Nonhomogeneous Equations: The Methods of Undetermined
Coefficients and Variation of Parameters

Recall that if we know a particular solution, y,,, of a nonhomogeneous equation:
any™ + an 1y + e+ @y’ + agy = f(x)
then the general solution has the form:
Y=Yt W
where Y, is the general solution of the associated homogeneous equation:

a,y™ + -+ ay +ayy = 0.

The method of undetermined coefficients is a way of guessing the form of a
particular solution, y;,, based on what f(x) is. If f(x) is simple enough we

might be able to do that. For example, if f (x) is a polynomial of degree m then
we might guess that ,, is also a polynomial of degree m:

Vp = Apx™ 4+ Aoy x™ 7 4+ Agx 4+ A

We could plug ¥, into the nonhomogeneous equation and try to solve for the

coefficients Ay, ..., Ay, Similarly, if f(x) = a cos kx + b sin kx we might
guess that:

¥p(x) = Acos kx + B sin kx.



Ex. Solve y"' — 5y’ + 6y = 12x + 8.

Here f(x) = 12x + 8, let’s try

Yp =Ax +B
y,pzA
:)lllp=

y" -5y +6y=12x+8
0—5(A4) + 6(Ax + B) = 12x + 8
—5A+6Ax + 6B =12x+8
6Ax + (6B —54) = 12x + 8

64 =12, 6B—5A=8
—A=2, B=3.

Yp = 2x + 3.

General solutionto y'' — 5y’ 4+ 6y = O is:
r’—5r+6=0

r—2)(r-3)=0
r=2,3

Ve = cre?* + c e,

General solutionto y"' — 5y’ + 6y = 12x + 8 is:

Y=Y+ Y, =cre** +ce3* 4+ 2x + 3.



Ex. Find the general solutionto y'' — 3y’ — 4y = 2sint.

f(t) = 2sint, try:
Yp = Asint + Bcost
y', =Acost — Bsint
y'', = —Asint — Bcost
y" =3y’ —4y = 2sint
(—Asint —Bcost) —3(Acost —Bsint) —4(Asint + Bcost) = 2sint

(=54 + 3B)sint + (—5B — 34) cost = 2sint

—5A+3B=2
—3A—-5B =0.
Multiply 2" equation by—gz —5A+3B =2
54+2B =0
¥p=2 aB=2,4=-2.
3 17 17

5 . 3
Soy, = —1—7$1nt+1—7cost.

The general solutionto y"' — 3y’ — 4y = 0O is:
r2—3r—4=0
r—4)r+1)=0 = r=4-1
V. = cre b+ et

The general solutionto y"' — 3y’ — 4y = 2sint is:

_ 5 3
y=cet+ce* —=sint +—=cost.
17 17



Ex. Find a particular solutionto y'" — 3y’ — 4y = 3e?*,

f(x) = 3e%* so let’s guess:

yp = Ae**
y'p = 24e**
y", = 4Ae**

y// . 3y/ _ 4y — 3€2x
44e** — 3(24e%*) — 4(4e?¥) = 3e?*

(44 — 64 — 4A4)e?* = 3e?*

—6Ae?* = 3e%¥
A=-12
2
1
yp — _EBZx

Ex. Find a particular solution to y'' — 9y = 3e3¥,

f(x) = 3e3*, Try:

yp = Ae3*
y'p = 34e3*
y', = 94e3*

y'" — 9y = 3e3¥
9A4e3* — 9A4e3* = 3¢

0 # 3e3*, no matter what A we choose, our guess won’t work!



Let’s try something else:
yp = Axe3*

V' = A(x(3e3%) 4+ e3%) = 34xe3* + Ae3*
vy = 34(x(3e3*) + e3%) + 34e3* = 9Axe’* + 64e3*
Now plugging into the differential equation:

(94xe?* + 64e?*) — 9Axe?* = 3e3¥

(94 — 9A)xe?* + 6Ae?* = 3e3*
A==

1
Yp =5 Xe

Method of Undetermined Coefficients (Rule 1)

If no term appearing in f(x) or in any of its derivatives satisfies the related
homogeneous equation, then take y,, to be a linear combination of all linearly
independent such terms and their derivatives. Then find the coefficients by
substituting y,, into the nonhomogeneous equation.

Notice that in the previous example the solution to the homogeneous problem is:

y'—=9y =0
r2—9=0

(r—3)r+3)=0
r=3,—3

Yo = c,e3* + c,e 3"

So our guess of y, = Ae3* couldn’t work since it’s part of the solution to the
homogeneous equation.



Ex. Solve the initial value problem:

141 53
2y" +3y'+y=t>+3sin(t); y(0)= TR y'(0) = 1o

The characteristic equationis: 2r?+3r+1=20
QRr+1Dr+1) =0,

1
r=—=, -1
2

(-39
= Y. = cie t + et 27,

To find a particular solution we try:
yp = At> + Bt + C + Dsin(t) + Ecos(t)
¥y, = 2At + B + Dcos(t) — Esin(t)
¥y = 2A — Dsin(t) — Ecos(t)

Substituting into the original nonhomogeneous equation we get:

2(2A — Dsin(t) — Ecos(t)) + 3(2At + B + Dcos(t) — Esin(t)) +
(At2 + Bt + C + Dsin(t) + Ecos(t)) = t? + 3sin(t)

At2 + (6A + B)t + (44 + 3B + C) + (=D — 3E) sin(t) + (3D — E)cos (t)
=t + 3 sin(0).

1. A=1 4, —D-3E=3
2. 6A+B =0 5. 3D—E=0
3. 4A+3B+C=0



Substituting eq. 1 into eq. 2 we get B = —6.
SubstitutingA = 1,B = —6intoeq. 3weget C = 14

Multiplying eq. 4 by 3 and adding itto eq. 5 we get E = —110, D = 130.

Thus we have:

2 _ 3 _ 2
Yp = t2 — 6t + 14 — = sin(t) — —cos(t)

y@&) =y +

_1 3 . 9
y =cret+ce 20 + 2 — 6t + 14 — = sin(t) - —cos(t)

et _ L (-2 _e_3 9
y' = —cje S Cae 2 +2t—6 10cos(t)+1osm(t)
y(0)=c1+c2+14—1io=%1 = ci1+c,=1
() = —, — Lo g3 _53 PR
V() =-¢—sc-6-—17=-7 = -0 =1
= C1—_3, C2=4

1
y(t) = —3e~t + 4e 2t + 2 — 6t + 14 — %Sin(t) - %Cos(t).



Ex. Find the form of y,, for y&) + 4y’ = x cos x + xe?*.

The characteristic equation is:
r3+4r =20
r(r?+4)=0
r=0, r=42i.

So, y.(x) = ¢; + ¢, cos 2x + c3 sin 2x.

The function f(x) = xcosx + xe?* and its derivatives involve:
xsinx, xcosx, sinx, cosx, xe?*, and e®*

So we guess that ), has the form:

Yp(x) = Axsinx + B xcosx + Csinx + D cos x + Exe?* + Fe?*,

Method of Undetermined Coefficients (Rule 2)

If a,y™ + ap_ 1y D + -+ a;y’ + agy = f(x) and f(x) can be
written as a sum of B, (x)e"™ cos kx or P,,(x)e"™ sin kx, where P,,(x) is an

mt degree polynomial, then take:

Vp = x°[Ag + Ayx + -+ Ay x™]e™ cos kx
+x5[By + Byx + -+ B,,x™]e"™ sin kx.

Where S is the smallest nonnegative integer such that no term in Yo duplicates a

term in y.(x).



Ex. Find the form of y,, for y"" — 3y" + 3y’ —y = (2x — 3)e”™.

The characteristic equationis: 713 —3r2+3r—1=0
r—1)3=0

Soy. = (c; + cx + c3x?)e”.

We might guess ), has the form: y, = Ae* + Bxe”, but Yp is part of Y.

Thus, if we plugged yp, = Ae* + Bxe”* into the nonhomogeneous
eqution, the LHS would be 0 so we couldn’t find an A, B so that we get

(2x — 3)e”.

By Rule 2 we have to multiply Ae* + Bxe* by x3 so neither term is part
of ¥, = (¢1 + c,x + c3x?)e*. The smallest nonnegative integer that
will work is S = 3. Thus,

yp = x°(Ae* + Bxe*) = Ax3e* + Bx*e™.

Ex. Find a particular solution for y'"' + y'' = 4e* + 12x? + 36x + 18.

The characteristic equation is r3+1r2=0

r’(r+1) =0, = r =0 (doubleroot), r = —1.
Soy.(x) =c; + cox + cze™.
Our first guess for ¥, mightbe: ¥, = Ae* 4+ (B + Cx + Dx?).

However, although Ae”* does not duplicate any terms of
Y, = ¢ + cox + cze™*, B + Cx + Dx? does.
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So we need to multiply B + Cx + Dx? by x° so that there is no
duplication with ¢; + ¢, x. The smallest s that will workis s = 2.

vy, = Ae* + Bx* + Cx> + Dx*

yp' = Ae* + 2Bx + 3Cx* + 4Dx?
yy" = Ae* + 2B + 6Cx + 12Dx?
V" = Ae* + 6C + 24Dx

Now substitute in y'"' + y"" = 4e* + 12x? + 36x + 18:

(Ade* + 6C + 24Dx) + (Ade* + 2B + 6Cx + 12Dx?) = 4e* + 12x% + 36x + 18
24e* + (6C + 2B) + (24D + 6C)x + 12Dx? = 4e* + 12x% + 36x + 18

2A = 4, 6C + 2B =18
24D + 6C = 36, 12D = 12.

= A=2 B=3 C=2, D=1.

So we can write: ¥, = 2e* + 3x* 4 2x> + x*.

General solution:

Y=Ye+ Y, =c1+x +cze™ 4+ 2e¥ + 3x% 4+ 2x3 4+ x*.



Ex. Find the form of y,, for y" + 4y’ + 13y = —2e~** sin 3x.

The characteristic equation is 7% + 4r + 13 = 0.

= r=—21% 3i.
Y. = e”?*(cq cos 3x + ¢, sin 3x).

This is the same as the first guess we might make at y;,
Yp = € ?*(A cos 3x + B sin 3x).
To eliminate duplication, multiply by x:

Yp = € ?*(Ax cos 3x + Bx sin 3x).

Variation of Parameters

For an equation like y"' + y = cot x, we can’t use undetermined coefficients

because f(x) = cot x has infinitely many linearly independent derivatives.

Variation of parameters is a method that, in principle, can be used to solve any
nonhomogeneous linear differential equation of the form:

Y™+ ppg )y 4+ p (Y + po(X)y = f(x)

however, the method can give rise to integrals that could be difficult to evaluate.

Let'strytosolve y'' + P(x)y' + Q(x)y = f(x), with
Ve = €1Y1(x) + ¢y, (x).

11
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We want to find two functions, 14 (x), U, (x) such that:

Vp = ug (0)y1(x) + upy (x)y, (x).

So we have to find 1y (x), u, (x) so that y, satisfies:

y'+Px)y' +Q(x)y = f(x).

Since we have two functions, 14 (x), U, (x), we can satisfy two conditions. The
first condition is that:

Yy + P(X)y, + Q(x)y, = f(x).

We will use the second condition to simplify the calculation.
Since yp' = u,y; + U1y, + Uy y5 + U5y, the second condition will be:
! ! _
w1y, +uyy, =0

sothat 1, and U,'’ don’t appear when we take yp”.

So we have:
Vp = WY1 + UzYz

Vo = (u1y1 +uxy;) + (uiys +uyys).

Both y; and Yy, satisfy the homogeneous equation:
y'+ Py +Qx)y =0
50 yi = —Py1—Qy
Y2 =—Py; — Q2.



Thus we have,
Yp = iy +uzy2) — P(uiyr + uzyz) — Q(uryr + uzy2)
Yp = (yr +uzy2) — Pyp — Qp
= Yy TPy, +Qyy = uiy1 + uzy;.
Since Y must satisfy:
y'+Py' +Qy = f(x)
uy1 + uzyz = f(x).

So we have a system of equations:
Uy, +uzy, =0
uy1 +upy; = f(x).

Notice W (y4,y,) = det |§}
1

= V1¥2 — Y1V2.

Then solving these simultaneous equations for u'1 and u'z we get:

uZ’l W( 1, 2)( yZ f(X))
=755 0 1)
Since ¥, = U1Y1 + UY2,
Yo = —V1 y2 f(x) dx + y1 f(x) dx.

W (y1,¥2) 2 ) W)



Ex. Find a particular solution for y'' + y = cotx.

First find Ye = C1YV1 + CrY>.

The characteristic equationisr? + 1 =0, sor = +i

= Yo = €1 COSX + CySinx

Y1 = COSX y, = sinx (%)
!

y; = —sinx Y5 = COS X.

cosSXx Sinx
W (ys,y,) = det| : | = 1.
1, y2) —sinx cosx

_ y2 f(x) y1 f(x)
M = ! W1, ¥2) dx+y, W(y1,¥2) dx

—cosx [ sinx(cotx)dx + sinx [ cosx(cotx)dx

2
. C X
—cosx [ cosxdx + sinx [

os
sinx

dx

cos? x 1-sin? x .
] ——dx = [ ——dx = [(csex — sinx)dx
= —In|cscx + cotx| + cosx + C
So we have:
Vp =

—cosx(sinx) — (sinx) In|cscx + cotx| + sinx(cosx)

—(sinx)(In|cscx + cotx]).
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