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                     The Gamma Function and Bessel Functions 

 

Bessel’s equation of order 𝑝 ≥ 0 is: 

𝑥2𝑦′′ + 𝑥𝑦′ + (𝑥2 − 𝑝2)𝑦 = 0. 

 

Solutions are called Bessel functions of order 𝑝. 

𝑦′′ +
1

𝑥
𝑦′ +

𝑥2−𝑝2

𝑥2 𝑦 = 0.  

So 𝑝(𝑥) = 1,   𝑝(0) = 1 ;     𝑞(𝑥) = 𝑥2 − 𝑝2,    𝑞(0) = −𝑝2.  

Indicial equation: 

𝑟(𝑟 − 1) + 𝑟 − 𝑝2 = 0 

                   𝑟2 − 𝑝2 = 0 

                                    𝑟 = ±𝑝. 

If we substitute 𝑦 = ∑ 𝑐𝑚𝑥𝑚+𝑟∞
𝑚=0  into 𝑥2𝑦′′ + 𝑥𝑦′ + (𝑥2 − 𝑝2)𝑦 = 0:   

 

𝑥2 ∑ (𝑚 + 𝑟)(𝑚 + 𝑟 − 1)𝑐𝑚𝑥𝑚+𝑟−2∞
𝑚=0                                                         

                   +𝑥 ∑ (𝑚 + 𝑟)𝑐𝑚𝑥𝑚+𝑟−1∞
𝑚=0 + (𝑥2 − 𝑝2) ∑ 𝑐𝑚𝑥𝑚+𝑟∞

𝑚=0 = 0 

 

 

∑ (𝑚 + 𝑟)(𝑚 + 𝑟 − 1)𝑐𝑚𝑥𝑚+𝑟 +∞
𝑚=0 ∑ (𝑚 + 𝑟)𝑐𝑚𝑥𝑚+𝑟∞

𝑚=0                           

                                                   + ∑ 𝑐𝑚𝑥𝑚+𝑟+2∞
𝑚=0 − ∑ 𝑝2𝑐𝑚𝑥𝑚+𝑟∞

𝑚=0 = 0   

 

∑ [(𝑚 + 𝑟)(𝑚 + 𝑟 − 1) + (𝑚 + 𝑟) − 𝑝2]𝑐𝑚𝑥𝑚+𝑟∞
𝑚=0                                     

                                                                                         + ∑ 𝑐𝑚−2𝑥𝑚+𝑟∞
𝑚=2 = 0 

 

∑ [(𝑚 + 𝑟)2 − 𝑝2]𝑐𝑚𝑥𝑚+𝑟 +∞
𝑚=0 ∑ 𝑐𝑚−2𝑥𝑚+𝑟 = 0∞

𝑚=2 .  
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𝑚 = 0:                         (𝑟2 − 𝑝2)𝑐0 = 0 

so 𝑐0 can be any number because 𝑟2 − 𝑝2 = 0.   

 

𝑚 = 1 ∶                      [(1 + 𝑟)2 − 𝑝2]𝑐1 = 0 

since if 𝑟 = ±𝑝 then  (1 + 𝑟)2 − 𝑝2 ≠ 0,   ⟹ 𝑐1 = 0, unless 𝑟 = −
1

2
. 

 

   𝑚 ≥ 2 ∶                    [(𝑚 + 𝑟)2 − 𝑝2]𝑐𝑚 + 𝑐𝑚−2 = 0 

𝑐𝑚 = −
𝑐𝑚−2

(𝑚+𝑟)2−𝑝2 .  

Case where 𝑟 = 𝑝 > 0: 

                                   (𝑚 + 𝑝)2 − 𝑝2 = 𝑚2 + 2𝑚𝑝  

 

So using 𝑎𝑚 for 𝑐𝑚, in this case: 

𝑎𝑚 = −
𝑎𝑚−2

𝑚2+2𝑚𝑝
= −

𝑎𝑚−2

𝑚(2𝑝+𝑚)
 ;      for 𝑚 ≥ 2.  

 

Because 𝑎1 = 0, all odd 𝑎𝑚s are also 0. 

     𝑚 = 2:                    𝑎2 = −
𝑎0

2(2𝑝+2)
  

     𝑚 = 4:                    𝑎4 = −
𝑎2

4(2𝑝+4)
=

𝑎0

2(4)(2𝑝+2)(2𝑝+4)
   

     𝑚 = 6:                     𝑎6 = −
𝑎4

6(2𝑝+6)
= −

𝑎0

2(4)(6)(2𝑝+2)(2𝑝+4)(2𝑝+6)
  

                 ⟹      𝑎2𝑚 =
(−1)𝑚𝑎0

2(4)(6)⋯(2𝑚)(2𝑝+2)(2𝑝+4)⋯(2𝑝+2𝑚)
  

                             𝑎2𝑚 =   
(−1)𝑚𝑎0

22𝑚(𝑚)!(𝑝+1)(𝑝+2)⋯(𝑝+𝑚)
 

                          𝑦1(𝑥) = 𝑎0 ∑
(−1)𝑚𝑥2𝑚+𝑝

22𝑚(𝑚)!(𝑝+1)…(𝑝+𝑚)

∞
𝑚=0  .   
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We saw when 𝑝 = 0, this is the only Frobenius series solution. 

 

Case where 𝑟 = −𝑝 < 0 

(𝑚 − 𝑝)2 − 𝑝2 = 𝑚2 − 2𝑚𝑝 = 𝑚(𝑚 − 2𝑝)  

 

Now using 𝑏𝑚 for 𝑐𝑚 we get: 

𝑏𝑚 = −
𝑏𝑚−2

𝑚(𝑚−2𝑝)
;    for 𝑚 ≥ 2.  

 

Once again, 𝑏0 can be any constant and 𝑏1 = 0, unless 𝑟 = −
1

2
 .   

 

Notice if 𝑝 is either a positive integer or an odd multiple (≥ 3) of  
1

2
 , then       

𝑚 − 2𝑝 will equal 0 for some positive integer 𝑚. If that happens there will be 

no solution for 𝑚(𝑚 − 2𝑝)𝑏𝑚 + 𝑏𝑚−2 = 0 if  𝑏𝑚−2 ≠ 0.  

 

If 𝑝 =
𝑘

2
, 𝑘 an odd positive integer, then we don’t have a problem because we 

can choose 𝑏𝑚 = 0 for all odd 𝑚. So if 𝑝 is not a positive integer, we have: 

𝑏𝑚 = −
𝑏𝑚−2

𝑚(𝑚−2𝑝)
 ;    𝑚 ≥ 2  

And we get: 

𝑦2(𝑥) = 𝑏0 ∑
(−1)𝑚𝑥2𝑚−𝑝

22𝑚𝑚!(−𝑝+1)(−𝑝+2)…(−𝑝+𝑚)

∞
𝑚=0  .   

If 𝑟 = −
1

2
 then 𝑏1 is an arbitrary constant and 

                  𝑦2(𝑥) = 𝑏0 (𝑥−
1

2) 𝑐𝑜𝑠𝑥 + 𝑏1 (𝑥−
1

2) 𝑠𝑖𝑛𝑥.                                             

But if  𝑟 =
1

2
 ,  𝑦1(𝑥) = 𝑎0 (𝑥−

1

2) 𝑠𝑖𝑛𝑥, thus we can take 𝑏1 = 0 above. 
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The series representation of 𝑦1(𝑥) and 𝑦2(𝑥) converge for 𝑥 > 0, since 𝑥 = 0 

is the only singular point of the differential equation. 

 

The gamma function 

Def.  The gamma function is defined as:  

                            Γ(𝑥) = ∫ 𝑒−𝑡∞

0
𝑡𝑥−1 𝑑𝑡,     𝑥 > 0. 

 

a) Γ(1) = ∫ 𝑒−𝑡∞

0
 𝑑𝑡 = lim

𝑏→∞
(−𝑒−𝑡 |𝑡=0

𝑡=𝑏) = 1. 

 

b) Γ(𝑥 + 1) = 𝑥Γ(𝑥) 
  
Proof: 

Γ(𝑥 + 1) = lim
𝑏→∞

∫ 𝑒−𝑡𝑡𝑥𝑏

0
 𝑑𝑡;   integrate by parts:  

 

                 Let 𝑢 = 𝑡𝑥                     𝑣 = −𝑒−𝑡 

 𝑑𝑢 = 𝑥𝑡𝑥−1          𝑑𝑣 = 𝑒−𝑡𝑑𝑡 

= lim
𝑏→∞

[−𝑡𝑥𝑒−𝑡|𝑡=0
𝑡=𝑏 + 𝑥 ∫ 𝑒−𝑡𝑡𝑥−1𝑑𝑡] = 𝑥Γ(𝑥)

𝑏

0
   

                                        Since lim
𝑏→∞

−𝑏𝑥

𝑒𝑏 = 0       for any 𝑥 > 0.  

 

  So  Γ(𝑥 + 1) = 𝑥Γ(𝑥).   In particular: 

                          Γ(2) = 1Γ(1) = 1! 

                          Γ(3) = 2Γ(2) = 2! 

                          Γ(4) = 3Γ(3) = 3!   

                  ⟹  Γ(𝑛 + 1) = 𝑛!  for 𝑛 ≥ 0 an integer. 
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An important special value of the gamma function is: 

   Γ (
1

2
) = ∫ 𝑒−𝑡𝑡−

1

2
∞

0
𝑑𝑡  

                            Let 𝑢2 = 𝑡 

                           2𝑢 𝑑𝑢 = 𝑑𝑡   or  2𝑑𝑢 =
1

𝑢
𝑑𝑡 =

1

√𝑡
𝑑𝑡 

             Γ (
1

2
) = 2 ∫ 𝑒−𝑢2∞

0
𝑑𝑢 = √𝜋 . 

 

The gamma function,  Γ(𝑥), is defined for 𝑥 > 0.  However, we can extend 

its definition to all 𝑥 < 0 such that 𝑥 is not a negative integer.  We can do 

this through the relationship: 

                   Γ(𝑥 + 1) = 𝑥Γ(𝑥)     ⇒       Γ(𝑥) =
Γ(𝑥+1)

𝑥
 . 

 For example, if 0 < 𝑥 + 1, then Γ(𝑥 + 1) is defined.  We can then   

 define Γ(𝑥) =
Γ(𝑥+1)

𝑥
 for −1 < 𝑥 < 0.  Now that Γ(𝑥) is defined for 

 −1 < 𝑥 < 0,  we can define Γ(𝑥), for −2 < 𝑥 < −1 by               

 Γ(𝑥) =
Γ(𝑥+1)

𝑥
 .  Continuing this process we get a definition of Γ(𝑥) for 

all  𝑥 < 0 such that 𝑥 is not a negative integer.     

  

Below is a graph of the function Γ(𝑥). 

 

 

 

 

       

 

https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=2ahUKEwjqgMWRwaPiAhXlT98KHaUzBewQjRx6BAgBEAU&url=http://mathworld.wolfram.com/GammaFunction.html&psig=AOvVaw2viw8SUFed2aUMttJmMmlU&ust=1558214912533672
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Bessel functions of the first kind 

The solution to 𝑥2𝑦′′ + 𝑥𝑦′ + (𝑥2 − 𝑝2)𝑦 = 0 corresponding  

 to 𝑟 = 𝑝 > 0 is 

𝑦1(𝑥) = 𝑎0 ∑
(−1)𝑚𝑥2𝑚+𝑝

22𝑚
(𝑚!)(𝑝+1)…(𝑝+𝑚)

∞
𝑚=0  .   

If we choose 𝑎0 =
1

2𝑝Γ(𝑝+1)
;    𝑝 > 0 and use: 

Γ(𝑝 + 𝑚 + 1) = (𝑝 + 𝑚)(𝑝 + 𝑚 − 1) … (𝑝 + 2)(𝑝 + 1)Γ(p + 1)  

which follows from Γ(𝑥 + 1) = 𝑥Γ(𝑥) we get: 

𝑦1(𝑥) = ∑
(−1)𝑚𝑥2𝑚+𝑝

22𝑚(2𝑝)(𝑚!)(Γ(𝑝+1))(𝑝+1)…(𝑝+𝑚)

∞
𝑚=0     

                               = ∑
(−1)𝑚𝑥2𝑚+𝑝

22𝑚+𝑝(𝑚!)Γ(𝑚+𝑝+1)

∞
𝑚=0      

                               = ∑
(−1)𝑚

(𝑚!)Γ(𝑚+𝑝+1)
 (

𝑥

2
)

2𝑚+𝑝
∞
𝑚=0 .    

 

 

This is called the Bessel function of the first kind of order 𝒑 denoted by: 

𝐽𝑝(𝑥) = ∑
(−1)𝑚

(𝑚!)Γ(𝑚+𝑝+1)
 (

𝑥

2
)

2𝑚+𝑝
∞
𝑚=0 .      
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 Similarly, if 𝑝 > 0 is not an integer, we choose 𝑏0 =
1

2−𝑝Γ(−𝑝+1)
 in the 

            Frobenius solution corresponding to 𝑟 = −𝑝 and get: 

        𝑦2(𝑥) = 𝑏0 ∑
(−1)𝑚𝑥2𝑚−𝑝

22𝑚(𝑚!)(−𝑝+1)…(−𝑝+𝑚)
∞
𝑚=0    

          = ∑
(−1)𝑚𝑥2𝑚−𝑝

22𝑚(2−𝑝)(𝑚!)(Γ(−𝑝+1))(−𝑝+1)…(−𝑝+𝑚)
∞
𝑚=0   

                               = ∑
(−1)𝑚

(𝑚!)Γ(−𝑝+𝑚+1)
∞
𝑚=0 (

𝑥

2
)

2𝑚−𝑝
= 𝐽−𝑝(𝑥).    

So if 𝑝 is not an integer we have a general solution to Bessel’s equation of 

 order 𝑝: 

𝑦(𝑥) = 𝑐1𝐽𝑝(𝑥) + 𝑐2𝐽−𝑝(𝑥);       𝑥 > 0. 

 

 To get the correct solution for 𝑥 < 0 we need to replace 𝑥𝑝 with |𝑥|𝑝 in  

𝐽𝑝(𝑥) and 𝐽−𝑝(𝑥). 

 

 

If 𝑝 = 𝑛; a nonnegative integer, then 

      𝐽𝑛(𝑥) = ∑
(−1)𝑚

(𝑚!)Γ(𝑛+𝑚+1)
∞
𝑚=0 (

𝑥

2
)

2𝑚+𝑛
  

                                𝐽𝑛(𝑥) = ∑
(−1)𝑚

(𝑚!)(𝑛+𝑚)!
∞
𝑚=0 (

𝑥

2
)

2𝑚+𝑛
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So we have: 

    𝐽0(𝑥) = ∑
(−1)𝑚𝑥2𝑚

22𝑚(𝑚!)2
∞
𝑚=0 = 1 −

𝑥2

22 +
𝑥4

22(42)
−

𝑥6

22(42)(62)
+ ⋯  

    𝐽1(𝑥) = ∑
(−1)𝑚𝑥2𝑚+1

22𝑚+1(𝑚!)(𝑚+1)!
∞
𝑚=0 =

𝑥

2
−

1

2!
(

𝑥

2
)

3
+

1

2!(3!)
(

𝑥

2
)

5
+ ⋯.  

 

 

  

The graph of 𝐽0(𝑥) looks a bit 

 like a damped graph of cos 𝑥 

 and the graph of 𝐽1(𝑥) looks 

 a bit like a damped graph of 

 sin 𝑥. 

 

  

 

 

 

Similar to the relationship between cos 𝑥 and sin 𝑥, 

𝐽0
′ (𝑥) = −𝐽1(𝑥).   

 

 

 

𝐽0(𝑥) 

𝐽1(𝑥) 
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Bessel functions of the second kind 

 If 𝑝 is an integer, 𝑛, then the solution to  

𝑥2𝑦′′ + 𝑥𝑦′ + (𝑥2 − 𝑝2)𝑦 = 0 

 has 𝑦1(𝑥) as a solution, but there is no second Frobenius series. 
 The general solution is: 

 

𝑦(𝑥) = 𝑐1𝐽𝑛(𝑥) + 𝑐2𝑌𝑛(𝑥)  

 

where, 

𝑌𝑛(𝑥) =
2

𝜋
(𝛾 + ln(

𝑥

2
)) 𝐽𝑛(𝑥) −  

1

𝜋
∑

2𝑛−2𝑚(𝑛−𝑚−1)!

𝑚!𝑥𝑛−2𝑚
𝑛−1
𝑚=0  

                         −
1

𝜋
∑

(−1)𝑚(𝐻𝑚+𝐻𝑚+𝑛)

𝑚!(𝑚+𝑛)!
∞
𝑚=0 (

𝑥

2
)

𝑛+2𝑚
 

  

 where 𝛾 = lim
𝑛→∞

(∑
1

𝑘
− ln 𝑛)𝑛

𝑘=1   (Euler’s constant) and    

            𝐻𝑚 = ∑
1

𝑘
𝑚
𝑘=1  . 

 

 𝑌𝑛(𝑥) is called the Bessel function of the second kind of integral order. 
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Bessel function Relationships 

𝐽𝑝(𝑥) = ∑
(−1)𝑚

𝑚!Γ(𝑝+𝑚+1)
∞
𝑚=0 (

𝑥

2
)

2𝑚+𝑝
  

 

 If 𝑝 is a nonnegative integer then: 

              
𝑑

𝑑𝑥
[𝑥𝑝𝐽𝑝(𝑥)] =

𝑑

𝑑𝑥
(∑

(−1)𝑚𝑥2𝑚+2𝑝

22𝑚+𝑝
(𝑚!)(𝑝+𝑚)!

)∞
𝑚=0     

 

                                  = ∑
(2𝑚+2𝑝)(−1)𝑚𝑥2𝑚+2𝑝−1

22𝑚+𝑝(𝑚!)(𝑝+𝑚)!
∞
𝑚=0   

 

                                  = ∑
(−1)𝑚𝑥2𝑚+2𝑝−1

22𝑚+𝑝−1(𝑚!)(𝑝+𝑚−1)!
∞
𝑚=0   

 

           = 𝑥𝑝 ∑
(−1)𝑚𝑥2𝑚+𝑝−1

22𝑚+𝑝−1(𝑚!)(𝑝+𝑚−1)!
)∞

𝑚=0   

 

                                       = 𝑥𝑝𝐽𝑝−1(𝑥) 

 

 So                
𝑑

𝑑𝑥
[𝑥𝑝𝐽𝑝(𝑥)] = 𝑥𝑝𝐽𝑝−1(𝑥). 

 Similarly,   
𝑑

𝑑𝑥
[𝑥−𝑝𝐽𝑝(𝑥)] = −𝑥−𝑝𝐽𝑝+1(𝑥). 
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Applying the product rule to 
𝑑

𝑑𝑥
[𝑥𝑝𝐽𝑝(𝑥)] and 

𝑑

𝑑𝑥
[𝑥−𝑝𝐽𝑝(𝑥)] we get: 

𝐽𝑝
′ (𝑥) = 𝐽𝑝−1(𝑥) −

𝑝

𝑥
𝐽𝑝(𝑥)  

𝐽𝑝
′ (𝑥) =

𝑝

𝑥
𝐽𝑝(𝑥) − 𝐽𝑝+1(𝑥).  

Subtracting these equations, we get: 

                            0 = 𝐽𝑝−1(𝑥) −
2𝑝

𝑥
𝐽𝑝(𝑥) + 𝐽𝑝+1(𝑥)  

a recurrence relationship between Bessel functions of the first kind.  

 

 

Ex.  With 𝑝 = 1 in 
𝑑

𝑑𝑥
[𝑥𝑝𝐽𝑝(𝑥)] = 𝑥𝑝𝐽𝑝−1(𝑥), we get: 

 

                                    
𝑑

𝑑𝑥
[𝑥𝐽1(𝑥)] = 𝑥𝐽0(𝑥)  

 

                                   ∫
𝑑

𝑑𝑥
[𝑥𝐽1(𝑥)] = ∫ 𝑥𝐽0(𝑥) 𝑑𝑥  

 

                                        𝑥𝐽1(𝑥) + 𝐶 = ∫ 𝑥𝐽0(𝑥) 𝑑𝑥.  
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Ex.  With 𝑝 = 0 in  
𝑑

𝑑𝑥
[𝑥−𝑝𝐽𝑝(𝑥)] = −𝑥−𝑝𝐽𝑝+1(𝑥), we get: 

 

                                          
𝑑

𝑑𝑥
[𝐽0(𝑥)] = −𝐽1(𝑥)  

 

∫
𝑑

𝑑𝑥
[𝐽0(𝑥)] = ∫ −𝐽1(𝑥) 𝑑𝑥  

 

                                             𝐽0(𝑥) + 𝐶 = − ∫ 𝐽1(𝑥) 𝑑𝑥  

 

                                          −𝐽0(𝑥) + 𝐶 = ∫ 𝐽1(𝑥) 𝑑𝑥.  

 

 

Ex.  Find ∫ 𝑥2𝐽0(𝑥) 𝑑𝑥 and ∫ 𝑥3𝐽0(𝑥) 𝑑𝑥 in terms of Bessel functions and  

      ∫ 𝐽0(𝑥) 𝑑𝑥. 

 

         Integrate by parts and use the previous examples: 

∫ 𝑥2𝐽0(𝑥) 𝑑𝑥 = 𝑥2𝐽1(𝑥) − ∫ 𝑥𝐽1(𝑥) 𝑑𝑥  

       Let 𝑢 = 𝑥            𝑣 = 𝑥 𝐽1(𝑥)   Let 𝑢 = 𝑥         𝑣 = −𝐽0(𝑥) 

 𝑑𝑢 = 𝑑𝑥       𝑑𝑣 = 𝑥𝐽0(𝑥)𝑑𝑥                       𝑑𝑢 = 𝑑𝑥    𝑑𝑣 = 𝐽1(𝑥)𝑑𝑥 

 

                                       = 𝑥2𝐽1(𝑥) − [−𝑥𝐽0(𝑥) − ∫ −𝐽0(𝑥) 𝑑𝑥]    

                        ∫ 𝑥2𝐽0(𝑥) 𝑑𝑥 = 𝑥2𝐽1(𝑥) + 𝑥𝐽0(𝑥) − ∫ 𝐽0(𝑥) 𝑑𝑥.  
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∫ 𝑥3𝐽0(𝑥) 𝑑𝑥 = 𝑥3𝐽1 − ∫ 2𝑥2𝐽1(𝑥) 𝑑𝑥  

 Let   𝑢 = 𝑥2             𝑣 = 𝑥 𝐽1               Let 𝑢 = 2𝑥2           𝑣 = −𝐽0(𝑥) 

      𝑑𝑢 = 2𝑥 𝑑𝑥    𝑑𝑣 = 𝑥𝐽0𝑑𝑥               𝑑𝑢 = 4𝑥 𝑑𝑥    𝑑𝑣 = 𝐽1(𝑥)𝑑𝑥 

 

                        = 𝑥3𝐽1 − [−2𝑥2𝐽0(𝑥) − 4 ∫ −𝑥𝐽0(𝑥) 𝑑𝑥]  

        ∫ 𝑥3𝐽0(𝑥) 𝑑𝑥  = 𝑥3𝐽1(𝑥) + 2𝑥2𝐽0(𝑥) − 4𝑥𝐽1(𝑥) + 𝐶.  

 


