The Derivative of a Complex Function

Def. Letw = f(Z) be a single valued function defined in a domain D € C. We
define the derivative of f (z) atzo € D, f'(zg) as

f’(ZO) — lim f(@)—f(z0)

Z—-2Zg Z—Z
if this limit exists.

Alternatively, we could define f(zg) as

’ . h)—
f (ZO) — }ll_r)r(l)f(zo-l_ })l f(ZO)

if this limit exists. However, note that h can be thought of as any sequence of
complex numbers approaching 0.

Def. A single valued function is said to be analytic, or holomorphic, or regular, in
a domain D if it has a derivative at every pointin D.

Def. A function is said to be analytic (or holomorphic, or regular) at a point

zo € D, if f(2) is analytic in any neighborhood of z,.

Def. A function that is anayltic/holomorphic/regular at every point Z € C is
called an entire function.



As with real valued functions:

Theorem: If f(Z) has a derivative at a point Z, then f(Z) is continuous at z,.

Proof: le_glo(f(z) — f(zp)) = ZILI?O[(M) (z — 20)]

Z—Z\
= f'(2o) Zli_glo(z — Zp)]
= 0.
= lim [ = ()

So f(z) is continuous at Z.

Thus differentiable at z, implies continuous at z,, but continuous at z, does not
imply differentiable at z,.

Ex. Prove that f(Z) = Z is continuous everywhere, but not differentiable
anywhere.

To prove f(Z) = Z is continuous everywhere we must show that for all
€ > 0 there existsa & > 0 such thatif |z — zy| < & then |Z -Zy| < €.

Since |[w| = |W|
1z — 2ol = |Z2=2| = |Z — Z|, so
choose § = €.
Then |z — zy| < 6 = €.
But |z—2zgl =|Z—Zg|so |Z-Zy| < €.

Thus f(Z) = Z is continuous everywhere.



Now let's show that f (zo) = }zin(l) f(ZO"'h})l—f(Zo)

doesn't exist for any Z.

llm f(ZO'l'h) f(ZO) 1 M — 11

If we let h approach 0 along the real axis, thatis h = x, x € R, then h = h.

h . _h
Thus }ll_%ﬁ ;ll_r)rcl) = 1 along that path.

If we let h approach 0 along the imaginary axis, thatis h = yi, y € R, then
h = —h.

h . —h
Thus ll_r)r(l)ﬁ = }ll_rf(l)T = — 1 along that path.

Hence hm f(Z0+h)_f(Z0)
h—-0 h
different paths as h goes to 0.

doesn’t exist because we get different values with

Thus f(z) = Z is not differentiable anywhere.

Theorem: Let f(z) = ¢, g(z) = z, then

a. fl(z)=0
b. g'(z)=1

This follows directly from the definition of a derivative.



As with functions of one real variable we have the following differentiation rules:

Theorem: Letw = f(z) and w = g(z) be differentiable at z € C, then

1L (f@19@) =f(2)*g(

(f(z)g(z))’ = f(2)9'(z) + g(2)f'(z) (product rule)

f (Z)) _9g@f @—f (Z)g '(2)
G (9(@®)°

(quotient rule).

Theorem (chain rule): If f(z) is differentiable in a neighborhood of z, € D, and
g(2) is differentiable in a neighborhood of f(zy) andw = g(f(z)) then

E =9 (f(Zo))f (zo)-
d
x. If w=(22° + 2+ 1) then =~ = 10(27° + 7 + 1) (622 + 1).

Theorem: if f(z) = e%, then f'(2) = eZ.

Proof: f'(z) = ;lin”(l) f(Z+h})l_f(Z)

o elzth) _pz

= lim——
h—0 h

= Jim £¢=D
h—0 h

h—1+h+ + +---; s0

2
h—1=h+h—+h—+---=h(1+£+h—+---)
2! 3! 2! 3!



/ . ef(eh-1)
f(2) = lim —=—

2
h,h
h-0 h

= eZ,

Note: We are “cheating” a bit here because we don’t know yet that the above
power series calculations are “legitimate”.

Since trig functions and hyperbolic functions are defined in terms of the function
e, we can now find their derivatives using the derivative rules.

Theorem:  (sin(z))’ = cosz, (cos(z))’ = —sinz.

d d (eZ—e~iZ
Proof: — (sinz =—(—)
dz( ) dz 21

_ 1. iz : —iz
_Z_i(le + le )
ew+e—w
=  ———— = (C0S~Z.
2
d d [(eZ+e”iZ
—(cosz) = —|—
dz dz 2

= %(ieiz — ie‘iz)

em_e—w )
= —T= —Sinz.



Since (sin(z))' = cosz, (cos(z))’ = —sinz, we can get the derivatives of
the other trig functions using the derivative rules:

d d
= (tanz) = sec?z, - (cscz) = —(cscz)(cotz),

d d
E(cotz) = —csc?z E(secz) = (secz)(tanz).

Given that sinh(z) = ez_ze_z and cosh(z) = ez+ze_z-

d , . d (e?—e™2 e?+e %

E(smh(z)) = E( - ) = —,— = cosh(z)

4 (cosh(2)) = a ("’Z+e_z) _eme” _ sinh(z)

dz dz 2 2 '

We can now use the derivative rules to find:

= (tanh(z)) = sech?(z) = (csch(z)) = —(csch(2)) (coth(2))

%(COth(Z)) — —csch?(2) %(seCh(Z)) = —(sech(z))(tanh(2)).



Ex. Where are the following functions differentiable?

Z+2
> b. secz
zZ“+9
. P(z) . .
a. The derivative of R(z) = 200" defined for all z such that Q (z) # 0.
In this case, where z% + 9 = 0.
z24+9=0
(z+3i)(z—-3i)=0
z==3i
Z+2 .
So ——is differentiable for all z € C such that z # +3i.
Z“+9
b 1 1 . 2
. S€CZ = cosz  elZ+e~iz ~ pizy =iz
2

So the domain of secz is all z € C such that e'Z + e~ % 0.
e? +e % =0

e?”4+1=0
ez = —1 = g(mi+2mn) = 0,41, 42, ..

2iz = (2n + Dmi

2n+1
, = @t
2

TT, n=20,41,+2,..

So the domain of secz is all Zz € C such that
2
2z E D0 = 0,41, +2, ...

d
We also know that — (secz) = (secz)(tanz). This is defined for all
Z such that cosz # 0 (the same domain as secz). So the derivative of
@t o n=0,+1,+2, ...

secz exists for all z € C such that z #



