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      Representing Tangent Spaces on Manifolds- HW Problems 

 

1.   Using the parametrization of 𝑆2 given by 

     Φ⃗⃗⃗ ( 𝜑, 𝜃) = (𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜑, 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜑, 𝑐𝑜𝑠𝜑),    0 ≤ 𝜑 ≤ 𝜋, 0 ≤ 𝜃 ≤ 2𝜋, 

 Find an equation of the tangent plane to 𝑆2at (
1

2
 ,

1

2
 ,

√2

2
).  Use 𝐷Φ⃗⃗⃗  to  

 Find this tangent plane. 

 

 

2. Let a 3-dimensional manifold in ℝ4 be given by  

       𝑀 = {(𝑥1, 𝑥2, 𝑥, 𝑥4) ∈ ℝ4| 𝑥1 = 𝑥2
2 − 𝑥3

2 + 𝑥4
2}.  

a. Find 3 vectors that span 𝑇𝑝𝑀, where 𝑝 = (6, 3, 2, 1). 

b. Find an equation in ℝ4  for the tangent space at 𝑝. 

 

 

3. A 2 dimensional torus is a surface given by 𝑆1 × 𝑆1.  A 

3 dimensional torus is a solid given by 𝑆1 × 𝑆1 × 𝑆1.  Below is a 

parametrization of a 3 dimensional torus in ℝ4: 

Φ⃗⃗⃗ (𝑢1, 𝑢2, 𝑢3) = ((4 + (2 + 𝑐𝑜𝑠𝑢1)𝑐𝑜𝑠𝑢2)𝑐𝑜𝑠𝑢3, 

                                (4 + (2 + 𝑐𝑜𝑠𝑢1)𝑐𝑜𝑠𝑢2)𝑠𝑖𝑛𝑢3, (2 + 𝑐𝑜𝑠𝑢1)𝑠𝑖𝑛𝑢2, 𝑠𝑖𝑛𝑢1) 

  where (𝑢1, 𝑢2, 𝑢3) ∈ [0,2𝜋] × [0,2𝜋] × [0,2𝜋]. 

a. Find 3 vectors that span the tangent space at  

                 Φ⃗⃗⃗ (0,0,
𝜋

3
) = (

7

2
 ,

7√3

2
 , 0, 0). 

b. Find an equation in ℝ4 for this tangent space. 
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4. A 3 dimensional torus in ℝ6 is given by 

         Φ⃗⃗⃗ (𝑢1, 𝑢2, 𝑢3) = (𝑐𝑜𝑠𝑢1, 𝑠𝑖𝑛𝑢1, 𝑐𝑜𝑠𝑢2, 𝑠𝑖𝑛𝑢2, 𝑐𝑜𝑠𝑢3, 𝑠𝑖𝑛𝑢3) 

          where (𝑢1, 𝑢2, 𝑢3) ∈ [0,2𝜋] × [0,2𝜋] × [0,2𝜋]. 

a. Find 3 vectors in ℝ6 that span the tangent space at  

       Φ⃗⃗⃗ (
𝜋

4
, 0,

𝜋

2
) = (

√2

2
 ,

√2

2
 , 1, 0, 0, 1). 

 


