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                                     Manifolds- HW Problems 

 

1. Show that the unit sphere, 𝑆2 ⊆ ℝ3, is a manifold by covering it 

with the following two sets and their coordinate systems: 

𝑊1 = 𝑆2 − (0,0,1);   and  

 𝜋1: 𝑊1 → ℝ2  by   𝜋1(𝑥, 𝑦, 𝑧) = (
𝑥

1−𝑧
 ,

𝑦

1−𝑧
) 

𝑊2 = 𝑆2 − (0,0, −1);   and  

 𝜋2: 𝑊2 → ℝ2  by   𝜋2(𝑥, 𝑦, 𝑧) = (
𝑥

1+𝑧
 ,

𝑦

1+𝑧
). 

𝜋1 and 𝜋2 are called stereographic projections of 𝑆2. 

 

a. Show that 𝜋1 and 𝜋2 are diffeomorphisms by 

i. Showing that 𝜋1 and 𝜋2 have partial derivatives of all 

orders. 

ii. Showing 𝜋1 and 𝜋2 are 1-1 and onto ℝ2. Hint: for both 

 1-1 and onto consider the following: 

(
𝑥

1 − 𝑧
)

2

+ (
𝑦

1 − 𝑧
)

2

+ 1 =
𝑥2 + 𝑦2 + (1 − 𝑧)2

(1 − 𝑧)2
=

2

1 − 𝑧
 

(
𝑥

1 + 𝑧
)

2

+ (
𝑦

1 + 𝑧
)

2

+ 1 =
𝑥2 + 𝑦2 + (1 + 𝑧)2

(1 + 𝑧)2
=

2

1 + 𝑧
 

 

iii. Showing that 𝜋1
−1(𝑢, 𝑣) = (

2𝑢

𝑢2+𝑣2+1
,

2𝑣

𝑢2+𝑣2+1
,

𝑢2+𝑣2−1

𝑢2+𝑣2+1
) 

                            and    𝜋2
−1(𝑢, 𝑣) = (

2𝑢

𝑢2+𝑣2+1
,

2𝑣

𝑢2+𝑣2+1
,

1−𝑢2−𝑣2

𝑢2+𝑣2+1
) 

iv. Showing that 𝜋1
−1 and 𝜋2

−1 have partial derivatives of all 

orders. 

 

b. Show that 𝜋1
−1(ℝ2) ∪ 𝜋2

−1(ℝ2) ⊇ 𝑆2. 

c. Find the transition function 𝜋2𝜋1
−1(𝑢, 𝑣) and show that {𝜋𝑖, 𝑊𝑖} 

is a smooth atlas for 𝑆2. 
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2. Let 𝑆1 = {(𝑥, 𝑦) ∈ ℝ2| 𝑥2 + 𝑦2 = 1}.  Let 

     𝑈1 = {(𝑥, 𝑦) ∈ 𝑆1| 𝑥 > 0},     𝑈2 = {(𝑥, 𝑦) ∈ 𝑆1| 𝑥 < 0},      

     𝑈3 = {(𝑥, 𝑦) ∈ 𝑆1| 𝑦 > 0},     𝑈4 = {(𝑥, 𝑦) ∈ 𝑆1| 𝑦 < 0}. 

 Define the functions: 

 ℎ1: 𝑈1 → ℝ   by   ℎ1(𝑥, 𝑦) = 𝑦,      ℎ2: 𝑈2 → ℝ   by   ℎ2(𝑥, 𝑦) = 𝑦 

 ℎ3: 𝑈3 → ℝ   by   ℎ3(𝑥, 𝑦) = 𝑥,      ℎ4: 𝑈4 → ℝ   by   ℎ4(𝑥, 𝑦) = 𝑥. 

           Notice, for example, 𝑈1 = {(𝑥, 𝑦) ∈ ℝ2| 𝑥 = √1 − 𝑦2, −1 < 𝑦 < 1}, 

           so ℎ1(𝑥, 𝑦) = ℎ1(√1 − 𝑦2, 𝑦) = 𝑦. 

a. Show that the ℎ𝑖  are diffeomorphisms. 

b. Show that ⋃ (𝑈𝑖) ⊇ 𝑆14
𝑖=1 . 

c. Show that {ℎ𝑖 , 𝑈𝑖} is a smooth atlas for 𝑆1. 

 


