Laplace Transforms

We have seen how to solve differential equations of the forms:
1
mx" +cx'+ kx =F(t) and LI" +RI' + ol = E'(t)

corresponding to a mass-spring-dashpot system and a series RLC circuit. However,
it often happens in practice that the forcing term, F (t) or E'(t), is
discontinuous. In that case, the earlier methods can be very messy. In these cases,
Laplace transform methods can be easier.

We are already familiar with some functions (called operators) that map functions
into functions (for example, taking a derivative does this). If we start with the

function f(x) = x3 and apply the derivative, we get f'(x) = 3x2.

D: f(x) = f'(x).

Similarly, a Laplace transform will map a function to another function by the
formula:

F(s) = LIfF®] = [, e Stf(D)dt

for all values of s for which the improper integral converges.

Ex. Find the Laplace transform of the function f(t) = 1 fort = 0.

LIFO] = et f(©)dt = [} e™stde = lim [ e~ dt

: 1 -
= lim —-e~St|tZh = llm(——e bs 4 2 -e 9
b—oo S b—oo
== fors > 0.

. 1 _
(Noticefors < 0, l}lm —<e bs = + o0, andifs = 0, fooo dt = +00.)
—00



Ex. Find the Laplace transform of f(t) = e, where a is a constant.

L) = [TeSte® dt = [“e "Dt gt = —ﬁ (e”C=MH|EZF

Ifs —a > 0 then lim e~ -9t = (;

t—>oo
ifs —a < 0 then lim e~ 6~®t = oo;
t—>o00
P © —(s—a)t I e _
|fs—athenf0 e~ (5—a) dt—f0 1 dt = oo,
Sofors > a:

L(e*) = lim [—ﬁ(e_(s_“)b —e%)]

b—oo

F(s) = L(e®) = S% fors > a.

a

Ex. Find the Laplace transform of f(t) = t%, a is real number, a > —1.

— oo — o a
L@t = [ et de = [ e (%) Qdu; ifs>0

u=0

u
Let u = st, sot=;

du = s dt so%du=dt

L(t%) = — [F2% emuy dy = Ma+l). ¢ 5.




Recall that if 1 is a positive integer then I'(n) = (n — 1)!. Thus we have:

tO="7= 2 %
r@ 2! 2

LY ="3=575
r@4) _ 3!

L) ="w=G=a
'(n+1) n!

You can also get these formulas without the gamma function by
integrating by parts.

Theorem: Linearity of the Laplace Transform

If @ and b are constants, then:

L(af(©) +bg(t)) = aL(f(t)) + bL(g(®))

For all s, such that the Laplace transform of the functions f and g
both exist.

Proof: L{af(t) +bg(t)) = [” e™t(a f(t) + b g(t)) dt
=af et f()dt+b [ et g(t)dt
=aL(f(®)+bL(g(®).



5
Ex. Calculate £ (Zt4 — 3t2).

£(2t* - 31,5) = 2L(t%) — 3L (t;)

L(t*) = Fgﬁill); s>0

c(2et-36) = 2("2) - 3 (l%

I'(5) =4! = 24.

To calculate F(%) we need to use:
[(x + 1) = xT(x) and T G) = I
r(z)=rG+1)=:rG)
(1) =307
=2TGC+1)

- E@)r() -5V

wc(t-56) = 22)-3(EF)
2

S

48 4

5 1
:s_5 8\/ﬁ<_7>; s> 0.
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Ex. Calculate L(cosh kt) and L(sinh kt), k > 0.

okt 4 o=kt kt_o—kt

. sinhkt = e‘T !

Recall: cosh kt =

S—a

L(coshkt) =L (@) = % [L(eXt) + L(e k)]

Similarly:

L(sinhkt) = L (M) =1L -1

Notice that since e*¥t = cos kt + i sin kt and e ¥t = cos kt — i sin kt:
ikt ,—ikt ikt_ ,—ikt
coskt =% and sinkt =& °
2 2i
; 1
By direct calculation it can be shown that L(elkt) =S > 0.
Lcoskt) = =[L(ekt) + L{e~kt)] =2 (= + )
2 2 “s—ik = s+ik
_ l((s+ik)+(s—ik)) _ l( 2s ) _ s
T 2\ (s—ik)(s+ik) /] 2 “s2+k27 T s24k2’
Similarly:
: _1 ikt _ —ikt\] - 1,1 1
L(sinkt) =2 [£(e") = L(e™)] 2 Gk s
k

= 50

. L(e¥) =—, s> a.

s > 0.



L(cos kt) and L(sin kt) can also be calculated directly from the definition of a
Laplace transform by integrating by parts twice.

Ex. Find the Laplace transform of f(t) = 2e 73! — 4(sin 2t) (cos 2t).

L(f(t)) = 2L(e™3%) — 2L[(2 sin 2t)(cos 2t)]
= 2L(e73Y) — 2L(sin 4t)

=2 (s+3) 2 (szi16) ;s> 0.

2 8
s+3  s2416’

L(2e73t — 4(sin 2t) (cos 2t)) = s > 0.

No two different continuous functions for t = 0 have the same Laplace
transform. Thus, if F(S) is the transform of a continuous function, f (t), then
f(t) is uniquely determined. If F(s) = L(f(t)), then f(t) = L71(F(s));

where L1 is the inverse Laplace transform.

1 1
: —1(1 ~1 -1
Ex. Find £ (54)’ L (S ) (— 2+4) using the fact that:

1

n!
_ . ey 1
LA™ =257 n20; L(e™) =—; L(coskt)= 2+k
3y _ 6 s
L(*) =3, L(cos2t) = 52+2 =
1 1 1 4s
L (g t3) =, L(e*) = 1 L(4cos 2t) =212

M (g) =263, L () =e*,  L7(5g) =4cos2t



Piecewise Continuous Functions

Ex. Let f(t) =0 ift<a
=1 ift=a

where a = 0. Find L(f(t)). y = f(t)

[UY

L) = [ et fO)dt = [~ e stdt

1 _
_ 1 _stit=o0
- se |t=a

1 _
— i —st |t=b
= lim —-e f—a

b—oo S
. 1 — —
= lim —=(e™5? — ¢759)
b—oo S

e—as

= ; s> 0.

f(t), in this case, is also written as u(t — a), the unit step function. So

we can write:

L(u(t — a)) _¢r ;

S

s > 0.



Ex. Find L(f(t)) when
f)=1-t f0<t<1
=0 if t>1 1
\Y=1f@®)
0 1 2 3

L(f(©) = [, e~ f(Dat
= [ e™t (1 - t)dt

= [ e~Stdt — [ t e~tdt

1 _ = 1 - .
=—e st|t=2 — fo te S'dt  Now integrate by parts.

1 _
letu =t v=—-e st

du=dt dv=e"t

=—2(e™ = 1) — [-1e (DT — [, —te~*tdt]

_ 1. _ 1 1 _stit=1
== =1 —[--e” —5e™ ]
1.1 s 9
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