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                                     Tensors- HW Problems 

 

1. Suppose the dimension of 𝑉 is 3 and {𝑣1, 𝑣2, 𝑣3} is a basis for 𝑉.  

Let 𝑇 ∈ 𝔍2(𝑉) and 𝑤1 = 𝑎11𝑣1 + 𝑎12𝑣2 + 𝑎13𝑣3,   

𝑤2 = 𝑎21𝑣1 + 𝑎22𝑣2 + 𝑎23𝑣3.  Show that: 

 

a.          𝑇(𝑤1, 𝑤2) = ∑ 𝑎1𝑖𝑎2𝑗𝑇(𝑣𝑖, 𝑣𝑗)
𝑖,𝑗=3
𝑖,𝑗=1   

b.    If 𝜑𝑖(𝑣𝑗) = 𝛿𝑖𝑗,  then 𝜑1 ⊗ 𝜑3(𝑤1, 𝑤2) = 𝑎11𝑎23. 

 

2.   Suppose 𝑉 is the vector space ℝ2, and 𝑆: 𝑉 × 𝑉 → ℝ, by  

𝑆(𝑣1, 𝑣2) = 𝑣1 ∙ 𝑣2  (i.e., the dot product of 𝑣1 and 𝑣2) and  

𝑇: 𝑉 × 𝑉 → ℝ ,  by 𝑇(𝑣1, 𝑣2) = det (
𝑣1

𝑣2
).  Let 𝑤1 = (1,2),       

  𝑤2 = (1, −1),   𝑤3 = (2,1),  and  𝑤4 = (−1, −2).   Evaluate 

(𝑆 ⨂ 𝑇)( 𝑤1, 𝑤2, 𝑤3, 𝑤4).   

 

 

3.   Suppose that  {𝑣1, 𝑣2, 𝑣3} is a basis for 𝑉 and 𝜑𝑖(𝑣𝑗) = 𝛿𝑖𝑗.  Let 

 𝑤1 = 2𝑣1 + 𝑣2,   𝑤2 = 𝑣1 − 2𝑣3,   𝑤3 = 2𝑣1 − 𝑣2 + 𝑣3, and 

𝑇 = 𝜑1 ⊗ 𝜑1 ⊗ 𝜑3.  Calculate 𝐴𝑙𝑡 𝑇(𝑤1, 𝑤2, 𝑤3). 
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4.   Let 𝑓: ℝ4 → ℝ4 be a linear transformation represented in the 

standard basis {𝑒𝑖} by 𝑓 = [

0 1
1 −2

2 0
0 1

0 0
1 0

2 1
3 0

].  Let {𝜑𝑖} be the dual 

basis so 𝜑𝑖(𝑒𝑗) = 𝛿𝑖𝑗.  Now let 𝑇 ∈ 𝔍2(ℝ4) given by  

𝑇 = 𝜑2 ⊗ 𝜑3 − 𝜑1 ⊗ 𝜑4.    

Find 𝑓∗𝑇(𝑤1, 𝑤2) where  

𝑤1 = (1, −1,1,2) and  𝑤2 = (−2,2,0,1).   

 

 

 

 

5.  Let  𝑇 ∈ 𝔍2(ℝ2) be the dot product of two vectors, i.e., if  

𝑣1 = 𝑎1𝑒1 + 𝑏1𝑒2,  and  𝑣2 = 𝑎2𝑒1 + 𝑏2𝑒2, then 

𝑇(𝑣1, 𝑣2) = 𝑎1𝑎2 + 𝑏1𝑏2.  Suppose 𝜑𝑖(𝑒𝑗) = 𝛿𝑖𝑗. 

We know that {𝜑1 ⊗ 𝜑1,  𝜑1 ⊗ 𝜑2,  𝜑2 ⊗ 𝜑1,  𝜑2 ⊗ 𝜑2} is a 

basis for 𝔍2(ℝ2).  Write 𝑇 as a linear combination of this basis. 

Hint: 𝑎1𝑎2 + 𝑏1𝑏2 = 𝑇(𝑣1, 𝑣2) = 

 𝜆1(𝜑1 ⊗ 𝜑1)(𝑣1, 𝑣2) + 𝜆2(𝜑1 ⊗ 𝜑2)(𝑣1, 𝑣2) 

+𝜆3(𝜑2 ⊗ 𝜑1)(𝑣1, 𝑣2) + 𝜆4(𝜑2 ⊗ 𝜑2)(𝑣1, 𝑣2). 

Now plug in 𝑣1 and 𝑣2 into the RHS and calculate. 

 


