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The First Fundamental Form of a Surface in ℝ3 
 

We know from multivariable calculus that if 𝛾(𝑡) = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡)) is a 

curve in ℝ3, then it’s length is given by: 
 

𝐿 = ∫ √(
𝑑𝑥
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)
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+ (
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𝑑𝑥

𝑑𝑡
)
2
+ (

𝑑𝑦

𝑑𝑡
)
2
+ (

𝑑𝑧

𝑑𝑡
)
2
 

 
so we can also write: 

𝐿 = ∫ ‖𝛾′(𝑡)‖
𝑏

𝑎

 𝑑𝑡. 

 
 
 

 
Now we want to consider a formula for the length of a curve that lies on a smooth 

surface 𝑆 ⊆ ℝ3. Suppose 𝑆 is parameterized by: 
 

Φ⃗⃗⃗ : 𝑈 ⊆ ℝ2 → 𝑆 ⊆ ℝ3 
 

Φ⃗⃗⃗ (𝑢, 𝑣) = (𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣)). 

 

If 𝑆 is a regular surface (i.e. Φ⃗⃗⃗ 𝑢  ×  Φ⃗⃗⃗ 𝑣 ≠ 0⃗ ), then Φ⃗⃗⃗ 𝑢 and Φ⃗⃗⃗ 𝑣 span the 

tangent space of 𝑆 at 𝑝 ∈ 𝑆. Thus, any vector �⃗⃗�  in 𝑇𝑝𝑆 can be written as: 

 

�⃗⃗� = 𝑎Φ⃗⃗⃗ 𝑢 + 𝑏Φ⃗⃗⃗ 𝑣 ;      𝑎, 𝑏 ∈ ℝ. 
 
 
Notice that: 

                          �⃗⃗� ∙ �⃗⃗� = (𝑎Φ⃗⃗⃗ 𝑢 + 𝑏Φ⃗⃗⃗ 𝑣)  ∙ (𝑎Φ⃗⃗⃗ 𝑢 + 𝑏Φ⃗⃗⃗ 𝑣) 
 

  = 𝑎2Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑢 + 2𝑎𝑏Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑣 + 𝑏2Φ⃗⃗⃗ 𝑣 ∙ Φ⃗⃗⃗ 𝑣  . 
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If we let:                             𝐸 = Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑢 

𝐹 = Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑣 = Φ⃗⃗⃗ 𝑣 ∙ Φ⃗⃗⃗ 𝑢 

                                           𝐺 = Φ⃗⃗⃗ 𝑣 ∙ Φ⃗⃗⃗ 𝑣 
then: 

                                     �⃗⃗� ∙ �⃗⃗� = 𝐸𝑎2 + 2𝐹𝑎𝑏 + 𝐺𝑏2.  

 
 

In fact, the matrix: (
𝐸 𝐹
𝐹 𝐺

) represents a bilinear form on 𝑇𝑝𝑆. This bilinear form 

is called the first fundamental form on 𝑆. If 𝑣 = 𝑐Φ⃗⃗⃗ 𝑢 + 𝑑Φ⃗⃗⃗ 𝑣 then 
 

�⃗⃗� ∙ 𝑣 = (𝑎 𝑏) (
𝐸 𝐹
𝐹 𝐺

) (
𝑐
𝑑
) = 𝑎𝑐𝐸 + (𝑎𝑑 + 𝑏𝑐)𝐹 + 𝑏𝑑𝐺. 

 

Suppose that 𝛾 is a curve on 𝑆 such that: 𝛾(𝑡) = Φ⃗⃗⃗ (𝑢(𝑡), 𝑣(𝑡)). 

 
 
 
 
 
 
 
 

 
By the chain rule: 

𝛾′(𝑡) = Φ⃗⃗⃗ 𝑢𝑢
′(𝑡) + Φ⃗⃗⃗ 𝑣𝑣

′(𝑡) 
Thus we have: 
 

‖𝛾′(𝑡)‖2 = 𝛾′(𝑡) ⋅ 𝛾′(𝑡) = (𝑢′Φ⃗⃗⃗ 𝑢 + 𝑣′Φ⃗⃗⃗ 𝑣) ⋅ (𝑢′Φ⃗⃗⃗ 𝑢 + 𝑣′Φ⃗⃗⃗ 𝑣) 
 

= (𝑢′)2Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑢 + 2(𝑢′)(𝑣′)Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑣 + (𝑣′)2Φ⃗⃗⃗ 𝑣 ∙ Φ⃗⃗⃗ 𝑣 
 

                            = 𝐸(𝑢′)2 + 2𝐹(𝑢′)(𝑣′) + 𝐺(𝑣′)2.  

 
 

And so we get: 

𝐿 = ∫ ‖𝛾′(𝑡)‖
𝑏

𝑎

 𝑑𝑡 = ∫ (𝐸(𝑢′)2 + 2𝐹(𝑢′)(𝑣′) + 𝐺(𝑣′)2)
1
2

𝑏

𝑎

 𝑑𝑡. 
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Ex.  Let Φ⃗⃗⃗ (𝑢, 𝑣) = ((cos 𝑣) sin 𝑢 , (sin 𝑣) sin 𝑢 , cos 𝑢) be a   

       parameterization of the unit sphere. Find the first fundamental form at 

       Φ⃗⃗⃗ (𝑢, 𝑣) and use it to find the length of the portion of the great circle starting 

       at (0, 0, 1) and ending at (1, 0, 0). 
 
 

 Φ⃗⃗⃗ 𝑢 = ((cos 𝑣) cos 𝑢 , (sin 𝑣) cos 𝑢 , − sin 𝑢)  
 

                          Φ⃗⃗⃗ 𝑣 = (−(sin 𝑣) sin 𝑢 , (cos 𝑣) sin 𝑢 , 0)  
 
 

𝐸 = Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑢 
 

= ((cos 𝑣) cos 𝑢 , (sin 𝑣) cos 𝑢 ,− sin 𝑢)
∙ ((cos 𝑣) cos 𝑢 , (sin 𝑣) cos 𝑢 , − sin 𝑢) 

 

               = (cos2 𝑣) cos2 𝑢 + (sin2 𝑣) cos2 𝑢 + sin2 𝑢 
 

                         = cos2 𝑢 + sin2 𝑢 
                         = 1 
 

𝐹 = Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑣 
= ((cos 𝑣) cos 𝑢 , (sin 𝑣) cos 𝑢 ,− sin 𝑢)

∙ (−(sin𝑣) sin𝑢 , (cos 𝑣) sin 𝑢 , 0) 
                         = 0 
 

𝐺 = Φ⃗⃗⃗ 𝑣 ∙ Φ⃗⃗⃗ 𝑣 
= (−(sin𝑣) sin 𝑢 , (cos 𝑣) sin 𝑢 , 0)       

∙ (−(sin𝑣) sin𝑢 , (cos 𝑣) sin 𝑢 , 0) 
                         = (sin2 𝑣) sin2 𝑢 + (cos2 𝑣) sin2 𝑢 
                         = sin2 𝑢. 
 

So the first fundamental form of Φ⃗⃗⃗  is: 
 

(
1 0
0 sin2 𝑢

). 
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The portion of the great circle starting at (0, 0, 1) and ending at (1, 0, 0) is the 

image of the line segment starting at 𝑢 = 0, 𝑣 = 0 and ending at 𝑢 =
𝜋

2
 and 

𝑣 = 0.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
We can parameterize this curve in the 𝑢, 𝑣 plane by: 
 

𝑢(𝑡) = 𝑡,     𝑣(𝑡) = 0  ;    0 ≤ 𝑡 ≤
𝜋

2
 . 

 
 

Thus,                        𝑢′(𝑡) = 1,   𝑣′(𝑡) = 0 and 
 

𝐿 = ∫ (𝐸(𝑢′)2 + 2𝐹(𝑢′)(𝑣′) + 𝐺(𝑣′)2)
1
2

𝜋
2

0

 𝑑𝑡 = ∫ 1

𝜋
2

0

𝑑𝑡 =
𝜋

2
 . 
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Ex.   Find the first fundamental form of  Φ⃗⃗⃗ (𝑢, 𝑣) = (𝑣𝑐𝑜𝑠𝑢, 𝑣𝑠𝑖𝑛𝑢, 𝑣);  
where 0 ≤ 𝑢 ≤ 2𝜋,   𝑣 ∈ ℝ,   𝑣 ≠ 0, and find the length of the image under 

Φ⃗⃗⃗   of the curve 𝛼(𝑡) = (𝑡, 𝑡2);  where 0 ≤ 𝑡 ≤ 2𝜋. 
         
 
 
 
 
 
 
 
 
 
        
 
 
 
 

         Φ⃗⃗⃗ (𝑢, 𝑣) = (𝑣𝑐𝑜𝑠𝑢, 𝑣𝑠𝑖𝑛𝑢, 𝑣) 

         Φ⃗⃗⃗ 𝑢 = (− vsin 𝑢 , 𝑣 cos 𝑢 , 0),        Φ⃗⃗⃗ 𝑣 = (𝑐𝑜𝑠𝑢, 𝑠𝑖𝑛𝑢, 1).   
 
 

       𝐸 = Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑢 = (−vsin 𝑢 , 𝑣 cos 𝑢 , 0) ∙ (−𝑣 sin 𝑢 , 𝑣 cos 𝑢 , 0) 
                                = 𝑣2 sin2 𝑢 + 𝑣2 cos2 𝑢 = 𝑣2  

 
 

        𝐹 = Φ⃗⃗⃗ 𝑢 ∙ Φ⃗⃗⃗ 𝑣 = (− vsin 𝑢 , vcos 𝑢 , 0) ∙ (𝑐𝑜𝑠𝑢, 𝑠𝑖𝑛𝑢, 1) = 0  

 
 

         𝐺 = Φ⃗⃗⃗ 𝑣 ∙ Φ⃗⃗⃗ 𝑣 = (𝑐𝑜𝑠𝑢, 𝑠𝑖𝑛𝑢, 1) ∙ (𝑐𝑜𝑠𝑢, 𝑠𝑖𝑛𝑢, 1) = 2.  

 

 
        So the first fundamental form is given by:  
 

                                          𝑔 = (𝑣
2 0
0 2

). 

 

Φ⃗⃗⃗ (𝛼(𝑡)) 

Φ⃗⃗⃗ (𝑢, 𝑣) 
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𝐿 = ∫ (𝐸(𝑢′)2 + 2𝐹(𝑢′)(𝑣′) + 𝐺(𝑣′)2)
1

2
𝑏

𝑎
𝑑𝑡.   

 
 

𝛼(𝑡) = (𝑢(𝑡), 𝑣(𝑡)) = (𝑡, 𝑡2);    

  
so  𝑢(𝑡) = 𝑡,    𝑣(𝑡) = 𝑡2      ⟹    𝑢′(𝑡) = 1,     𝑣′(𝑡) = 2𝑡 . 
 
 

  𝐿(Φ⃗⃗⃗ (𝛼(𝑡))) = ∫ (𝐸(𝑢′)2 + 𝐺(𝑣′)2)
1

2
𝑡=2𝜋

𝑡=0
𝑑𝑡  

 

                         = ∫ ((𝑣2(𝑢′)2 + 2(𝑣′)2)
1

2
𝑡=2𝜋

𝑡=0
𝑑𝑡  

 

                         = ∫ ((𝑡4(1)2 + 2(2𝑡)2)
1

2
𝑡=2𝜋

𝑡=0
𝑑𝑡  

 

                         = ∫ (𝑡4 + 8𝑡2)
1

2
𝑡=2𝜋

𝑡=0
𝑑𝑡  

 

                         = ∫ 𝑡(𝑡2 + 8)
1

2
𝑡=2𝜋

𝑡=0
𝑑𝑡  

 
 

           Let 𝑤 = 𝑡2 + 8;       when   𝑡 = 0,      𝑤 = 8 
               𝑑𝑤 = 2𝑡𝑑𝑡           when  𝑡 = 2𝜋,    𝑤 = 4𝜋2 + 8 

             
1

2
𝑑𝑤 = 𝑡𝑑𝑡 

 
 

     𝐿(Φ⃗⃗⃗ (𝛼(𝑡))) =
1

2
∫ 𝑤

1

2𝑑𝑤
𝑤=4𝜋2+8

𝑤=8
  

 

                            =
1

2
(
2

3
)𝑤

3

2|𝑤=4𝜋2+8
𝑤=8

  

 

                            =
1

3
[(4𝜋2 + 8)

3

2 − (8)
3

2]  

 
 

                            =
8

3
[(𝜋2 + 2)

3

2 − (2)
3

2].      
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If we let 𝐸 = 𝑔11, 𝐹 = 𝑔12 = 𝑔21, and 𝐺 = 𝑔22, then the matrix representing 
the first fundamental form is given by: 
 

𝑔 = (
𝑔11 𝑔12

𝑔21 𝑔22
). 

 

This is called the metric tensor for the parameterization Φ⃗⃗⃗  of the surface 𝑆. 
Notice that 𝑔 is a bilinear form: 

𝑔: 𝑇𝑝𝑆 × 𝑇𝑝𝑆 → ℝ 

 
 where, 

 

𝑔(�⃗⃗� 1, �⃗⃗� 2) = �⃗⃗� 1 (
𝑔11 𝑔12

𝑔21 𝑔22
) �⃗⃗� 2. 

 
 

This is a 2 tensor on the vector space 𝑉 = 𝑇𝑝𝑆.  We will discuss tensors later in 

this course. 
 


