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Cylindrical and Spherical Coordinates 
 

In 2 dimensions we have polar coordinates: 
 

  𝑥 = 𝑟 cos 𝜃                                        
  𝑦 = 𝑟 sin 𝜃         0 ≤ 𝜃 < 2𝜋 
𝑟2 = 𝑥2 + 𝑦2 

tan 𝜃 =
𝑦

𝑥
  

 
 

Cylindrical coordinates are just polar coordinates adding a 𝑧 coordinate. 
 

𝑥 = 𝑟 cos 𝜃          𝑟2 = 𝑥2 + 𝑦2 

𝑦 = 𝑟 sin 𝜃          tan 𝜃 =
𝑦

𝑥
    

𝑧 = 𝑧 
 
 
 
 
 
 
 

 
 
 

Ex.  If (4,
𝜋

6
, 3) = (𝑟, 𝜃, 𝑧) are cylindrical coordinates, find the rectangular 

coordinates of the same point. 
 

           4 = 𝑟,    
𝜋

6
= 𝜃,     3 = 𝑧 .    

 

𝑥 = 𝑟 cos 𝜃 = 4 cos
𝜋

6
= 4(

√3

2
) = 2√3  

𝑦 = 𝑟 sin 𝜃 = 4 sin
𝜋

6
= 4(

1

2
) = 2  

 

Rectangular coordinates:  (𝑥, 𝑦, 𝑧) = (2√3, 2, 3). 
 
 

𝜃 
𝑟 

𝑃(𝑟, 𝜃, 𝑧) 

𝑧 

𝑥 

𝑦 
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Ex.  Find the cylindrical coordinates (𝑟, 𝜃, 𝑧) if the rectangular coordinates are

 (𝑥, 𝑦, 𝑧) = (2, 2, 5).  

 
 

tan 𝜃 =
𝑦

𝑥
=

2

2
= 1   ⟹   𝜃 =

𝜋

4
 ,

5𝜋

4
 .       

 

(2,2) is in the first quadrant so  𝜃 =
𝜋

4
 . 

𝑟 = √22 + 22 = √8 = 2√2 
 

cylindrical coordinates: (𝑟, 𝜃, 𝑧) = (2√2,
𝜋

4
, 5).   

 

 
Cylindrical coordinates are useful when you have symmetry about an axis. 
 

Ex. In cylindrical coordinates 𝑟 = 3 is cylinder of radius 3, about the 𝑧 axis. 
 
Ex.   𝑧2 = 𝑥2 + 𝑦2 is a cone, and in cylindrical coordinates it’s  

        written as 𝑧2 = 𝑟2  ⇒ 𝑧 = 𝑟 (𝑟 can be + or −). 
 
 
Spherical coordinates, 𝑃(𝜌, 𝜃, 𝜙),  are useful when working with regions bounded 
by spheres or cones. 

𝜌 = |𝑂𝑃⃗⃗⃗⃗  ⃗|             
𝜌 ≥ 0 
0 ≤ 𝜙 ≤ 𝜋 
0 ≤  𝜃 < 2𝜋 
 

 
 

In spherical coordinates the equation of a sphere is 𝜌 = 𝑘: 
 

𝜃 = 𝑐 is the equation of a vertical half plane. 
 

𝜙 = 𝑐 is the equation of a half cone about the positive 𝑧 axis if 0 < 𝑐 <
𝜋

2
    

            and the negative 𝑧 axis if 
𝜋

2
< 𝑐 < 𝜋. 

 

𝜙 =
𝜋

2
 is the 𝑥𝑦 plane. 

𝜃 

𝜙 

𝜌 

𝑃(𝜌, 𝜃, 𝜙) 

𝑥 

𝑧 

𝑂 
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Relationship between rectangular and spherical coordinates: 

 
𝑃(𝑥, 𝑦, 𝑧) = 𝑃(𝜌, 𝜃, 𝜙) 
𝑧

𝜌
= cos 𝜙      ⇒     𝑧 = 𝜌 cos𝜙  

𝑟

𝜌
= sin𝜙      ⇒      𝑟 = 𝜌 sin𝜙  

 
𝑥 = 𝑟 cos 𝜃 = 𝜌 sin𝜙 cos 𝜃 
𝑦 = 𝑟 sin 𝜃 = 𝜌 sin 𝜙 sin 𝜃 
𝑧 = 𝜌 cos𝜙  
𝜌2 = 𝑥2 + 𝑦2 + 𝑧2 

 
 

Ex.  Convert the point (𝜌, 𝜃, 𝜙) = (3,
𝜋

4
,
𝜋

6
) in spherical coordinates to   

rectangular coordinates, (𝑥, 𝑦, 𝑧). 
 

           𝜌 = 3, 𝜃 =
𝜋

4
, 𝜙 =

𝜋

6
 

 

𝑥 = 𝜌 sin𝜙 cos 𝜃                     
𝑦 = 𝜌 sin𝜙 sin 𝜃 
𝑧 = 𝜌 cos𝜙 

 

          𝑥 = 3 (sin
𝜋

6
) (cos

𝜋

4
) = 3(

1

2
) (

√2

2
) =

3√2

4
  

 

           𝑦 = 3 (sin
𝜋

6
) (sin

𝜋

4
) = 3 (

1

2
) (

√2

2
) =

3√2

4
  

 

            𝑧 = 3 cos
𝜋

6
= 3(

√3

2
) =

3√3

2
  

 

             (𝑥, 𝑦, 𝑧) = (
3√2

4
,
3√2

4
,
3√3

2
).  
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Ex. Convert the point (𝑥, 𝑦, 𝑧) = (1, √3, 2√3) in rectangular   

       coordinates to a point in spherical coordinates, (𝜌, 𝜃, 𝜙). 
 

        𝜌 = √𝑥2 + 𝑦2 + 𝑧2 = √1 + 3 + 12 = √16 = 4 
 

𝑧 = 𝜌 cos𝜙  ⇒ 2√3 = 4 cos𝜙  ⇒
√3

2
= cos 𝜙  ⇒  𝜙 =

𝜋

6
  

                   𝑥 = 𝜌 sin 𝜙 cos 𝜃  ⇒  1 = 4(sin
𝜋

6
) cos 𝜃  

 ⇒ 1 = 4 (
1

2
) cos 𝜃  ⇒

1

2
= cos 𝜃  ⇒ 𝜃 =

𝜋

3
 ,

5𝜋

3
  

 

(1, √3) is in the first quadrant, so 𝜃 =
𝜋

3
 not 

5𝜋

3
. 

       So,         (𝜌, 𝜃, 𝜙) = (4,
𝜋

3
 ,

𝜋

6
).  

 
 

Ex.  Convert the point (𝑥, 𝑦, 𝑧) = (−
1

2
,
√3

2
, −√3) in rectangular   

       coordinates to a point in spherical coordinates, (𝜌, 𝜃, 𝜙). 
 
 

𝜌 = √𝑥2 + 𝑦2 + 𝑧2 = √(−
1

2
)
2

+ (
√3

2
)

2

+ (−√3)
2
= √4 = 2 

 

  𝑧 = 𝜌 cos𝜙  ⇒ −√3 = 2 cos𝜙  ⇒ −
√3

2
= cos𝜙  ⇒  𝜙 =

5𝜋

6
  

            𝑥 = 𝜌 sin𝜙 cos 𝜃  ⇒  −
1

2
= 2(sin

5𝜋

6
) cos 𝜃  

                                     ⇒ −
1

2
= cos 𝜃  ⇒ −

1

2
= cos 𝜃  ⇒ 𝜃 =

2𝜋

3
 ,

4𝜋

3
  

 

   (−
1

2
,
√3

2
) is in the second quadrant, so 𝜃 =

2𝜋

3
 not 

4𝜋

3
. 

       So,         (𝜌, 𝜃, 𝜙) = (2,
2𝜋

3
 ,

5𝜋

6
).  


