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                                               Fourier Transforms 

 

     The Fourier transform of a real valued function 𝑓(𝑥) is another function called 

�̂�(𝑘) (where 𝑘 is a real variable) given by: 

                                      �̂�(𝑘) = ∫ 𝑓(𝑥)𝑒−𝑖𝑘𝑥𝑑𝑥
∞

−∞
     

     The inverse Fourier transform of a function �̂�(𝑘) is given by: 

                                     𝑓(𝑥) =
1

2𝜋
∫ �̂�(𝑘)𝑒𝑖𝑘𝑥𝑑𝑘

∞

−∞
 

 

     It turns out that at points where 𝑓(𝑥) is continuous the above equation holds 

(i.e. the inverse Fourier transform of the Fourier transform of 𝑓(𝑥) equals 𝑓(𝑥)).  

At points where 𝑓(𝑥) is discontinuous, say 𝑥0, we have: 

          lim
𝜖→0

1

2
( 𝑓(𝑥0 + 𝜖) + 𝑓(𝑥0 − 𝜖)) =

1

2𝜋
∫ �̂�(𝑘)𝑒𝑖𝑘𝑥0𝑑𝑘

∞

−∞
. 

That is,  the RHS converges to the average of the limit of 𝑓(𝑥) from the right and 

from the left.  We will assume that  𝑓(𝑥) has at most a finite number of 

discontinuities, lim
𝑥→±∞

𝑓(𝑥) = 0 and ∫ |𝑓(𝑥)|𝑑𝑥
∞

−∞
,    ∫ |𝑓(𝑥)|2𝑑𝑥

∞

−∞
 exist. 

 

     The Fourier transform (on a finite interval) at integer values of 𝑥 shows up as 

the coefficients of a function’s Fourier series.  That is, if you have a function 𝑓(𝑥) 

defined on (−𝐿, 𝐿), we can extend it as a periodic function of period 2𝐿 and the 

Fourier series (which we will not be studying here) of that function is: 

                                          𝑓(𝑥) = ∑ �̂�(𝑛)𝑒(
𝑛𝜋𝑥𝑖

𝐿
)𝑛=∞

𝑛=−∞     

                          where    �̂�(𝑛) =
1

2𝐿
∫ 𝑓(𝑥)𝑒−(

𝑖𝑛𝜋𝑥
𝐿

)𝑑𝑥
𝐿

−𝐿
 .     
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Ex.  Compute the Fourier transform, �̂�(𝑘), of 𝑓(𝑥) =
1

𝑥2+4
 and show that  

𝑓(𝑥) =
1

2𝜋
∫ �̂�(𝑘)𝑒𝑖𝑘𝑥𝑑𝑘

∞

−∞
  where   �̂�(𝑘) = ∫

1

𝑥2+4
𝑒−𝑖𝑘𝑥𝑑𝑥

∞

−∞
.      

 

First let’s calculate �̂�(𝑘) = ∫
1

𝑥2+4
𝑒−𝑖𝑘𝑥𝑑𝑥

∞

−∞
.  We will do this through 

contour integration when 𝑘 ≠ 0 , however, we will need to consider separately 

the cases where 𝑘 < 0 and 𝑘 > 0. 

Case 1:  𝑘 < 0.   Then −𝑘 > 0.  This determines which semicircular region we 

integrate around (upper half plane or lower half plane).  In this case we use the 

semicircular region in the upper half plane . 

𝐶 = 𝐶𝑅 + [−𝑅, 𝑅]   

 

 

 

 

 

 

 

lim
𝑅→∞

∮
1

𝑧2 + 4
𝑒−𝑖𝑘𝑧𝑑𝑧 = lim

𝑅→∞
[∫

1

𝑧2 + 4
𝑒−𝑖𝑘𝑧𝑑𝑧 + ∫

1

𝑥2 + 4
𝑒−𝑖𝑘𝑥𝑑𝑥]

𝑅

−𝑅𝐶𝑅𝐶

. 

 

lim
𝑅→∞

∫
1

𝑧2+4
𝑒−𝑖𝑘𝑧𝑑𝑧

𝐶𝑅
= 0 by Jordan’s lemma (this is why we chose the upper 

half plane), since 
1

𝑧2+4
 is a rational function where the degree of the denominator 

is larger than the degree of the numerator, it goes to 0 uniformly as 𝑅 goes to 

infinity. 
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     So now we have: 

lim
𝑅→∞

∮
1

𝑧2+4
𝑒−𝑖𝑘𝑧𝑑𝑧 = lim

𝑅→∞
∫

1

𝑥2+4
𝑒−𝑖𝑘𝑥𝑑𝑥 = ∫

1

𝑥2+4
𝑒−𝑖𝑘𝑥𝑑𝑥

∞

−∞

𝑅

−𝑅𝐶
.  

 

We can evaluate the integral on the LHS by Cauchy’s residue theorem. 

lim
𝑅→∞

∮
1

𝑧2 + 4
𝑒−𝑖𝑘𝑧𝑑𝑧 = 2𝜋𝑖(𝑠𝑢𝑚 𝑜𝑓 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠 𝑜𝑓 𝑝𝑜𝑙𝑒𝑠 𝑖𝑛𝑠𝑖𝑑𝑒 𝐶)

𝐶

 

 

1

𝑧2+4
𝑒−𝑖𝑘𝑧 has poles at 𝑧 = ±2𝑖, but only 𝑧 = 2𝑖 is inside 𝐶.  

 

𝑅𝑒𝑠 (
1

𝑧2+4
𝑒−𝑖𝑘𝑧; 2𝑖) = lim

𝑧→2𝑖
(𝑧 − 2𝑖) (

𝑒−𝑖𝑘𝑧

(𝑧−2𝑖)(𝑧+2𝑖)
) =

𝑒−𝑖𝑘(2𝑖)

(2𝑖+2𝑖)
=

𝑒2𝑘

4𝑖
   

So  

∫
1

𝑥2 + 4
𝑒−𝑖𝑘𝑥𝑑𝑥

∞

−∞

= lim
𝑅→∞

∮
1

𝑧2 + 4
𝑒−𝑖𝑘𝑧𝑑𝑧 = 2𝜋𝑖(

𝐶

𝑒2𝑘

4𝑖
) =

𝜋

2
𝑒2𝑘  

 

 Thus      �̂�(𝑘) =
𝜋

2
𝑒2𝑘,    if 𝑘 < 0. 

 

Case 2:  If 𝑘 > 0,  then −𝑘 < 0, so we need to use the semicircular region in the 

lower half plane in order to use Jordan’s lemma. 
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lim
𝑅→∞

∮
1

𝑧2+4
𝑒−𝑖𝑘𝑧𝑑𝑧 = lim

𝑅→∞
[∫

1

𝑧2+4
𝑒−𝑖𝑘𝑧𝑑𝑧 + ∫

1

𝑥2+4
𝑒−𝑖𝑘𝑥𝑑𝑥].

−𝑅

𝑅𝐶𝑅𝐶
  

 

Now by Jordan’s lemma (as used in the first part)  

lim
𝑅→∞

∫
1

𝑧2 + 4
𝑒−𝑖𝑘𝑧𝑑𝑧 = 0

𝐶𝑅

 

and lim
𝑅→∞

∮
1

𝑧2+4
𝑒−𝑖𝑘𝑧𝑑𝑧 = lim

𝑅→∞
∫

1

𝑥2+4
𝑒−𝑖𝑘𝑥𝑑𝑥 = − ∫

1

𝑥2+4
𝑒−𝑖𝑘𝑥𝑑𝑥

∞

−∞

−𝑅

𝑅𝐶
.  

 

 

lim
𝑅→∞

∮
1

𝑧2 + 4
𝑒−𝑖𝑘𝑧𝑑𝑧 = 2𝜋𝑖(𝑠𝑢𝑚 𝑜𝑓 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠 𝑜𝑓 𝑝𝑜𝑙𝑒𝑠 𝑖𝑛𝑠𝑖𝑑𝑒 𝐶)

𝐶

. 

 

    
1

𝑧2+4
𝑒−𝑖𝑘𝑧 has poles at 𝑧 = ±2𝑖, but only 𝑧 = −2𝑖 is inside 𝐶. 

𝑅𝑒𝑠 (
1

𝑧2+4
𝑒−𝑖𝑘𝑧; −2𝑖) = lim

𝑧→−2𝑖
(𝑧 + 2𝑖) (

𝑒−𝑖𝑘𝑧

(𝑧−2𝑖)(𝑧+2𝑖)
) =

𝑒−𝑖𝑘(−2𝑖)

(−2𝑖−2𝑖)
=

𝑒−2𝑘

−4𝑖
 .   

 

So we have: 

∫
1

𝑥2 + 4
𝑒−𝑖𝑘𝑥𝑑𝑥

∞

−∞

= −lim
𝑅→∞

∮
1

𝑧2 + 4
𝑒−𝑖𝑘𝑧𝑑𝑧 = −2𝜋𝑖(

𝐶

𝑒−2𝑘

−4𝑖
) =

𝜋

2
𝑒−2𝑘 

 

Thus      �̂�(𝑘) =
𝜋

2
𝑒−2𝑘,    if 𝑘 > 0.  

 

Putting this together with the result  �̂�(𝑘) =
𝜋

2
𝑒2𝑘,    if 𝑘 < 0, we get: 

         �̂�(𝑘) =
𝜋

2
𝑒−2|𝑘|;    for 𝑘 ≠ 0. 
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If 𝑘 = 0,   ∫
1

𝑥2+4
𝑑𝑥

∞

−∞
 can be computed directly by:  

 

∫
1

𝑥2+4
𝑑𝑥

∞

−∞
= lim

𝑎→−∞
∫

1

𝑥2+4
𝑑𝑥 + lim

𝑏→∞
∫

1

𝑥2+4
𝑑𝑥

𝑏

0

0

𝑎
  

               =
1

4
[ lim

𝑎→−∞
∫

1

1+(
𝑥

2
)2

𝑑𝑥 + lim
𝑏→∞

∫
1

1+(
𝑥

2
)2

𝑑𝑥]
𝑏

0

0

𝑎
;   now let 𝑢 =

𝑥

2
   

                  =
1

2
[ lim

𝑎→−∞
∫

1

1+(𝑢)2 𝑑𝑢 + lim
𝑏→∞

∫
1

1+(𝑢)2 𝑑𝑢]
𝑏

2
0

0
𝑎

2

=
1

2
(

𝜋

2
+

𝜋

2
) =

𝜋

2
 

.  

 

 

So     �̂�(𝑘) =
𝜋

2
𝑒−2|𝑘|;    𝑘 ∈ ℝ. 

 

Now let’s show:      
1

𝑥2+4
=

1

2𝜋
∫ �̂�(𝑘)𝑒𝑖𝑘𝑥𝑑𝑘

∞

−∞
=

1

2𝜋
∫ 𝑒𝑖𝑘𝑥(

𝜋

2
𝑒−2|𝑘|)𝑑𝑘

∞

−∞
.  

 

1

2𝜋
∫ 𝑒𝑖𝑘𝑥(

𝜋

2
𝑒−2|𝑘|)𝑑𝑘

∞

−∞

=
1

2𝜋
∫ 𝑒𝑖𝑘𝑥(

𝜋

2
𝑒2𝑘)𝑑𝑘

0

−∞

+
1

2𝜋
∫ 𝑒𝑖𝑘𝑥(

𝜋

2
𝑒−2𝑘)𝑑𝑘

∞

0

 

                              

                                                 =
1

4
[∫ 𝑒(2+𝑖𝑥)𝑘𝑑𝑘

0

−∞
+ ∫ 𝑒(−2+𝑖𝑥)𝑘𝑑𝑘]

∞

0
  

 

                                           =
1

4
[

𝑒(2+𝑖𝑥)𝑘

2+𝑖𝑥
|

𝑘=−∞

𝑘=0

+
𝑒(−2+𝑖𝑥)𝑘

−2+𝑖𝑥
|

𝑘=0

𝑘=∞

  

 

                                           =
1

4
[(

1

2+𝑖𝑥
− 0) + (0 −

1

−2+𝑖𝑥
)]  

                                                                                        =
1

4
(

1

2+𝑖𝑥
−

1

−2+𝑖𝑥
) =

1

4
(

−4

−4−𝑥2) =
1

4+𝑥2 . 
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Ex.  Find the Fourier transform, �̂�(𝑘), of :   𝑓(𝑥) = 1       0 ≤ 𝑥 ≤ 1 

                                                                              = 0     𝑥 < 0  𝑜𝑟  𝑥 > 1 

       And then find the inverse Fourier transform of �̂�(𝑘). 

 

�̂�(𝑘) = ∫ 𝑓(𝑥)𝑒−𝑖𝑘𝑥𝑑𝑥 = ∫ 𝑒−𝑖𝑘𝑥𝑑𝑥 =
1

0

∞

−∞

𝑒−𝑖𝑘𝑥

−𝑖𝑘
|

𝑥=0

𝑥=1

 

                �̂�(𝑘) =
𝑖

𝑘
(𝑒−𝑖𝑘 − 1). 

Now let’s evaluate the inverse Fourier transform of  �̂�(𝑘). 

𝑔(𝑥) =
1

2𝜋
∫ �̂�(𝑘)𝑒𝑖𝑘𝑥𝑑𝑘

∞

−∞

=
1

2𝜋
∫

𝑖

𝑘
(𝑒−𝑖𝑘 − 1)𝑒𝑖𝑘𝑥𝑑𝑘

∞

−∞

 

                           =
𝑖

2𝜋
∫

1

𝑘
(𝑒𝑖(𝑥−1)𝑘 − 𝑒𝑖𝑘𝑥)𝑑𝑘

∞

−∞
.  

 

Let’s break this up into 2 integrals. 

Let's evaluate 
𝑖

2𝜋
∫

𝑒𝑖(𝑥−1)𝑘

𝑘
𝑑𝑘

∞

−∞
 first.    

Case 1:    𝑥 − 1 > 0.  The integrand has a pole at 𝑘 = 0, so let’s use a contour 

integral with 2 semicircles: 

                                                                                 𝐶 = 𝐶𝑅 + [−𝑅, −𝜖] + 𝐶𝜖 + [𝜖, 𝑅] 
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lim
𝑅→∞,𝜖→0

∮
𝑒𝑖(𝑥−1)𝑧

𝑧
𝑑𝑧

𝐶
  

   = lim
𝑅→∞,𝜖→0

[∫
𝑒𝑖(𝑥−1)𝑧

𝑧
𝑑𝑧 + ∫

𝑒𝑖(𝑥−1)𝑘

𝑘
𝑑𝑘 + ∫

𝑒𝑖(𝑥−1)𝑧

𝑧
𝑑𝑧 + ∫

𝑒𝑖(𝑥−1)𝑘

𝑘
𝑑𝑘

𝑅

𝜖𝐶𝜖

𝜖

−𝑅𝐶𝑅
]. 

 

lim
𝑅→∞

∮
𝑒𝑖(𝑥−1)𝑧

𝑧
𝑑𝑧

𝐶𝑅
= 0 by Jordan’s lemma because 𝑥 − 1 > 0, and 

1

𝑧
 is a 

rational function whose denominator has a higher degree than its numerator so it 

converges uniformly to 0 as 𝑅 goes to infinity. 

 

To evaluate  lim
𝜖→0

∫
𝑒𝑖(𝑥−1)𝑧

𝑧
𝑑𝑧

𝐶𝜖
 ;  

               let 𝑧 = 𝜖𝑒𝑖𝜃,    𝑑𝑧 = 𝑖𝜖𝑒𝑖𝜃𝑑𝜃  

 

lim
𝜖→0

∫
𝑒𝑖(𝑥−1)𝑧

𝑧
𝑑𝑧

𝐶𝜖
 = lim

𝜖→0
∫

𝑒𝑖(𝑥−1)𝜖𝑒𝑖𝜃

𝜖𝑒𝑖𝜃

0

𝜋
𝑖𝜖𝑒𝑖𝜃𝑑𝜃  

                                 = lim
𝜖→0

𝑖 ∫ 𝑒𝑖(𝑥−1)𝜖𝑒𝑖𝜃0

𝜋
𝑑𝜃 = 𝑖 ∫ lim

𝜖→0
𝑒𝑖(𝑥−1)𝜖𝑒𝑖𝜃

𝑑𝜃
0

𝜋
  

                                 = 𝑖 ∫ 1𝑑𝜃 = −𝜋𝑖
0

𝜋
.        

Note:  we can pass the lim
𝜖→0

  through the integral sign because 𝑒𝑖(𝑥−1)𝜖𝑒𝑖𝜃
  

converges to 1 uniformly as 𝜖 goes to 0. 

    

So we have: 

lim
𝑅→∞,𝜖→0

∮
𝑒𝑖(𝑥−1)𝑧

𝑧
𝑑𝑧

𝐶
= −𝜋𝑖 + ∫

𝑒𝑖(𝑥−1)𝑘

𝑘
𝑑𝑘

∞

−∞
.   
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lim
𝑅→∞,𝜖→0

∮
𝑒𝑖(𝑥−1)𝑧

𝑧
𝑑𝑧 =

𝐶
 2𝜋𝑖(𝑠𝑢𝑚 𝑜𝑓 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠 𝑜𝑓 𝑝𝑜𝑙𝑒𝑠 𝑖𝑛𝑠𝑖𝑑𝑒 𝐶) 

 

But there are no poles inside 𝐶 so 

lim
𝑅→∞,𝜖→0

∮
𝑒𝑖(𝑥−1)𝑧

𝑧
𝑑𝑧 = 0

𝐶
 .  

 

Thus:     0 = −𝜋𝑖 + ∫
𝑒𝑖(𝑥−1)𝑘

𝑘
𝑑𝑘

∞

−∞
  and    

𝑖

2𝜋
∫

𝑒𝑖(𝑥−1)𝑘

𝑘
𝑑𝑘

∞

−∞
= (

𝑖

2𝜋
) 𝜋𝑖 = −

1

2
       for 𝑥 − 1 > 0   𝑜𝑟 𝑥 > 1. 

 

Case 2:   If 𝑥 − 1 < 0;  i.e.  𝑥 < 1,  a very similar argument using the analogous 

contour but in the lower half plane we get: 

𝑖

2𝜋
∫

𝑒𝑖(𝑥−1)𝑘

𝑘
𝑑𝑘

∞

−∞
=

1

2
         for   𝑥 < 1 . 

 

Now let’s evaluate the second integral:       
𝑖

2𝜋
∫

𝑒𝑖𝑘𝑥

𝑘
𝑑𝑘

∞

−∞
. 

Again we need to consider 2 cases: when 𝑥 > 0  and when 𝑥 < 0. 

Case 1:  𝑥 > 0;  we use the contour with 2 semicircles in the upper half plane. 
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Once again we have: 

lim
𝑅→∞,𝜖→0

∮
𝑒𝑖𝑥𝑧

𝑧
𝑑𝑧

𝐶
  

            = lim
𝑅→∞,𝜖→0

[∫
𝑒𝑖𝑥𝑧

𝑧
𝑑𝑧 + ∫

𝑒𝑖𝑥𝑘

𝑘
𝑑𝑘 + ∫

𝑒𝑖𝑥𝑧

𝑧
𝑑𝑧 + ∫

𝑒𝑖𝑥𝑘

𝑘
𝑑𝑘

𝑅

𝜖𝐶𝜖

𝜖

−𝑅𝐶𝑅
].  

 

 lim
𝑅→∞

∫
𝑒𝑖𝑥𝑧

𝑧
𝑑𝑧

𝐶𝑅
= 0 by Jordan’s lemma because 𝑥 > 0, and 

1

𝑧
 is a rational 

function whose denominator has a higher degree than its numerator so it 

converges uniformly to 0 as 𝑅 goes to infinity.  

 

To evaluate  lim
𝜖→0

∫
𝑒𝑖𝑥𝑧

𝑧
𝑑𝑧

𝐶𝜖
 ;  

                    let 𝑧 = 𝜖𝑒𝑖𝜃,    𝑑𝑧 = 𝑖𝜖𝑒𝑖𝜃𝑑𝜃  

 

lim
𝜖→0

∫
𝑒𝑖𝑥𝑧

𝑧
𝑑𝑧

𝐶𝜖
= lim

𝜖→0
∫

𝑒𝑖𝑥𝜖𝑒𝑖𝜃

𝜖𝑒𝑖𝜃

0

𝜋
𝑖𝜖𝑒𝑖𝜃𝑑𝜃  

                           = lim
𝜖→0

𝑖 ∫ 𝑒𝑖𝑥𝜖𝑒𝑖𝜃0

𝜋
𝑑𝜃 = 𝑖 ∫ lim

𝜖→0
𝑒𝑖𝑥𝜖𝑒𝑖𝜃

𝑑𝜃
0

𝜋
  

                            = 𝑖 ∫ 1𝑑𝜃 = −𝜋𝑖
0

𝜋
. 

 

So we have: 

lim
𝑅→∞,𝜖→0

∮
𝑒𝑖𝑥𝑧

𝑧
𝑑𝑧

𝐶
= −𝜋𝑖 + ∫

𝑒𝑖𝑥𝑘

𝑘
𝑑𝑘.

∞

−∞
   

 

lim
𝑅→∞,𝜖→0

∮
𝑒𝑖𝑥𝑧

𝑧
𝑑𝑧 =

𝐶
 2𝜋𝑖(𝑠𝑢𝑚 𝑜𝑓 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠 𝑜𝑓 𝑝𝑜𝑙𝑒𝑠 𝑖𝑛𝑠𝑖𝑑𝑒 𝐶). 
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But there are no poles inside 𝐶 so 

lim
𝑅→∞,𝜖→0

∮
𝑒𝑖𝑥𝑧

𝑧
𝑑𝑧 = 0

𝐶
.  

  

Thus:     0 = −𝜋𝑖 + ∫
𝑒𝑖𝑥𝑘

𝑘
𝑑𝑘

∞

−∞
 and    

𝑖

2𝜋
∫

𝑒𝑖𝑥𝑘

𝑘
𝑑𝑘

∞

−∞
= (

𝑖

2𝜋
) 𝜋𝑖 = −

1

2
       for   𝑥 > 0 .  

 

 

Case 2:  If 𝑥 < 0,  we use the contour with two semicircles, but in the lower half 

plane (to make Jordan’s lemma work). 

A very similar argument to the one just made gives us  

𝑖

2𝜋
∫

𝑒𝑖𝑥𝑘

𝑘
𝑑𝑘

∞

−∞
= (

𝑖

2𝜋
) (−𝜋𝑖) =

1

2
       for   𝑥 < 0 . 

 

Thus we have: 

𝑔(𝑥) =
𝑖

2𝜋
∫

1

𝑘
(𝑒𝑖(𝑥−1)𝑘 − 𝑒𝑖𝑘𝑥)𝑑𝑘

∞

−∞
  

 

𝑖

2𝜋
∫

𝑒𝑖(𝑥−1)𝑘

𝑘
𝑑𝑘

∞

−∞
= −

1

2
    if  𝑥 > 1     

                                =    
1

2
     if  𝑥 < 1         

                        

       
𝑖

2𝜋
∫

𝑒𝑖𝑥𝑘

𝑘
𝑑𝑘

∞

−∞
= −

1

2
           if    𝑥 > 0                                     

                                 =     
1

2
           if    𝑥 < 0.  
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So                        𝑔(𝑥) = 1                if  0 < 𝑥 < 1 

                                    = 0                  if  𝑥 < 0   or   𝑥 > 1. 

 

But what are 𝑔(0)  and  𝑔(1)?  

 

 

𝑔(0) =
𝑖

2𝜋
∫

𝑒−𝑖𝑘−1

𝑘
𝑑𝑘.

∞

−∞
  

If we use a contour with 2 semicircles in the lower half plane get 

lim
𝑅→∞,𝜖→0

∮
𝑒−𝑖𝑧−1

𝑧
𝑑𝑧

𝐶
  

   = lim
𝑅→∞,𝜖→0

[∫  
𝑒−𝑖𝑧−1

𝑧
𝑑𝑧 + ∫

𝑒−𝑖𝑧−1

𝑧
𝑑𝑘 + ∫

𝑒−𝑖𝑧−1

𝑧
𝑑𝑧 + ∫

𝑒−𝑖𝑧−1

𝑧
𝑑𝑘

−𝑅

−𝜖𝐶𝜖

𝜖

𝑅𝐶𝑅
] 

The LHS is 0 because there are no poles inside of 𝐶.   

 

lim
𝑅→∞,𝜖→0

∫
𝑒−𝑖𝑧−1

𝑧
𝑑𝑧 = lim

𝑅→∞,𝜖→0
[∫

𝑒−𝑖𝑧

𝑧
𝑑𝑧 − ∫

1

𝑧
𝑑𝑧

𝐶𝑅𝐶𝑅𝐶𝑅
]      

 

−𝑅 𝑅 𝜖 −𝜖 

𝐶𝑅  
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   lim
𝑅→∞,𝜖→0

∫
𝑒−𝑖𝑧

𝑧
𝑑𝑧

𝐶𝑅
= 0 by Jordan’s lemma.   

 

  lim
𝑅→∞,𝜖→0

∫
1

𝑧
𝑑𝑧 = lim

𝑅→∞,𝜖→0
∫

1

𝑅𝑒𝑖𝜃 (𝑖𝑅𝑒𝑖𝜃)𝑑𝜃 = ∫ 𝑖𝑑𝜃 = 𝜋𝑖
2𝜋

𝜋

2𝜋

𝜋𝐶𝑅
  

 

So lim
𝑅→∞,𝜖→0

∫
𝑒−𝑖𝑧−1

𝑧
𝑑𝑧 = 0 −

𝐶𝑅
𝜋𝑖 = −𝜋𝑖. 

     lim
𝑅→∞,𝜖→0

∫
𝑒−𝑖𝑧−1

𝑧
𝑑𝑧 = lim

𝑅→∞,𝜖→0
∫

𝑒−𝑖𝜖𝑒𝑖𝜃
−1

𝜖𝑒𝑖𝜃 (𝑖𝜖𝑒𝑖𝜃)𝑑𝜃
−𝜋

0𝐶𝜖
  

 

                                              = lim
𝑅→∞,𝜖→0

𝑖 ∫ (𝑒−𝑖𝜖𝑒𝑖𝜃
− 1)𝑑𝜃

−𝜋

0
  

 

                                               = 𝑖 ∫ lim
𝑅→∞,𝜖→0

(𝑒−𝑖𝜖𝑒𝑖𝜃
− 1)𝑑𝜃

−𝜋

0
  

 

                                               = 0. 

 

So   0 = −𝜋𝑖 + 0 + ∫
𝑒−𝑖𝑘−1

𝑘
𝑑𝑘

−∞

∞
      or     ∫

𝑒−𝑖𝑘−1

𝑘
𝑑𝑘

∞

−∞
= −𝜋𝑖. 

Thus    𝑔(0) =
𝑖

2𝜋
∫

𝑒−𝑖𝑘−1

𝑘
𝑑𝑘

∞

−∞
= (

𝑖

2𝜋
) (−𝜋𝑖) =

1

2
 . 
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For 𝑔(1) =
𝑖

2𝜋
∫

1−𝑒𝑖𝑘

𝑘
𝑑𝑘

∞

−∞
;    we use the contour with 2 semicircles in the 

upper half plane. 

A very similar argument to the one used to get 𝑔(0) =
1

2
 ,  give us 𝑔(1) =

1

2
 . 

 

So we have the following description of 𝑔(𝑥); 

𝑔(𝑥) = 1               if  0 < 𝑥 < 1 

            = 0             if  𝑥 < 0   or   𝑥 > 1    

          

𝑔(0) =
1

2
=

1

2
(lim
𝑥→0+

𝑓(𝑥) + lim
𝑥→0−

𝑓(𝑥))  

𝑔(1) =
1

2
=

1

2
(lim
𝑥→1+

𝑓(𝑥) + lim
𝑥→1−

𝑓(𝑥)) . 

 

So 𝑔(𝑥), which is what we get when we take the inverse Fourier transform of the 

the Fourier transform of 𝑓(𝑥), is equal to 𝑓(𝑥) whereever 𝑓(𝑥) is continuous, 

and equal to the average or the limit from the right and left of 𝑓(𝑥) at points of 

discontinuity. 

 


