Complex Numbers

Zz=x+yi; wherei =+v—1 Imaginary axis _
x+1y
The real partof z = Re(z) = x .
The imaginary partof z = Im(z) = y
Real axis

Ex. z=2—2i; Re(z)=2, Im(z)=-2.

z=2—-2i
e

To add and subtract complex numbers we add/subtract the real parts and the
imaginary parts (just like adding vectors).

Ex. (=3 +4i)+ (2—2i)=-1+2i.



If z = x + yi, then the conjugate of z, written Z ,is Z = x — YI.

Ex. ifz =4 — 3i, then Z = 4 + 3i.

4 + 3i

Z

z=4-3i

Notice thatif z = x + yiand Z = x — yi then

Z+z _ (x+yi)+(x—yi) = Re(z)
2 2

z—7Z (x+yi)—(x—yi)
2i 2i

= vy = Im(z).

It's easy to show that:
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If z=x + yi, then |z| = \/x? + y?=distance from x + yi to 0.

|z| is called the modulus of z.

Notice that |Z| = \/xz + (—y)? = |z|.



Ex. Evaluate |3 — 4i].

13 — 4i| = /32 + (—4)%2 = 5.

Multiplication of complex numbers

zZ=x1 + Yy, W =X, + y,i, then
zw = (X1 + y10) (X2 + y2i)
ZW = X1X>y + xlyzi + nyli + ylyziz

zw = (x1x3 — V1Y2) + X1V + x3¥1)i (since i% = —1).

Notice that Zzw = wZz.

It is also easy to show that |zw| = |z]|w]|.

Ex. Find (2 — 3i)(1 + 2i).

(2—-30)(1+2i) =2+ 4i—3i — 6i*
=2+i+6
=8+ 1.

Notice also that |z|? = zZ; since
zZ = (x + yi)(x — yi)
= x% — xyi + xyi — y?i?

=x% + y? =|z|%



Division of complex numbers

Z = X1 +y1i, W =X, +y2i, then
Z _ X1t+yil (x1+y1i) (xz—yzi)
W Xyl \ap+y2i/ \xp-yai

z _ (1410 (xz—y2t)
X2 +y52

Sl

Z _ X1X21+Y1Y2 (leﬁ—xﬂ/z) i
w X224+y,? X22+y,?
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Ex. Putinx + yi form: —.
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Polar Coordinate form of a complex number

Recall that:
2 3 4 5
e = 1+x+x—+x—+x—+x—+---; thus we can say:
2 31 41 5
. f a2 Fa\3 fa\ 4 F1\5
e = 14 (i) + & B © 7,
2! 3! 41 5!
2 3 4 5
=14ix—S— i +=+iZ+
2! 31 4l 51

5

2 4 3
:(1_x_+x_+...)+i(x_x_+x_+...)
2! 4! 3! 5!

e = cosx + isinx.

This is often called Euler’s formula and is a very important relationship for the

study of complex variables.

In polar coordinates we have:

X = rcoso, y = rsinf

wherer = /x?2 + y? and tanf = %

z=x+1y

Soz = x + yi = rcosf + (rsinf)i.

Since €' = cos0 + isinB, we can write any complex number as:

z =re'?;
This is called the polar form of z.
Notice that 7 = |z| =the modulus of z.

0 is often called the argument of Z = Arg(z).



Notice that the polar representation of a complex number is not unique. We can
keep adding multiples of 21 to 8 and the value of Z will not change:

z = relf = rel@+2mn) n=0+1,4+2,+3,....

Multiplying and dividing complex numbers in polar form is particularly easy as is
raising a complex number to a power.

zZ=xq +yi =11, W =x, + Y,i = 1,92, then:

VAYY =(r1ei91)( rzeiez) = ryryet(01762)

i0
zZ _riel _T1,i6,-6,)

w T'Zeigz T2

7N = (rlewl)” — (rln)einel

~101 sinceryet01 = rycos(—60;) + rysin(—60,) = x —yi = Z.

, . . (1+0)%
Ex. Write1l+i, V3 +1i, and mm Polar form.
z1=1+1 sox=1, y=1.
Thus r =V12 + 12 =/2;

tanf = %; so 6 =%+27m, n=204+1,+2, ..

So 7z, = V2e'GTP™M . =0 41,42, ...



Zz,=V3+i sox=+3, y=1.
Thus r =+v3+1=2,

tanf = so 0 = %+ 2, n =0,+1, 12, ...
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So z, = 2'GT2™) . 1= 0,41, 42, ...

, TT
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- gel(ﬁﬂnn) ; n=04=+14+2,..
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if z = ret@®@+zmm) n=0+1,+2+3,..

then for each valueof n = 0,41, +2, ..., the value of Z is the same.

However, when we take roots (square roots, cube roots, etc.) of Z this won’t be
the case:

If z = ret@+2nm) hen

1 (0 1 1 i(ﬂ_ﬂﬂ)
zm = (rel( +2n7r))m =7rm (e m  m ) ; n=0,+4+1,42, ...



Ex. Find the roots of z3> = —2.

First convert —2 to polar form: x=-2, y=0,

sor =2, tan9=_%=0; so 0 =n+2nm, n=0,+1,12,...

Thus we have:  z3 = 2{(@™+2nm) 5 =0 +1,42, ...

7 = (26 i(n+2nn))%

(T ZTI.TE)

zZ = ?\’/E(el(?f? )

n=20 Z=§/_e (cos +Lsm()>=§/7(%+§i)

Roots: Z=§/§G+—3i), - 32, i/f(%—gi), roots repeat for
n>2orn<O0.

The Triangle Inequality

The triangle inequality turns out to be extremely useful in many areas of real
and complex analysis.

Theorem (Triangle Inequality): Forany zq,z, € C

||le — |Zz|| < |z + 23| < 71| + | 25|



zZ1+ 2z,

The geometric meaning of the right half of this inequality is that the sum of any
two sides of a triangle is larger than or equal to the length of the third side.

In general if z; € C, then: |Z?=1 zi| < Z?=1|Zi|.



