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Integrating Differential Forms over Manifolds 
 
Def.  If 𝜔 is a 𝑝-form on a 𝑘-dimensional manifold with boundary 𝑀 and 𝑐 a 
        singular 𝑝-cube in 𝑀, then we define: 
 

∫ 𝝎
𝒄

= ∫ 𝒄∗𝝎.
[𝟎,𝟏]𝒌

 

 

If 𝑐 is a 𝑝-chain, then we also use the definition above. 
 
Ex.    Let 𝑇2 be the torus embedded in ℝ4 by: 

Φ⃗⃗⃗ (𝑢, 𝑣) = (cos 𝑢 , sin 𝑢 , cos 𝑣 , sin 𝑣) ;   (𝑢, 𝑣) ∈ [0, 2𝜋]2 

Let 𝜔 be given in ℝ4 by   𝜔 = −𝑥2𝑥3𝑑𝑥1 ∧ 𝑑𝑥4. 

 

Evaluate: 

∫ 𝜔
𝑇2

 . 

 

 
 

          Φ⃗⃗⃗ ∗(−𝑥2𝑥3𝑑𝑥1 ∧ 𝑑𝑥4) = (−𝑥2𝑥3 ∘ Φ⃗⃗⃗ )Φ⃗⃗⃗ ∗(𝑑𝑥1) ∧ Φ⃗⃗⃗ ∗(𝑑𝑥4) 
] 

 

 

                                                   = (− sin 𝑢 cos 𝑣)(− sin 𝑢 𝑑𝑢) ∧ (cos 𝑣 𝑑𝑣) 
 

 

 

 

                                                    = sin2 𝑢 cos2 𝑣 𝑑𝑢 ∧ 𝑑𝑣. 

 

∫ 𝜔
𝑇2

= ∫ ∫ Φ⃗⃗⃗ ∗
2𝜋

0

(𝜔)
2𝜋

0

= ∫ ∫ sin2 𝑢 cos2 𝑣 𝑑𝑢 𝑑𝑣
2𝜋

0

2𝜋

0

 

 

                         = (∫ sin2 𝑢  𝑑𝑢
2𝜋

0

)(∫ cos2 𝑣  𝑑𝑣
2𝜋

0

) 
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1 

 

= (∫ (
1

2
−

1

2
cos 2𝑢)  𝑑𝑢

2𝜋

0

)(∫ (
1

2
+

1

2
cos 2𝑣)  𝑑𝑣

2𝜋

0

) 

 

               = ((
1

2
𝑢 −

1

4
sin 2𝑢)|

0

2𝜋
) ((

1

2
𝑣 +

1

4
sin 2𝑣)|

0

2𝜋
) = 𝜋2.  

 
 
Theorem:  If 𝑐1, 𝑐2: [0, 1]

𝑘 → 𝑀 are two orientation preserving  

(i.e. det((𝑐2
−1𝑐1)

′) > 0) singular 𝑘-cubes on the oriented  
𝑘-dimensional manifold 𝑀 and 𝜔 is a 𝑘-form on 𝑀 such that   

 𝜔 = 0 outside of 𝑐1([0, 1]
𝑘) ∩ 𝑐2([0, 1]

𝑘), then: 
 

∫ 𝜔
𝑐1

= ∫ 𝜔 .
𝑐2

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   0 

1 

[0, 1]𝑘 

𝑐1  

 0                                     1 

1 

[0, 1]𝑘 

𝑐2 

𝑐1([0, 1]𝑘) 𝑐2([0, 1]𝑘) 𝑐1 ∩ 𝑐2 
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Proof: 

∫ 𝜔
𝑐1

= ∫ 𝑐1
∗(𝜔)

[0,1]𝑘
 

 

      = ∫ (𝑐2 ∘ 𝑐2
−1 ∘ 𝑐1)

∗(𝜔)
[0,1]𝑘

= ∫ (𝑐2
−1 ∘ 𝑐1)

∗(𝑐2
∗(𝜔))

[0,1]𝑘
 

 
since (𝑓 ∘ 𝑔)∗𝜔 = 𝑔∗(𝑓∗𝜔). 

 
So we need to show: 

 
 
 

∫ (𝑐2
−1 ∘ 𝑐1)

∗(𝑐2
∗(𝜔))

[0,1]𝑘
= ∫ 𝑐2

∗(𝜔)
[0,1]𝑘

= ∫ 𝜔.
𝑐2

 

 
 
Let  𝑔 = 𝑐2

−1 ∘ 𝑐1. If 𝑐2
∗𝜔 = 𝑓𝑑𝑥1 ∧ …∧ 𝑑𝑥𝑘, then: 

 

        (𝑐2
−1 ∘ 𝑐1)

∗(𝑐2
∗(𝜔)) = 𝑔∗(𝑐2

∗(𝜔)) 

= 𝑔∗(𝑓𝑑𝑥1 ∧ …∧ 𝑑𝑥𝑘) 

                                            = (𝑓 ∘ 𝑔) det 𝑔′ 𝑑𝑥1 ∧ …∧ 𝑑𝑥𝑘 

                                            = (𝑓 ∘ 𝑔)|det 𝑔′|𝑑𝑥1 ∧ …∧ 𝑑𝑥𝑘 . 
 

 Since det((𝑐2
−1𝑐1)

′) > 0. 
           So we have: 

 

∫ (𝑐2
−1 ∘ 𝑐1)

∗(𝑐2
∗(𝜔))

[0,1]𝑘
= ∫ (𝑓 ∘ 𝑔)|det 𝑔′|𝑑𝑥1 ∧ …∧ 𝑑𝑥𝑘

[0,1]𝑘
 

 

                                                        = ∫ 𝑐2
∗

𝑐2
−1𝑐1([0,1]𝑘)

𝜔 = ∫ 𝑐2
∗𝜔

[0,1]𝑘
= ∫ 𝜔

𝑐2

. 
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We still need a way to define: 

∫ 𝜔
𝑀

. 

If 𝜔 = 0 outside of an orientation preserving singular 𝑘-cube 𝑐 in 𝑀 we 

define: 

∫ 𝝎
𝑴

= ∫ 𝝎.
𝒄

 

 

The previous theorem shows that this definition doesn’t depend on which 𝑐 we 

use. However, this still doesn’t give us a general definition for: 

∫ 𝜔
𝑀

. 

 

To define this we need the notion of a partition of unity. 

 

Def.   Let 𝑀 be a manifold and {𝑈𝛼}𝛼∈𝐼 = 𝒰 be a collection of open sets that 

          covers 𝑀. A partition of unity subordinate to 𝓤 is a collection of 

          continuous functions {𝜓𝛼:𝑀 → ℝ} satisfying: 

1) 0 ≤ 𝜓𝛼(𝑥) ≤ 1 for all 𝛼 ∈ 𝐼 and 𝑥 ∈ 𝑀 

2) 𝜓𝛼(𝑥) = 0 outside a compact subset of 𝑈𝛼 

3) For all 𝑥 ∈ 𝑀 there exists only a finite number of 𝛼 ∈ 𝐼 such that 

𝜓𝛼(𝑥) ≠ 0 

4) ∑ 𝜓𝛼(𝑥)𝛼∈𝐼 = 1 for all 𝑥 ∈ 𝑀. 

 

 

 

𝑈1 

𝜓1  

𝑈2 

𝜓2 
 

𝑈3 

𝜓3 
 

𝑀 
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Theorem:  Let 𝑀 be a smooth manifold with atlas 𝐴 = {𝑈𝛼 , ℎ𝛼}𝛼∈𝐼.   

         There exists a smooth partition of unity of 𝑀 subordinate to 𝐴.  

  

 A construction of a smooth partition of unity often depends on constructing 

smooth “bump” functions (smooth functions that are zero outside a compact set) 

and “cut-off” functions (smooth functions that are constant outside of a compact 
set).  

 

 

 

 

 

 

 

                      Bump Function                                      Cutoff Function 

 

  

These functions can be built 

out of: 

𝑓(𝑥) = 0             if 𝑥 ≤ 0 

           = 𝑒−(
1

𝑥
)        if 𝑥 > 0. 

 

 

 

 

 

 

 

 

    𝑎                          𝑏  𝑎                    𝑏 

1 

1 𝑦 = 𝑓(𝑥) 
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Notice:  

𝑔1(𝑥) = 𝑓(𝑥 − 𝑎) is smooth and 𝑔1(𝑥) = 0,   𝑥 ≤ 𝑎, and  nonzero for     

𝑥 > 𝑎. 

 

 

 

 

 

 

 

 
 

 

𝑔2(𝑥) = 𝑓(𝑎 − 𝑥) is a smooth and 𝑔2(𝑥) = 0, 𝑥 ≥ 𝑎 and  nonzero for      

𝑥 < 𝑎. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

𝑎 

1 𝑔1(𝑥) = 𝑓(𝑥 − 𝑎) 

1 

𝑎 

𝑔2(𝑥) = 𝑓(𝑎 − 𝑥) 
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If 𝑎 < 𝑏, then 

𝑔(𝑥) = 𝑓(𝑥 − 𝑎)𝑓(𝑏 − 𝑥) = 0     for 𝑥 ∉ (𝑎, 𝑏) 

 > 0     for 𝑥 ∈ (𝑎, 𝑏). 

𝑔(𝑥) is a “bump” function. 

 

 

 
 
 

                               ℎ(𝑥) = 
𝑓(𝑏−𝑥)

𝑓(𝑥−𝑎)+𝑓(𝑏−𝑥)
 = 1     if 𝑥 ≤ 𝑎 

                                  = 0     if 𝑥 ≥ 𝑏. 
 

ℎ(𝑥) is strictly decreasing on (𝑎, 𝑏) and a “cut-off” function. 

 

 

 

 

 

 

 

 

 
 

    𝑎                                              𝑏 

𝑔(𝑥) = 𝑓(𝑥 − 𝑎)𝑓(𝑏 − 𝑥) 

𝑎                               𝑏 

1 

ℎ(𝑥) =
𝑓(𝑏 − 𝑥)

𝑓(𝑥 − 𝑎) + 𝑓(𝑏 − 𝑥)
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Ex.  Let 𝑀 = ℝ and let 𝒰 = {𝑈𝑗}𝑗∈ℤ
 , where 𝑈𝑗 = (𝑗 − 1, 𝑗 + 1) be an open 

        cover of ℝ.  If 𝑥 ∈ ℤ, then 𝑥 is only contained in 𝑈𝑥. If 𝑥 is not an 

        integer, then 𝑥 ∈ 𝑈[𝑥] and 𝑥 ∈ 𝑈[𝑥]+1. 

 

Consider the bump function: 

𝑔𝑗(𝑥) = 𝑓(𝑥 − (𝑗 − 0.9))𝑓((𝑗 + 0.9) − 𝑥) 

        = 0                               if    𝑥 ≤ 𝑗 − 0.9 

       = 𝑒
1.8

(𝑥−𝑗+0.9)(𝑥−𝑗−0.9)       if    𝑗 − 0.9 < 𝑥 < 𝑗 + 0.9  

       = 0                                 if    𝑥 ≥ 𝑗 + 0.9 
 

where 𝑓(𝑥) = 0         if 𝑥 ≤ 0 

                                = 𝑒−
1

𝑥    if 𝑥 > 0. 

 
 

So 𝑔𝑗(𝑥) = 0 if 𝑥 ∉ [𝑗 − 0.9, 𝑗 + 0.9], a compact subset of 𝑈𝑗. For any 𝑗 ∈ ℤ 

the only functions not identically 0 on 𝑈𝑗  are 𝑔𝑗−1, 𝑔𝑗, and 𝑔𝑗+1. 

For example, if 𝑗 = 2,𝑈2 = (1, 3), then: 

𝑔1(𝑥) = 0  if 𝑥 ∉ [. 1 , 1.9] 

𝑔2(𝑥) = 0  if 𝑥 ∉ [1.1 , 2.9] 

𝑔3(𝑥) = 0  if 𝑥 ∉ [2.1 , 3.9] 

 

𝑦 = 𝑔1(𝑥) 𝑦 = 𝑔2(𝑥) 𝑦 = 𝑔3(𝑥) 
 

0.1                        1.1          1.9          2.1          2.9                         3.9 
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Define: 

𝜓𝑗(𝑥) =  
𝑔𝑗(𝑥)

𝑔𝑗−1(𝑥)+𝑔𝑗(𝑥)+𝑔𝑗+1(𝑥)
  

 

  {𝜓𝑗(𝑥)} is a partition of unity subordinate to 𝒰. 
 

 If 𝜅𝑗 = [𝑗 − 0.9, 𝑗 + 0.9], then 𝜓𝑗(𝑥) = 0      if 𝑥 ∉ 𝜅𝑗  

      > 0      if 𝑥 ∈ 𝜅𝑗  

         and 𝜓𝑗, 𝜓𝑗−1, 𝜓𝑗+1 are only functions not identically 0 on 𝑈𝑗. 

 

 
 

If 𝑥 = 𝑛 ∈ ℤ, then: 

∑𝜓𝑗(𝑥) = 𝜓𝑛(𝑛) =

𝑗∈ℤ

𝑔𝑛(𝑛)

𝑔𝑛−1(𝑛) + 𝑔𝑛(𝑛) + 𝑔𝑛+1(𝑛)
=

𝑔𝑛(𝑛)

𝑔𝑛(𝑛)
= 1. 

 

 
 

If 𝑥 ∉ ℤ, then let 𝑛 = [𝑥]: 

∑𝜓𝑗(𝑥) = 𝜓𝑛(𝑥)

𝑗∈ℤ

+ 𝜓𝑛+1(𝑥) 

=
𝑔𝑛(𝑥)

𝑔𝑛−1(𝑥)+𝑔𝑛(𝑥)+𝑔𝑛+1(𝑥)
+

𝑔𝑛+1(𝑥)

𝑔𝑛(𝑥)+𝑔𝑛+1(𝑥)+𝑔𝑛+2(𝑥)
  

 

 =
𝑔𝑛(𝑥)

𝑔𝑛(𝑥)+𝑔𝑛+1(𝑥)
+

𝑔𝑛+1(𝑥)

𝑔𝑛(𝑥)+𝑔𝑛+1(𝑥)
 = 1 

 
 

since 𝑔𝑛−1(𝑥) = 𝑔𝑛+2(𝑥) = 0 for 𝑥 ∈ 𝑈𝑛 ∩ 𝑈𝑛+1. 
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Now we’re ready to define ∫ 𝜔
𝑀

 for a general 𝑘-form 𝜔. 

Let 𝒰 be an open cover of 𝑀 such that for each 𝑈𝛼 ∈ 𝒰 there is an orientation 

preserving singular 𝑘-cube 𝑐 with 𝑈𝛼 ⊆ 𝑐([0, 1]𝑘). Now let {𝜓𝛼}𝛼∈𝐼 be a 

partition of unity subordinate to 𝒰. We define: 

∫ 𝝎
𝑴

= ∑∫ (𝝍𝜶)(𝝎).
𝑴𝜶∈𝐈

 

 
 


