The Convolution Theorem

The Dirac Delta Function

The Dirac Delta function is a very unusual, but u

seful function.
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If we take the Fourier transform of A(x, €) we get:

Ak, e) = ffooo A(x, €)e™ ™ dx
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Def. The Dirac Delta Function is defined as

o(x) = Lllr)% A(x, €).

So 8 (x) is infinite at x = 0 and zero for x # 0.

& (x — xy) is infinite at X = x and zero for X # X,.

By f_oooo 6(x — xp)dx = fjooo lim A(x — x, €) dx, we will mean

llmf A(x — xy,€)dx. Hence we have:
€—~>0""

f_oo 5(x — xg)dx = llm fx°+EA(x — X, €)dx

X=Xg+€

+e 1 1
= lim fxo ‘—dx = lim—x =1.

And if f(x) is contiuous,
J5, 8Ge = xo)f )dx = [, lim A(x — xo, €) f (x)dx

= lim [ ACx = xp,€)f (x)dx

= lim 25 ACx = xo, €)f (x)dx
=lim o [ FGOdx = f(xo). ()

The last equality comes from the fundamental theorem of calculus (FTC). If
X
F(o) = [y f(Ddt

then the LHS of (*) above is just F' (xy) and by the FTC equals f (xg).



In particular, if £ (x) = e~** then f(0) = 1 and we get:
§(k) = [ 8(x)e **dx

= e—ik(O) = 1.

To solve differential equations and partial differential equations using Fourier
transforms we need the following very useful relationship between the Fourier

transform of f'(x) and the Fourier transform of f(x).

fiiy = [, f'(x)e”**dx

Now integrate by parts: u = e~ ¥ v=f(x)

du = —ike tk* dv = f'(x)dx

fiioy = ek feo)| " +ik [7 fO)e " dx.

Since we have assumed that lim f(x) = 0, we have:

X—>=+oco

f1l) =ik [, f(x)e™*¥dx
ie. f'(k) = (ik)fk).

Repeating this argument gives us:

f® (k) = (ik)"f (k).



Another important relationship of Fourier transforms comes from the following:

Def. The convolution of f(x) and g(x) is defined to be:
F*g)) =[_flx-wgwdu=["_ fwglx—uw)du
= (g * )

To get the middle equality let w = x — u and dw = —du.

Notice that if we have the graph of a function y = f(u), then the graph of

y = f(—u) the reflection of this graph about the y axis. Thus the graph of
y = f(x — w) is the translation of the graph of y = f(—u) by x units to the
right.

Ex. Let f(x) =10, if 4 < x < 7 and zero otherwise and g(x) = 5, if
0 < x < 2 and zero otherwise. Find (f * g)(x).
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Notice thatif x < 4orx>9, f(x —u)g(u) = 0. When4 < x < 9 we have:

(f * 9 () = [[=7""50du = 50x — 200, if4<x<6

u=

(f * 9)(x) = [1= 50du = 100, if6<x<7

(f*9)(x) = [=° . 50du=450—50x, if7<x<09.
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The Convolution Theorem: f * g(k) = f(k)g(k).

Proof:

Frgl)= [ (J flx —wgwdu)e **dx
= 2 [° flx —wg(we **dudx
=7 7 flx—w)gue kue~ k=0 dydy

Nowletw = x —u

= 2 12 fw) g e " e dudw
= fjooog(u)e—ikudu f_oooof(u) e—ik(w)dw
= fUg k).
Thus we have the following relationship between the inverse Fourier transform of

fk)g (k) and (f = g) (x):

L[ FUgUe™dk = (f * g)(x).



Ex. Let f(x) =1if =1 < x < 1 and 0 otherwise. Show the convolution theorem
is satisfied for g(x) = f(x) by calculating each side. That is, show that

f*Fto =Fdo (fo).

Let’s start by calculating f (k).

flky = [ f(x)e ™ dx = [ e~k¥ dx

=:( ' )e ikx
—ik

(f =) = [ faf(x —wdu

= é(e”‘ — e~ k) = %sin (k).

x=-1

fu=x+1

(f*f)(x)=f_11f(x—u)du= S, ldu=x+2 if-2<x<0

u=

(f * Hx) = f_llf(x — u)du=f5:_11+x ldu=2—-x if 0<x<2

(f*fx) =0 if x| > 2.

Thus we have:
Frf) = [2,(f * a)e " dx
= f_oz(x + 2)e ¥ dx + fOZ(Z — x)e " tkx gy,
In the second integral make the substitution v = —x, dv = —dx.

= f_oz(x + 2)e ¥ dx — fO_Z(Z + v)e*Vdy



= f_oz(x +2)e *¥dx + f_OZ(Z + v)e*dv.
Now replace v with x in the second integral to get:

_ (0 —ikx ikx

= J_,(x+2)(e + e dx

= f_oz(x + 2)(2coskx)dx.

Now integrate by parts with u = (x + 2) and dv = 2 cos(kx) dx.

= % (1 — cos2k) = %Sinz(k) = f (k) (f(k))

Ex. Solve the following differential equations using Fourier transforms:

d4u 2 dzu 4 _ .
~ 2w 2T W u=f(x); w>0and

xl_l)rinoo u(x) = 0.

Recall that when we take the Fourier transform (FT) of a derivative of a function

we get: FM (k) = (ik)"f (k).
Sowe have: = (ik)*U(k) = k*T(k); where U (k) is the FT of u(x).
AZu . oo .
and  Th = (ik)?0(k) = —k*T(k).

So when we take the FT of both sides of the differential equation we get:
kK40 (k) + 2w2k20 (k) + w*U (k) = F(k)
where F (k) is the FT of f(x).



Factoring out the U (k) we get:
(k* + 2w?k? + whU (k) = F(k)
(k? + w?)2U(k) = F(k)
_F

DGy = 0
2 (k2+W2)

With a straight forward calculation it can be shown that if

then g(x), the inverse FT of G (k) is given by

g(0) = 5 (1 + wlxe !

So if we think of U(k)=F (k)G (k)
we know that ulx) =(( *g)(x)
u(x) = gz [0, (1 + whe — uDe ¥ (w)du

where u(x) is a solution to the original differential equation.

Notice that if f(x) = &(x) in the last example we would get:

U(k)=6(k)G (k) = G(k), since (k) = 1.

1 (oo 1
Thus we have: u(x) = —
( ) 2m 7= (k24+w?2)2

eikxdk

= -5 (1 +wixhe ™ = g(x).



