
1 
 

Nonhomogeneous Equations: The Methods of Undetermined 

Coefficients and Variation of Parameters 

 

Recall that if we know a particular solution, 𝑦𝑝, of a nonhomogeneous equation: 

𝑎𝑛𝑦(𝑛) + 𝑎𝑛−1𝑦(𝑛−1) + ⋯ + 𝑎1𝑦′ + 𝑎0𝑦 = 𝑓(𝑥) 

then the general solution has the form: 

𝑦 = 𝑦𝑐 + 𝑦𝑝 

where 𝑦𝑐  is the general solution of the associated homogeneous equation: 

                       𝑎𝑛𝑦(𝑛) + ⋯ + 𝑎1𝑦′ + 𝑎0𝑦 = 0. 

 

The method of undetermined coefficients is a way of guessing the form of a 

particular solution, 𝑦𝑝, based on what 𝑓(𝑥) is. If 𝑓(𝑥) is simple enough we 

might be able to do that. For example, if 𝑓(𝑥) is a polynomial of degree 𝑚 then 

we might guess that 𝑦𝑝 is also a polynomial of degree 𝑚:  

𝑦𝑝 = 𝐴𝑚𝑥𝑚 + 𝐴𝑚−1𝑥𝑚−1 + ⋯ + 𝐴1𝑥 + 𝐴0. 

 

We could plug 𝑦𝑝 into the nonhomogeneous equation and try to solve for the 

coefficients 𝐴0, … , 𝐴𝑚. Similarly, if 𝑓(𝑥) = 𝑎 cos 𝑘𝑥 + 𝑏 sin 𝑘𝑥 we might 

guess that: 

𝑦𝑝(𝑥) = 𝐴 cos 𝑘𝑥 + 𝐵 sin 𝑘𝑥. 
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Ex.  Solve 𝑦′′ − 5𝑦′ + 6𝑦 = 12𝑥 + 8. 

 

         Here 𝑓(𝑥) = 12𝑥 + 8, let’s try 

                                    𝑦𝑝 = 𝐴𝑥 + 𝐵 

                                   𝑦′𝑝 = 𝐴 

                                  𝑦′′𝑝 = 0 

               𝑦′′ − 5𝑦′ + 6𝑦 = 12𝑥 + 8 

0 − 5(𝐴) + 6(𝐴𝑥 + 𝐵) = 12𝑥 + 8  

          −5𝐴 + 6𝐴𝑥 + 6𝐵 = 12𝑥 + 8  

          6𝐴𝑥 + (6𝐵 − 5𝐴) = 12𝑥 + 8  

                 6𝐴 = 12,     6𝐵 − 5𝐴 = 8  

⟹ 𝐴 = 2, 𝐵 = 3.  

𝑦𝑝 = 2𝑥 + 3.  

 

         General solution to 𝑦′′ − 5𝑦′ + 6𝑦 = 0 is: 

𝑟2 − 5𝑟 + 6 = 0  

(𝑟 − 2)(𝑟 − 3) = 0  

𝑟 = 2, 3  

               𝑦𝑐 = 𝑐1𝑒2𝑥 + 𝑐2𝑒3𝑥 .  

 

General solution to 𝑦′′ − 5𝑦′ + 6𝑦 = 12𝑥 + 8 is: 

            𝑦 = 𝑦𝑐 + 𝑦𝑝 = 𝑐1𝑒2𝑥 + 𝑐2𝑒3𝑥 + 2𝑥 + 3.  
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Ex.  Find the general solution to 𝑦′′ − 3𝑦′ − 4𝑦 = 2 sin 𝑡. 

 

           𝑓(𝑡) = 2sin 𝑡, try: 

                       𝑦𝑝 = 𝐴 sin 𝑡 + 𝐵 cos 𝑡  

                      𝑦′𝑝 = 𝐴 cos 𝑡 − 𝐵 sin 𝑡  

                     𝑦′′𝑝 = −𝐴 sin 𝑡 − 𝐵𝑐𝑜𝑠𝑡  

𝑦′′ − 3𝑦′ − 4𝑦 = 2 sin 𝑡  

(−𝐴 sin 𝑡 − 𝐵 cos 𝑡) − 3(𝐴 cos 𝑡 − 𝐵 sin 𝑡) − 4(𝐴 sin 𝑡 + 𝐵 cos 𝑡) = 2 sin 𝑡 

                                                   (−5𝐴 + 3𝐵) sin 𝑡 + (−5𝐵 − 3𝐴) cos 𝑡 = 2 sin 𝑡 

                                                                  −5𝐴 + 3𝐵 = 2 

                                                                  −3𝐴 − 5𝐵 = 0. 

 Multiply 2nd equation by −
5

3
 :      −5𝐴 + 3𝐵 = 2 

                         5𝐴 +
25

3
𝐵 = 0  

                                                                                
34

3
𝐵 = 2   ⇒ 𝐵 =

3

17
 ,  𝐴 = −

5

17
 .                      

 So 𝑦𝑝 = −
5

17
sin 𝑡 +

3

17
cos 𝑡. 

 

 The general solution to 𝑦′′ − 3𝑦′ − 4𝑦 = 0 is: 

                                         𝑟2 − 3𝑟 − 4 = 0 

                                    (𝑟 − 4)(𝑟 + 1) = 0   ⇒     𝑟 = 4, −1 

                                    𝑦𝑐 = 𝑐1𝑒−𝑡 + 𝑐2𝑒4𝑡. 

 The general solution to 𝑦′′ − 3𝑦′ − 4𝑦 = 2 sin 𝑡 is: 

𝑦 = 𝑐1𝑒−𝑡 + 𝑐2𝑒4𝑡 −
5

17
sin 𝑡 +

3

17
cos 𝑡 . 
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Ex.  Find a particular solution to 𝑦′′ − 3𝑦′ − 4𝑦 = 3𝑒2𝑥 .   

 

                                            𝑓(𝑥) = 3𝑒2𝑥 so let’s guess: 

                                                  𝑦𝑝 = 𝐴𝑒2𝑥  

                                                 𝑦′𝑝 = 2𝐴𝑒2𝑥  

                                      𝑦′′𝑝 = 4𝐴𝑒2𝑥 

                            𝑦′′ − 3𝑦′ − 4𝑦 = 3𝑒2𝑥  

4𝐴𝑒2𝑥 − 3(2𝐴𝑒2𝑥) − 4(𝐴𝑒2𝑥) = 3𝑒2𝑥  

                   (4𝐴 − 6𝐴 − 4𝐴)𝑒2𝑥 = 3𝑒2𝑥  

                                         −6𝐴𝑒2𝑥 = 3𝑒2𝑥  

                                                       𝐴 = −
1

2
  

𝑦𝑝 = −
1

2
𝑒2𝑥 .  

 

Ex.  Find a particular solution to 𝑦′′ − 9𝑦 = 3𝑒3𝑥.   

 

                 𝑓(𝑥) = 3𝑒3𝑥 ,  Try: 

                      𝑦𝑝 = 𝐴𝑒3𝑥  

                     𝑦′𝑝 = 3𝐴𝑒3𝑥  

           𝑦′′𝑝 = 9𝐴𝑒3𝑥 

   𝑦′′ − 9𝑦 = 3𝑒3𝑥 

9𝐴𝑒3𝑥 − 9𝐴𝑒3𝑥 = 3𝑒2𝑥 

0 ≠ 3𝑒3𝑥, no matter what 𝐴 we choose, our guess won’t work! 



5 
 

Let’s try something else: 

   𝑦𝑝 = 𝐴𝑥𝑒3𝑥  

           𝑦′𝑝 = 𝐴(𝑥(3𝑒3𝑥) + 𝑒3𝑥) = 3𝐴𝑥𝑒3𝑥 + 𝐴𝑒3𝑥  

𝑦′′𝑝 = 3𝐴(𝑥(3𝑒3𝑥) + 𝑒3𝑥) + 3𝐴𝑒3𝑥 = 9𝐴𝑥𝑒3𝑥 + 6𝐴𝑒3𝑥 

 Now plugging into the differential equation: 

(9𝐴𝑥𝑒2𝑥 + 6𝐴𝑒2𝑥) − 9𝐴𝑥𝑒2𝑥 = 3𝑒3𝑥 

                                       (9𝐴 − 9𝐴)𝑥𝑒2𝑥 + 6𝐴𝑒2𝑥 = 3𝑒3𝑥 

                                              𝐴 =
1

2
 .  

𝑦𝑝 =
1

2
𝑥𝑒3𝑥 .  

 

Method of Undetermined Coefficients (Rule 1) 

If no term appearing in 𝑓(𝑥) or in any of its derivatives satisfies the related 

homogeneous equation, then take 𝑦𝑝 to be a linear combination of all linearly 

independent such terms and their derivatives. Then find the coefficients by 

substituting 𝑦𝑝 into the nonhomogeneous equation. 

Notice that in the previous example the solution to the homogeneous problem is: 

𝑦′′ − 9𝑦 = 0 

    𝑟2 − 9 = 0 

                                              (𝑟 − 3)(𝑟 + 3) = 0 

𝑟 = 3, −3 

𝑦𝑐 = 𝑐1𝑒3𝑥 + 𝑐2𝑒−3𝑥 

So our guess of 𝑦𝑝 = 𝐴𝑒3𝑥 couldn’t work since it’s part of the solution to the 

homogeneous equation. 
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Ex.   Solve the initial value problem: 

2𝑦′′ + 3𝑦′ + 𝑦 = 𝑡2 + 3 sin(𝑡) ;    𝑦(0) =
141

10
,   𝑦′(0) = −

53

10
 . 

 

 The characteristic equation is:      2𝑟2 + 3𝑟 + 1 = 0 

                         (2𝑟 + 1)(𝑟 + 1) = 0,    

             𝑟 = −
1

2
, −1 

                                                    ⇒          𝑦𝑐 = 𝑐1𝑒−𝑡 + 𝑐2𝑒(−
1

2
𝑡). 

 

 To find a particular solution we try: 

    𝑦𝑝 = 𝐴𝑡2 + 𝐵𝑡 + 𝐶 + 𝐷𝑠𝑖𝑛(𝑡) + 𝐸𝑐𝑜𝑠(𝑡)  

   𝑦𝑝′ = 2𝐴𝑡 + 𝐵 + 𝐷𝑐𝑜𝑠(𝑡) − 𝐸𝑠𝑖𝑛(𝑡)  

  𝑦𝑝′′ = 2𝐴 − 𝐷𝑠𝑖𝑛(𝑡) − 𝐸𝑐𝑜𝑠(𝑡) 

 

 Substituting into the original nonhomogeneous equation we get: 

2(2𝐴 − 𝐷𝑠𝑖𝑛(𝑡) − 𝐸𝑐𝑜𝑠(𝑡)) + 3(2𝐴𝑡 + 𝐵 + 𝐷𝑐𝑜𝑠(𝑡) − 𝐸𝑠𝑖𝑛(𝑡)) +

                                   (𝐴𝑡2 + 𝐵𝑡 + 𝐶 + 𝐷𝑠𝑖𝑛(𝑡) + 𝐸𝑐𝑜𝑠(𝑡)) = 𝑡2 + 3 sin(𝑡)   

 

𝐴𝑡2 + (6𝐴 + 𝐵)𝑡 + (4𝐴 + 3𝐵 + 𝐶) + (−𝐷 − 3𝐸) sin(𝑡) + (3𝐷 − 𝐸)cos (𝑡) 

                                                                                                           = 𝑡2 + 3 sin(𝑡).   

 

1.                             𝐴 = 1                           4.         − 𝐷 − 3𝐸 = 3                            

2.                  6𝐴 + 𝐵 = 0                           5.              3𝐷 − 𝐸 = 0 

3.        4𝐴 + 3𝐵 + 𝐶 = 0  
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Substituting eq. 1 into eq. 2 we get 𝐵 = −6. 

Substituting 𝐴 = 1, 𝐵 = −6 into eq. 3 we get 𝐶 = 14 

Multiplying eq. 4 by 3 and adding it to eq. 5 we get 𝐸 = −
9

10
,    𝐷 = −

3

10
. 

 

Thus we have: 

                   𝑦𝑝 = 𝑡2 − 6𝑡 + 14 −
3

10
𝑠𝑖𝑛(𝑡) −

9

10
𝑐𝑜𝑠(𝑡)   

 

             𝑦(𝑡) = 𝑦𝑐 + 𝑦𝑝 

𝑦 = 𝑐1𝑒−𝑡 + 𝑐2𝑒
(−

1

2
𝑡)

+ 𝑡2 − 6𝑡 + 14 −
3

10
𝑠𝑖𝑛(𝑡) −

9

10
𝑐𝑜𝑠(𝑡)   

            𝑦′ = −𝑐1𝑒−𝑡 −
1

2
𝑐2𝑒(−

1

2
𝑡) + 2𝑡 − 6 −

3

10
cos(𝑡) +

9

10
sin(𝑡)  

 

        𝑦(0) = 𝑐1 + 𝑐2 + 14 −
9

10
=

141

10
            ⇒             𝑐1 + 𝑐2 = 1           

      𝑦′(0) = −𝑐1 −
1

2
𝑐2 − 6 −

3

10
= −

53

10
       ⇒          −𝑐1 −

1

2
𝑐2 = 1 

 

                    ⇒      𝑐1 = −3,       𝑐2 = 4 

 

𝑦(𝑡) = −3𝑒−𝑡 + 4𝑒−
1

2
𝑡

+ 𝑡2 − 6𝑡 + 14 −
3

10
𝑠𝑖𝑛(𝑡) −

9

10
𝑐𝑜𝑠(𝑡).    
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Ex. Find the form of 𝑦𝑝 for 𝑦(3) + 4𝑦′ = 𝑥 cos 𝑥 + 𝑥𝑒2𝑥. 

 

 The characteristic equation is: 

   𝑟3 + 4𝑟 = 0 

𝑟(𝑟2 + 4) = 0 

𝑟 = 0,    𝑟 = ±2𝑖. 

 

 So,  𝑦𝑐(𝑥) = 𝑐1 + 𝑐2 cos 2𝑥 + 𝑐3 sin 2𝑥. 

 The function 𝑓(𝑥) = 𝑥𝑐𝑜𝑠𝑥 + 𝑥𝑒2𝑥 and its derivatives involve: 

𝑥 sin 𝑥 , 𝑥 cos 𝑥 , sin 𝑥 , cos 𝑥 , 𝑥𝑒2𝑥 , and 𝑒2𝑥 

 So we guess that 𝑦𝑝 has the form: 

𝑦𝑝(𝑥) = 𝐴 𝑥 sin 𝑥 + 𝐵 𝑥 cos 𝑥 + 𝐶 sin 𝑥 + 𝐷 cos 𝑥 + 𝐸𝑥𝑒2𝑥 + 𝐹𝑒2𝑥 . 

 

Method of Undetermined Coefficients   (Rule 2) 

If 𝑎𝑛𝑦(𝑛) + 𝑎𝑛−1𝑦(𝑛−1) + ⋯ + 𝑎1𝑦′ + 𝑎0𝑦 = 𝑓(𝑥) and 𝑓(𝑥) can be 

written as a sum of 𝑃𝑚(𝑥)𝑒𝑟𝑥 cos 𝑘𝑥 or 𝑃𝑚(𝑥)𝑒𝑟𝑥 sin 𝑘𝑥, where 𝑃𝑚(𝑥) is an 

𝑚th degree polynomial, then take:   

 

𝑦𝑝 = 𝑥𝑠[𝐴0 + 𝐴1𝑥 + ⋯ + 𝐴𝑚𝑥𝑚]𝑒𝑟𝑥 cos 𝑘𝑥  

                                           +𝑥𝑠[𝐵0 + 𝐵1𝑥 + ⋯ + 𝐵𝑚𝑥𝑚]𝑒𝑟𝑥 sin 𝑘𝑥.    

 

Where 𝑠 is the smallest nonnegative integer such that no term in 𝑦𝑝 duplicates a 

term in 𝑦𝑐(𝑥).    
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Ex.  Find the form of 𝑦𝑝 for 𝑦′′′ − 3𝑦′′ + 3𝑦′ − 𝑦 = (2𝑥 − 3)𝑒𝑥.    

 

       The characteristic equation is:      𝑟3 − 3𝑟2 + 3𝑟 − 1 = 0 

                                                                              (𝑟 − 1)3 = 0 

 So 𝑦𝑐 = (𝑐1 + 𝑐2𝑥 + 𝑐3𝑥2)𝑒𝑥.   

 

        We might guess 𝑦𝑝 has the form: 𝑦𝑝 = 𝐴𝑒𝑥 + 𝐵𝑥𝑒𝑥, but 𝑦𝑝 is part of 𝑦𝑐. 

          Thus, if we plugged  𝑦𝑝 = 𝐴𝑒𝑥 + 𝐵𝑥𝑒𝑥  into the nonhomogeneous     

           eqution, the LHS would be 0 so we couldn’t find an 𝐴, 𝐵 so that we get  

(2𝑥 − 3)𝑒𝑥. 

By Rule 2 we have to multiply 𝐴𝑒𝑥 + 𝐵𝑥𝑒𝑥 by 𝑥3 so neither term is part 

 of 𝑦𝑐 = (𝑐1 + 𝑐2𝑥 + 𝑐3𝑥2)𝑒𝑥. The smallest nonnegative integer that 

 will work is 𝑠 = 3. Thus, 

𝑦𝑝 = 𝑥3(𝐴𝑒𝑥 + 𝐵𝑥𝑒𝑥) = 𝐴𝑥3𝑒𝑥 + 𝐵𝑥4𝑒𝑥 . 

 

Ex.  Find a particular solution for 𝑦′′′ + 𝑦′′ = 4𝑒𝑥 + 12𝑥2 + 36𝑥 + 18.   

 

 The characteristic equation is 𝑟3 + 𝑟2 = 0 

                 𝑟2(𝑟 + 1) = 0,     ⇒  𝑟 = 0 (double root),  𝑟 = −1. 

                        So 𝑦𝑐(𝑥) = 𝑐1 + 𝑐2𝑥 + 𝑐3𝑒−𝑥.  

 Our first guess for 𝑦𝑝 might be:     𝑦𝑝 = 𝐴𝑒𝑥 + (𝐵 + 𝐶𝑥 + 𝐷𝑥2).  

However, although 𝐴𝑒𝑥 does not duplicate any terms of             

 𝑦𝑐 = 𝑐1 + 𝑐2𝑥 + 𝑐3𝑒−𝑥,  𝐵 + 𝐶𝑥 + 𝐷𝑥2 does.  
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       So we need to  multiply 𝐵 + 𝐶𝑥 + 𝐷𝑥2 by 𝑥𝑠 so that there is no      

                   duplication with 𝑐1 + 𝑐2𝑥. The smallest 𝑠 that will work is 𝑠 = 2.  

 

 𝑦𝑝 = 𝐴𝑒𝑥 + 𝐵𝑥2 + 𝐶𝑥3 + 𝐷𝑥4 

                          𝑦𝑝
′ = 𝐴𝑒𝑥 + 2𝐵𝑥 + 3𝐶𝑥2 + 4𝐷𝑥3 

  𝑦𝑝
′′ = 𝐴𝑒𝑥 + 2𝐵 + 6𝐶𝑥 + 12𝐷𝑥2 

                        𝑦𝑝
′′′ = 𝐴𝑒𝑥 + 6𝐶 + 24𝐷𝑥   

 

Now substitute in 𝑦′′′ + 𝑦′′ = 4𝑒𝑥 + 12𝑥2 + 36𝑥 + 18:  

 

(𝐴𝑒𝑥 + 6𝐶 + 24𝐷𝑥) + (𝐴𝑒𝑥 + 2𝐵 + 6𝐶𝑥 + 12𝐷𝑥2) = 4𝑒𝑥 + 12𝑥2 + 36𝑥 + 18 

    2𝐴𝑒𝑥 + (6𝐶 + 2𝐵) + (24𝐷 + 6𝐶)𝑥 + 12𝐷𝑥2 = 4𝑒𝑥 + 12𝑥2 + 36𝑥 + 18 

 

                                         2𝐴 = 4,        6𝐶 + 2𝐵 = 18 

                           24𝐷 + 6𝐶 = 36,              12𝐷 = 12. 

 

                  ⇒    𝐴 = 2,   𝐵 = 3,   𝐶 = 2,   𝐷 = 1.  

 

So we can write:  𝑦𝑝 = 2𝑒𝑥 + 3𝑥2 + 2𝑥3 + 𝑥4. 

 

General solution:  

𝑦 = 𝑦𝑐 + 𝑦𝑝 = 𝑐1 + 𝑐2𝑥 + 𝑐3𝑒−𝑥 + 2𝑒𝑥 + 3𝑥2 + 2𝑥3 + 𝑥4. 
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Ex.  Find the form of 𝑦𝑝 for 𝑦′′ + 4𝑦′ + 13𝑦 = −2𝑒−2𝑥 sin 3𝑥. 

 

 The characteristic equation is 𝑟2 + 4𝑟 + 13 = 0. 

                                                ⇒           𝑟 = −2 ± 3𝑖.  

 

𝑦𝑐 = 𝑒−2𝑥(𝑐1 cos 3𝑥 + 𝑐2 sin 3𝑥).  

 

 This is the same as the first guess we might make at 𝑦𝑝 

𝑦𝑝 = 𝑒−2𝑥(𝐴 cos 3𝑥 + 𝐵 sin 3𝑥). 

 To eliminate duplication, multiply by 𝑥: 

𝑦𝑝 = 𝑒−2𝑥(𝐴𝑥 cos 3𝑥 + 𝐵𝑥 sin 3𝑥). 

 

 

Variation of Parameters 

For an equation like 𝑦′′ + 𝑦 = cot 𝑥, we can’t use undetermined coefficients 

because 𝑓(𝑥) = cot 𝑥 has infinitely many linearly independent derivatives. 

Variation of parameters is a method that, in principle, can be used to solve any 

nonhomogeneous linear differential equation of the form: 

𝑦(𝑛) + 𝑝𝑛−1(𝑥)𝑦(𝑛−1) + ⋯ + 𝑝1(𝑥)𝑦′ + 𝑝0(𝑥)𝑦 = 𝑓(𝑥) 

however, the method can give rise to integrals that could be difficult to evaluate.   

 

Let’s try to solve 𝑦′′ + 𝑃(𝑥)𝑦′ + 𝑄(𝑥)𝑦 = 𝑓(𝑥), with 

 𝑦𝑐 = 𝑐1𝑦1(𝑥) + 𝑐2𝑦2(𝑥). 
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We want to find two functions, 𝑢1(𝑥), 𝑢2(𝑥) such that: 

𝑦𝑝 = 𝑢1(𝑥)𝑦1(𝑥) + 𝑢2(𝑥)𝑦2(𝑥). 

 

So we have to find 𝑢1(𝑥), 𝑢2(𝑥) so that 𝑦𝑝 satisfies: 

𝑦′′ + 𝑃(𝑥)𝑦′ + 𝑄(𝑥)𝑦 = 𝑓(𝑥). 

Since we have two functions, 𝑢1(𝑥), 𝑢2(𝑥), we can satisfy two conditions.  The 

first condition is that: 

                      𝑦𝑝
′′ + 𝑃(𝑥)𝑦𝑝

′ + 𝑄(𝑥)𝑦𝑝 = 𝑓(𝑥). 

  

 We will use the second condition to simplify the calculation. 

 Since  𝑦𝑝
′ = 𝑢1𝑦1

′ + 𝑢1
′ 𝑦1 + 𝑢2𝑦2

′ + 𝑢2
′ 𝑦2 the second condition will be: 

𝑢1
′ 𝑦1 + 𝑢2

′ 𝑦2 = 0 

so that 𝑢1′′ and 𝑢2′′ don’t appear when we take 𝑦𝑝′′. 

 

So we have: 

                             𝑦𝑝
′ = 𝑢1𝑦1

′ + 𝑢2𝑦2
′  

𝑦𝑝
′′ = (𝑢1𝑦1

′′ + 𝑢2𝑦2
′′) + (𝑢1

′ 𝑦1
′ + 𝑢2

′ 𝑦2
′ ). 

 

Both 𝑦1 and 𝑦2 satisfy the homogeneous equation: 

𝑦′′ + 𝑃(𝑥)𝑦′ + 𝑄(𝑥)𝑦 = 0 

so                           𝑦1
′′ = −𝑃𝑦1

′ − 𝑄𝑦1 

                               𝑦2
′′ = −𝑃𝑦2

′ − 𝑄𝑦2. 
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Thus we have, 

𝑦𝑝
′′ = (𝑢1

′ 𝑦1
′ + 𝑢2

′ 𝑦2
′ ) − 𝑃(𝑢1𝑦1

′ + 𝑢2𝑦2
′ ) − 𝑄(𝑢1𝑦1 + 𝑢2𝑦2) 

           𝑦𝑝
′′ = (𝑢1

′ 𝑦1
′ + 𝑢2

′ 𝑦2
′ ) − 𝑃𝑦𝑝

′ − 𝑄𝑦𝑝 

         ⇒          𝑦𝑝
′′ + 𝑃𝑦𝑝

′ + 𝑄𝑦𝑝 = 𝑢1
′ 𝑦1

′ + 𝑢2
′ 𝑦2

′ . 

Since 𝑦𝑝 must satisfy: 

𝑦′′ + 𝑃𝑦′ + 𝑄𝑦 = 𝑓(𝑥) 

                                       𝑢1
′ 𝑦1

′ + 𝑢2
′ 𝑦2

′ = 𝑓(𝑥). 

So we have a system of equations: 

𝑢1
′ 𝑦1 + 𝑢2

′ 𝑦2 = 0 

                                                  𝑢1
′ 𝑦1

′ + 𝑢2
′ 𝑦2

′ = 𝑓(𝑥). 

 

Notice 𝑊(𝑦1, 𝑦2) = det |
𝑦1 𝑦2

𝑦1
′ 𝑦2

′ | = 𝑦1𝑦2
′ − 𝑦1

′ 𝑦2. 

 

Then solving these simultaneous equations for 𝑢′1 and 𝑢′2 we get: 

  𝑢1
′ =

1

𝑊(𝑦1, 𝑦2)
(−𝑦2 𝑓(𝑥)) 

𝑢2
′ =

1

𝑊(𝑦1, 𝑦2)
(𝑦1 𝑓(𝑥)). 

 

Since 𝑦𝑝 = 𝑢1𝑦1 + 𝑢2𝑦2,  

𝑦𝑝 = −𝑦1 ∫
𝑦2 𝑓(𝑥)

𝑊(𝑦1, 𝑦2)
𝑑𝑥 + 𝑦2 ∫

𝑦1 𝑓(𝑥)

𝑊(𝑦1, 𝑦2)
 𝑑𝑥. 
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Ex.  Find a particular solution for 𝑦′′ + 𝑦 = cot 𝑥. 

 

 First find 𝑦𝑐 = 𝑐1𝑦1 + 𝑐2𝑦2. 

 The characteristic equation is 𝑟2 + 1 = 0,  so 𝑟 = ±𝑖. 

                              ⇒        𝑦𝑐 = 𝑐1 cos 𝑥 + 𝑐2 sin 𝑥 

                                          𝑦1 = cos 𝑥              𝑦2 = sin 𝑥          (∗) 

                                           𝑦1
′ = − sin 𝑥          𝑦2

′ = cos 𝑥. 

 

                              𝑊(𝑦1, 𝑦2) = det |
𝑐𝑜𝑠𝑥 𝑠𝑖𝑛𝑥

−𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥
| = 1.  

                     

𝑦𝑝 = −𝑦1 ∫
𝑦2 𝑓(𝑥)

𝑊(𝑦1, 𝑦2)
𝑑𝑥 + 𝑦2 ∫

𝑦1 𝑓(𝑥)

𝑊(𝑦1, 𝑦2)
 𝑑𝑥 

                         

                                                      = −𝑐𝑜𝑠𝑥 ∫ 𝑠𝑖𝑛𝑥(𝑐𝑜𝑡𝑥)𝑑𝑥 + 𝑠𝑖𝑛𝑥 ∫ 𝑐𝑜𝑠𝑥(𝑐𝑜𝑡𝑥)𝑑𝑥   

                             = −𝑐𝑜𝑠𝑥 ∫ 𝑐𝑜𝑠𝑥𝑑𝑥 + 𝑠𝑖𝑛𝑥 ∫
cos2 𝑥

𝑠𝑖𝑛𝑥
𝑑𝑥 

 

         ∫
cos2 𝑥

𝑠𝑖𝑛𝑥
𝑑𝑥 = ∫

1−sin2 𝑥

𝑠𝑖𝑛𝑥
𝑑𝑥 = ∫(𝑐𝑠𝑐𝑥 − 𝑠𝑖𝑛𝑥)𝑑𝑥 

                            = − ln|𝑐𝑠𝑐𝑥 + 𝑐𝑜𝑡𝑥| + 𝑐𝑜𝑠𝑥 + 𝐶 

       So we have: 

               𝑦𝑝 = −𝑐𝑜𝑠𝑥(𝑠𝑖𝑛𝑥) − (𝑠𝑖𝑛𝑥) ln|𝑐𝑠𝑐𝑥 + 𝑐𝑜𝑡𝑥| + 𝑠𝑖𝑛𝑥(𝑐𝑜𝑠𝑥)      

                     = −(𝑠𝑖𝑛𝑥)(ln|𝑐𝑠𝑐𝑥 + 𝑐𝑜𝑡𝑥|). 

                      


