𝑠 + 𝑋(𝑠) =
𝑠

𝑠2+9
  ;        Now solve for  𝑋(𝑠). 

 

                                            𝑋(𝑠)(𝑠2 + 1) =
𝑠

𝑠2+9
+ 𝑠 =

𝑠3+10𝑠

𝑠2+9
    

 

                      𝑋(𝑠) =
𝑠3+10𝑠

(𝑠
2

+9)(𝑠2+1)
=

𝐴𝑠+𝐵

𝑠2+9
+

𝐶𝑠+𝐷

𝑠2+1
      Use partial Fractions.    
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𝑠3+10𝑠

(𝑠2+9)(𝑠2+1)
=

(𝐴𝑠+𝐵)(𝑠2+1)+(𝐶𝑠+𝐷)(𝑠2+9)

(𝑠2+9)(𝑠2+1)
  

 

𝑠3 + 10𝑠 = (𝐴 + 𝐶)𝑠3 + (𝐵 + 𝐷)𝑠2 + (𝐴 + 9𝐶)𝑠 + (𝐵 + 9𝐷)  

 

 𝐴 + 𝐶 = 1 ;         𝐴 + 9𝐶 = 10 

𝐵 + 𝐷 = 0 ;         𝐵 + 9𝐷 = 0 

 

So we know 𝐵 = 𝐷 = 0 

and  𝐴 + 𝐶 = 1,   𝐴 + 9𝐶 = 10,    so 𝐴 = −
1

8
,    𝐶 =

9

8
 .  

 

𝑋(𝑠) = −
1

8
(

𝑠

𝑠2+9
) +

9

8
(

𝑠

𝑠2+1
)      

 

               𝑥(𝑡) = ℒ−1(𝑋(𝑠)) = − 
1

8
ℒ−1 (

𝑠

𝑠2+9
) +

9

8
ℒ−1(

𝑠

𝑠2+1
) 

 

     𝑥(𝑡) = −
1

8
cos 3𝑡 +

9

8
cos 𝑡.   

 

Laplace transforms can also be used to solve simultaneous differential equations. 

That is a system of differential equations with more than one unknown function. 

 

 

 


