Elementary Power Series Solutions

A power series around 0 is of the form:

Y0 CnX™ = o+ C1x + x4 cpx™ + -

A power series around a is of the form:

dncoCn(x—a)* =cotc(x—a)+ -+ cp(x —a)t + -

w X" _ x2 x3 XM
Ex. ex=Zn=0;—1+x+;+;+---;+---
. . (_1)nx2n _ x2 x4 (_1)nx2n
cCoS X = anow_l _;+Z++W+
. . . (_1)nx2n+1 _ _ x_3 x_S (_1)nx2n+1
Sinx = Xin=o ] totoet (2n+1)!

ﬁ=2,‘f=0x"=1+x+x2+x3+---+x"+---

1

— = oo™t =1 —x +x? =2 e (D)

Notice that means:

2% _ voo O (2x)* | (2x)°
e =y% —=14+2x+——+—"+
3x = ¥ COMED™ G0 G0
COS3X = Zin=0 2n)! 2! 4!

Def. If the Taylor Series of f(x) converges to f (x) for some open interval
containing X = a, we say f is analyticat x = a.



Ex. f(x) = e* isanalytic everywhere.
1
f(x) = T is analytic everywhere except x = 1.

All polynomials and rational functions whose denominators are not 0 are

analytic.

Power Series Operations

Power series operations are similar to those of polynomials.

If f(x) = Xp=oanx™, g(x) = Xp=obnx™
then,

fx) £ g(x) = Xnzo(an + by)x™

and
fx)g(x) = (ag + ayx + a,x? + -+ )(by + byx + byx? + +++)

aobo + (a0b1 + albo)x + (aobz + a1b1 + azbo)xz + .-

Given a power series, Yn—o Cn X", we often want to know for what values of x
the series converges.



Theorem: (Radius of Convergence)
Given a power series Y.n—o Cp X", suppose that:

Cn

p = lim

n—>0o

( p is called the radius of convergence)
Cn+1

exists (p is finite) or is infinite:

a) If p = 0 then the series diverges for all x # 0
b) If 0 < p < oo then Y n—y Cpx™ converges if |x| < p and diverges if
|x| > p (if |[x| = p you have to check convergence in some other way)

c) If p = oo then the series converges for all x.

Ex. Find the radius of convergence of the following:

= Xt =1 x a2 + x5 X

a)lx

3

o X' x%  x xn
b) €x=2nzom—1+X+z+;+”'g+"'
. Cn .1
a)c, =1, chpu1 =1, p=lim = lim |—|=1
n-o ICnt1 n-oo 11

Soforallx, |[x] <1, ie. =1 <x <1, Y7_ox" converges.
2
For example, if x = 3 then

1 o 2 2 22 23 2\
—_— = ano(g)" =1+ 3 -+ (§) -+ (5) + -+ (5) + --+ converges.
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3

3
If X = —then
2

w 3 3 . 3.2 3\ _
Yn=oQ)" =1+2+(G) +-- (E) + .- diverges.



1 1

b)c, =—, c = ———— so we have
) Cn n! 7 LT )
. c . ] . n+1
p = lim [ = lim [2—| = lim ( — = lim (n + 1) = oo.
n—-oo 1Cpn41 n—oo m n—oo n. n—oo

So the radius of convergence is ©0. Thus, the series will converge for any
X. For example at x = 100,

100)? 100)3 100)"

Q00 | GO0 | Q00"

3! n!

O=1+100+

27’1
Ex. Find the radius of convergence of Yo, — m,
zn
. c . 2
p = lim |—| = lim |25+
n—oo 1Cn+1 n—oo
(n+1)2
. |2 (n+1)? : n+1
= lim % - &0 = jim —(——0
n—-oo In?2 211 n— oo

: .1 : : 1
The radius of convergence is 2150 the power series converges if | x| < .

Theorem: If f(x) = Yoo CnX™ = Co + €1 + Cux% + c3x3 + -+ + ¢ x™ +...
converges on an open interval, I, then f is differentiable on I and

f'(x) = Zp=incax™ 1 = ¢y + 205x + 3c3x% + -+ ne g™ A

at each point of I.



1
Ex. fO) == =Xn0x" =1+x+x?+x° + - +x"+
converges when |x| < 1. Thus:

f'(x) = (1_1x)2 =Y nx™ =14 2x+3x%+ - +nx™" 1+

when [x| < 1.

Theorem: If Y070 @ X™ = Y0—y by X™ for every point X in some open

interval then a,, = by, foralln = 0.

Some differential equations can be solved by assuming that y = Z,ofzo cx™,

y' =¥ nc,x™1, etc, plugging into the differential equation and equating
the coefficients.

Ex. Solve the equation y’ + 3y = 0.

lety = Yo scpx™andy' = Yoo ne,x™ L

Now substitute in y' + 3y = O:

00 n—-1 oo n _—
Ymeq1 NCpX +3) pCpx™ =

Notice that we can "line up" the coefficients of the same power of x:

Yoo nc,x™ 1 =c; +2cx +3c3x% + - = X0 o(n+ 1)y X"

So Z%ozo(n + 1)Cn+1xn + 3 Z?lozo Cnxn =

Or Yol + Dcpyq + 3¢, ]x™ = 0.



That means every coefficient of x™ must be 0.
thus (n+ 1)cp4q + 3¢, =0foralln =0
(n+ Depyq = =3¢y

3¢y,
n+1°

Cn+1 = —
This is called a recurrence relation and tells us how the next coefficient,

Cn+1, relates to c,.

-3c
n=0 = —=
1
-3¢ 3 3%¢
n=1 c; =—==—>(=3¢c) =
2 2
-3¢ 3 (3%c 33¢
n=2 C3 = 2:——( 0):— 0
3 3\ 2 3(2)
— _ —3c3 _ 34
n=3 €4 =— =,Co
, (-pn3n
Based on this pattern we can say ¢,, = . Co and,
(=n"3* 1)”3” (=30)"

Y(X) = Xp=o CnX™ = Ln=o=—— CoX" = Co Y=o T coe 3.,



Ex. Solve (x + 2)y’ + 2y = 0, where y(0) = 3. Find the radius of

convergence of the solution.
let: ¥y = XploCnX™; y' = Yaegnepx™ !
(X +2) Y ne,x™ 1+ 23 jcpx™ =0

Y e, x™ + X 2nc, x4+ X% 20, x™ =

Notice that the powers of X of the middle power series aren't "lined up" with the
other 2 power series. So we can do the following:

Yoo 1 2nc,x™ 1t = 2¢; + 4cyx + 603x% + -+ 2(n+ D)y x™ + -
= Yn=o 2(M + Dcpyqx™.

Now substitute this into the middle power series:

Ymeolne, +2(n+ 1)cpyq + 2¢,]x™ =0
ne, + 2(n+ 1)cpqpq + 2¢, =0

2(n+ 1)cpyq = —nc, — 2¢, = —(n+ 2)cy,



(n+2)cy,

Cni1l = — 2t D) forn = 0 (recurrence relation).
n=20 1 = _Zzﬂ = —C(y
_ -®, _ 3
n=1 Cy, = 2(2) 22 Co
_ _ @ _-®E) -4
n=2 €37 232~ 333 0T Co
n =3 Cy = RO GIC) 5

2(4) 3 T ga(a) 0 T 2 0

Based on this pattern we can say:

(-D"(n+1)
Cn = on 0
(=) (n+1
y(x) = Xn=o Zfln )Cox
y(x) = o Yo 0( 1)2?“) x" general solution.

3=y(0)=cy(1—0+-),s0¢cy = 3.

~1)"(n+1
y(x) =3 Zf{;o%x" particular solution.



(D1 4
. . n
p = lim || = lim <
n—oo lcpy1 n—ooo |(=D" (n+2)_3
2n+1
_ i D onth) )
o n—oo 2" (n+2) o

So the radius of convergence of the solution is 2.
The series converges for =2 < x < 2.
The series diverges forx > 2 or x < —2.

The series diverges for x = 12 since the nth term of

o DM+
3; > (£2)

n

doesn't go to 0 as n goes to ©o.



Ex. Solve xzy' =y + 1 — x. Find the radius of convergence for the solution.

let  y=XpoCnx"; ¥y =Xpoqncyx™!
X2y nex"l=1—-x4+ Y7, cpx”
Yoo ey x™l =1 —x+4+ Y% cx™
Yme1i NCpx™ = (co + 1) + (c; — Dx + X5, cpx™
To "line up" the powers of X notice:
Yoo ncyx™ = c;x? 4+ 2c,x3 + 3c3x* + degx® + -
= 2101022(71 - 1)Cn—1xn

=(co+ 1)+ (c; — Dx+ Xy, cpx™

Notice the LHS doesn’t have a constant term or a linear term so:
Co =—1;
g =1;
ch=mMm—1)c,_1for n =2
c, =1c; =1
c3 = 2¢c, =2(1)
c, = 3c3 = 3(2)1

= c¢,=Mm—-1)! forn=>2.

= yxX)=—1+x+Y,(n—1Ix™
1
n

Cn

= lim (n_!l)! = lim | | = 0.

n—oo n n—oo

p = lim
n—oo ICntq

So the series only converges for x = 0.
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Ex. Solve y"' +y = 0, where y(0) = 4, y'(0) = 6.

Y =ZnmonX™; ¥ =Xaiancyx™ T ¥ = Eion(n — Depx™ A

Z?lo=2 Tl(Tl - 1)Cnxn_2 + Z%LO Cnx” =0

To "line up" the powers of X we can use:
Yoo onn—1)c,x™" 2 = 2¢y, + 6c3x + 12¢,x% + -

= Xm=o(n + D(n + 2)cp px™

Ym0+ 1)+ 2)cpi2x™ + Yp—g Cpx™ =
Y=ol + D)+ 2)cpyp + cpx™ =
m+1Dn+2)cyip + ¢, =0 foralln >0

= 2 T iy

Applying the recurrence relationship whenn = 0, 2,4, 6, ...

=0 = _—%
n 2= 20
2
-9 _ _—C¢ _ _ (=1%o
n “T e @e00
_ _—cp _ (-1)3¢
n=4 = om e

(2n)!



Takingn =1,3,5,7, ...

— 1 —_ _Cl
" S~ e
_ _ =3 _ (-D?%*¢q
n=3 ST e s
_ _ =5 _ (-1)3¢y
n=>5 “T=e T 7
_ (=1D)"¢
=  Cnt1 = (2n+1)!
x2  x* x® x3 x5 X7
y(x) = Co(l—E‘FZ—E‘F“')+C1(X—;+§—;+“'

y(x) = co(cosx) + ¢, (sinx)

y'(x) = —cysinx + ¢, cosx

4=1y(0) =cg
6=vy'(0)=c soc; =6.

y(x) = 4cosx + 6sinx.
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