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        Vector Fields and Differential Forms on ℝ𝑛- HW Problems 

 

1. Let 𝑓: ℝ3 → ℝ3 by 𝑓(𝑥, 𝑦, 𝑧) = (𝑦𝑒𝑥, 𝑧2, 𝑥𝑧).   

a. Let 𝜔 = (𝑥𝑦)𝑑𝑦 ∧ 𝑑𝑧.  Find 𝑓∗𝜔. 

b. Let 𝜂 = 𝑥𝑧𝑑𝑥 + 𝑑𝑦 + 𝑧𝑑𝑧.  Find 𝑓∗𝜂. 

c. Find 𝑓∗( 𝜂 ∧ 𝜔). 

 

 

2. Let 𝑓: ℝ3 → ℝ2 by 𝑓(𝑥, 𝑦, 𝑧) = (𝑥𝑦, 𝑦𝑧), i.e. 𝑢 = 𝑥𝑦,   𝑣 = 𝑦𝑧. 

Let 𝜔 = (𝑢2𝑣)𝑑𝑢 ∧ 𝑑𝑣.  Find 𝑓∗𝜔. 

 

 

3.  Let 𝑓: ℝ2 → ℝ2 by 𝑓(𝑟, 𝜃) = (𝑟𝑐𝑜𝑠𝜃, 𝑟𝑠𝑖𝑛𝜃),  

 i.e. 𝑥 = 𝑟𝑐𝑜𝑠𝜃, 𝑦 = 𝑟𝑠𝑖𝑛𝜃.  Let 𝜔 = 𝑑𝑥 ∧ 𝑑𝑦. Find 𝑓∗𝜔. 

 

 

4.    Let 𝑓: ℝ2 → ℝ3 by 𝑓(𝑟, 𝜃) = (𝑟𝑐𝑜𝑠2𝜋𝜃, 𝑟𝑠𝑖𝑛2𝜋𝜃, √1 − 𝑟2).   

       Find 𝑓∗(𝑥𝑑𝑥 ∧ 𝑑𝑦 + 𝑧𝑑𝑧 ∧ 𝑑𝑥). 

 

 

5.   Let 𝜔 = 𝑦𝑑𝑥 + (𝑥𝑧)𝑑𝑦 and  𝜂 = (𝑥𝑦)𝑑𝑦 − 𝑥𝑑𝑧 be 1-forms on 

   ℝ3.   

a. Calculate 𝜔 ∧ 𝜂. 

b. Find 𝑑(𝜔 ∧ 𝜂). 

c. Calculate 𝑑𝜔 and 𝑑𝜂 and show that  

       𝑑(𝜔 ∧ 𝜂) = 𝑑𝜔 ∧ 𝜂 + (−1)𝑘 𝜔 ∧ 𝑑𝜂. 
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6. Let 𝑓: ℝ3 → ℝ by 𝑓(𝑥, 𝑦, 𝑧) = 𝑥𝑦𝑒𝑧. 

a. Calculate 𝑑𝑓. 

b. Calculate 𝑑(𝑑𝑓). 

 

 

            7.   Let 𝜔 = 𝑥2𝑥3𝑑𝑥1 − 2𝑥1𝑑𝑥2 + 𝑥4𝑑𝑥3 − 𝑥2𝑑𝑥4 be a 1-form   

                   on ℝ4.  Let 𝑝 be the point 𝑝 = (1, −2, −1, 2) ∈ ℝ4 and   

         �⃗� =< 2, 3, −2, 1 >  be a vector in ℝ𝑝
4  .  Find (𝜔(𝑝))(�⃗�). 

 

 

 

8.  Does there exist a 3-form in ℝ6 such that 𝜔 ∧ 𝜔 ≠ 0?  If so, 

find one If not, prove it can’t exist. 

 

 


