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                                     The Cross Product of Vectors in ℝ3 
 
The cross product is only defined for vectors in ℝ3 and unlike the dot product, the 
answer is a vector in ℝ3. 
 
 

Def.  If 𝐴 = < 𝑎1, 𝑎2, 𝑎3 > , �⃑⃑� = < 𝑏1, 𝑏2, 𝑏3 >, then: 
 

          �⃑⃑⃑�  ×  �⃑⃑⃑� = < 𝑎2𝑏3 − 𝑎3𝑏2, 𝑎3𝑏1 − 𝑎1𝑏3, 𝑎1𝑏2 − 𝑎2𝑏1 > 
 
 

                          = (𝑎2𝑏3 − 𝑎3𝑏2)𝑖 + (𝑎3𝑏1 − 𝑎1𝑏3)𝑗 + (𝑎1𝑏2 − 𝑎2𝑏1)�⃑⃑�. 
 
 
 
Recall: 

𝑑𝑒𝑡 (
𝑎 𝑏
𝑐 𝑑

) = |
𝑎 𝑏
𝑐 𝑑

| = 𝑎𝑑 − 𝑏𝑐 

 
 

|

𝑎1 𝑎2 𝑎3

𝑏1 𝑏2 𝑏3

𝑐1 𝑐2 𝑐3

| = 𝑎1 |
𝑏2 𝑏3

𝑐2 𝑐3
| − 𝑎2 |

𝑏1 𝑏3

𝑐1 𝑐3
| + 𝑎3 |

𝑏1 𝑏2

𝑐1 𝑐2
|. 

 
 
 

Ex.      |
1 −2 3
2 1 0
0 2 1

| = 1 |
1 0
2 1

| − (−2) |
2 0
0 1

| + 3 |
2 1
0 2

|  

 
                                   = 1(1 − 0) + 2(2 − 0) + 3(4 − 0) 
 
                                    = 1 + 4 + 12 = 17. 
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We can rewrite 𝐴  ×  �⃑⃑� as: 
 

   (𝑎2𝑏3 − 𝑎3𝑏2)𝑖 + (𝑎3𝑏1 − 𝑎1𝑏3)𝑗 + (𝑎1𝑏2 − 𝑎2𝑏1)�⃑⃑� 
 

= |
𝑎2 𝑎3

𝑏2 𝑏3
| 𝑖 − |

𝑎1 𝑎3

𝑏1 𝑏3
| 𝑗 + |

𝑎1 𝑎2

𝑏1 𝑏2
| �⃑⃑� 

 

                 �⃑⃑⃑�  ×  �⃑⃑⃑� = |
𝒊 𝒋 �⃑⃑⃑�

𝒂𝟏 𝒂𝟐 𝒂𝟑

𝒃𝟏 𝒃𝟐 𝒃𝟑

|.   

 

 

Ex.  If 𝐴 = < 2, 1, −2 > , �⃑⃑� = < −3, 2, 1 >  find 𝐴  × �⃑⃑�. 
 
 

                        𝐴  × �⃑⃑� = |
𝑖 𝑗 �⃑⃑�
2 1 −2

−3 2 1

| 

 

                                       = 𝑖 |
1 −2
2 1

| − 𝑗 |
2 −2

−3 1
| + �⃑⃑� |

2 1
−3 2

| 

 

                                       = 𝑖(1 − (−4)) − 𝑗(2 − 6) + �⃑⃑�(4 − (−3)) 
 

                                       = 5𝑖 + 4𝑗 + 7�⃑⃑� 
 
 
 

Ex.  Show 𝐴  × 𝐴 = 0 

𝐴  ×  𝐴 = |
𝑖 𝑗 �⃑⃑�

𝑎1 𝑎2 𝑎3

𝑎1 𝑎2 𝑎3

| = 𝑖 |
𝑎2 𝑎3

𝑎2 𝑎3
| − 𝑗 |

𝑎1 𝑎3

𝑎1 𝑎3
| + �⃑⃑� |

𝑎1 𝑎2

𝑎1 𝑎2
| 

 
 

                                                      = (0)𝑖 − (0)𝑗 + (0)�⃑⃑� = 0⃑⃑. 
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The most important property of 𝐴  ×  �⃑⃑� is the following: 
 
 

Theorem: 𝐴  ×  �⃑⃑� is ⊥ to 𝐴 and �⃑⃑�. 
 
 

Let’s show 𝐴  ×  �⃑⃑� ⊥ to 𝐴: 
 

  (𝐴  ×  �⃑⃑�) ∙ 𝐴 = |
𝑖 𝑗 �⃑⃑�

𝑎1 𝑎2 𝑎3

𝑏1 𝑏2 𝑏3

| ∙< 𝑎1, 𝑎2, 𝑎3 >  

 

     = (𝑖 |
𝑎2 𝑎3

𝑏2 𝑏3
| − 𝑗 |

𝑎1 𝑎3

𝑏1 𝑏3
| + �⃑⃑� |

𝑎1 𝑎2

𝑏1 𝑏2
|) ∙< 𝑎1, 𝑎2, 𝑎3 > 

 
          = (𝑎2𝑏3 − 𝑎3𝑏2)𝑎1 − (𝑎1𝑏3 − 𝑎3𝑏1)𝑎2 + (𝑎1𝑏2 − 𝑎2𝑏1)𝑎3 

 

                 = 𝑎2𝑏3𝑎1 − 𝑎3𝑏2𝑎1 + 𝑎3𝑏1𝑎2 − 𝑎1𝑏3𝑎2 + 𝑎1𝑏2𝑎3 − 𝑎2𝑏1𝑎3 
 
                 = 0. 
 
 
 

So if we think of vectors 𝐴 and �⃑⃑� with the same initial point, then 

 𝐴  × �⃑⃑� is perpendicular to the plane containing 𝐴 and �⃑⃑�.  The direction of 𝐴  × �⃑⃑�   

is given by the right hand rule: if your fingers in your right hand curl from 𝐴 to �⃑⃑�, 

then your thumb points in the direction of 𝐴  × �⃑⃑�.  
 
 
 
 
 
 
                                                                                           
 

𝐴 

�⃑⃗� 𝐴 × �⃑⃗� 
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Theorem: If 𝜃 is the angle between 𝐴 and �⃑⃑� (so that 0 ≤ 𝜃 ≤ 𝜋), then 
 

 

|𝐴  ×  �⃑⃑�| = |𝐴| |�⃑⃑�| sin 𝜃. 
 
 
Proof: 

         𝐴  ×  �⃑⃑� = < 𝑎2𝑏3 − 𝑎3𝑏2, 𝑎3𝑏1 − 𝑎1𝑏3, 𝑎1𝑏2 − 𝑎2𝑏1 > 
 

|𝐴  ×  �⃑⃑�|
2

= (𝑎2𝑏3 − 𝑎3𝑏2)2 + (𝑎3𝑏1 − 𝑎1𝑏3)2 + (𝑎1𝑏2 − 𝑎2𝑏1)2 
 

                         = 𝑎2
2𝑏3

2 − 2𝑎2𝑎3𝑏2𝑏3 + 𝑎3
2𝑏2

2 + 𝑎3
2𝑏1

2 − 2𝑎1𝑎3𝑏1𝑏3                            
                                                                +𝑎1

2𝑏3
2 + 𝑎1

2𝑏2
2 − 2𝑎1𝑎2𝑏1𝑏2 + 𝑎2

2𝑏1
2 

 

                        = (𝑎1
2 + 𝑎2

2 + 𝑎3
2)(𝑏1

2 + 𝑏2
2 + 𝑏3

2) − (𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3)2 
 

                        = |𝐴|
2

|�⃑⃑�|
2

− (𝐴 ∙ �⃑⃑�)
2

 

 

                      = |𝐴|
2

|�⃑⃑�|
2

− (|𝐴| |�⃑⃑�| cos 𝜃)
2

 

 

                      = |𝐴|
2

|�⃑⃑�|
2

− |𝐴|
2

 |�⃑⃑�|
2

cos2 𝜃 
 

    |𝐴  ×  �⃑⃑�|
2

= |𝐴|
2

|�⃑⃑�|
2

(1 − cos2 𝜃) = |𝐴|
2

|�⃑⃑�|
2

(sin2 𝜃) 

 

      |𝐴  ×  �⃑⃑�| = |𝐴| |�⃑⃑�| sin 𝜃.   
 
 

Corollary:  Two non-zero vectors are parallel ⇔ 𝐴  ×  �⃑⃑� = 0⃑⃗. 
 
 

Proof: 𝐴, �⃑⃑� parallel ⇔ 𝜃 = 0 or 𝜃 = 𝜋 (i.e. sin 𝜃 = 0). 
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�⃑⃗� 

Notice:  Area of parallelogram = |𝐴|(|�⃑⃗�|𝑠𝑖𝑛𝜃) = |𝐴  ×  �⃑⃑�| 

 
 
                                                                                            
 
 
 
 
 

So the length of 𝐴  ×  �⃑⃑� is equal to the area of the parallelogram created by the 

vectors 𝐴 and �⃑⃑�. 
 
 
Ex.  Find a vector perpendicular to the plane that passes through the points: 

𝑄(3, 2, 1),   𝑅(2, 4, 2),   𝑆(1, 0, 3). 
  
 
 
 
 
                                                                                

                                                                 𝑄𝑆⃑⃑⃑⃑⃑⃑ = < −2, −2 , 2 > = −2𝑖 − 2𝑗 + 2�⃑⃑�   
                                                                            

                                                                  𝑄𝑅⃑⃑ ⃑⃑ ⃑⃑ = < −1, 2, 1 > = −𝑖 + 2𝑗 + �⃑⃑�   
 

                               𝑄𝑅⃑⃑ ⃑⃑ ⃑⃑  ×  𝑄𝑆⃑⃑⃑⃑⃑⃑ = |
𝑖 𝑗 �⃑⃑�

−1 2 1
−2 −2 2

| 

 

                                                  = |
2 1

−2 2
| 𝑖 − |

−1 1
−2 2

| 𝑗 + |
−1 2
−2 −2

| �⃑⃑� 

 

                                                   = 6𝑖 − (−2 − (−2))𝑗 + (2 + 4)�⃑⃑�. 
 

                                    𝑄𝑆⃑⃑⃑⃑⃑⃑  ×  𝑄𝑅⃑⃑ ⃑⃑ ⃑⃑ = 6𝑖 + 6�⃑⃑�. 

𝐴 

ℎ = |�⃑⃗�|𝑠𝑖𝑛𝜃 

𝑄 

𝑆 𝑅 

𝑄𝑅⃑⃑ ⃑⃑ ⃑⃑ × 𝑄𝑆⃑⃑⃑⃑⃑⃑  

https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=2ahUKEwj92NvxquTgAhUKhOAKHd9HDJQQjRx6BAgBEAU&url=https://math.libretexts.org/Bookshelves/Calculus/Book:_Calculus_(Guichard)/15:_Multiple_Integration/15.7:_Change_of_Variables&psig=AOvVaw2PJ2NqPkcnxh17Fuf5eOEL&ust=1551646092546826
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Ex.  Find the area of the triangle with vertices:   𝑄(3, 2, 1),   𝑅(2, 4, 2),   𝑆(1, 0, 3). 
 
 
 

|𝑄𝑆⃑⃑⃑⃑⃑⃑  ×  𝑄𝑅⃑⃑ ⃑⃑ ⃑⃑ | = area of parallelogram= 2 times area of the triangle QRS 

 
 
 

 

                                                                            𝑄𝑆⃑⃑⃑⃑⃑⃑  ×  𝑄𝑅⃑⃑ ⃑⃑ ⃑⃑ = 6𝑖 + 6�⃑⃑�   (From                   
                                                                                                         previous example) 
 
 
 

 

|𝑄𝑆⃑⃑⃑⃑⃑⃑  ×  𝑄𝑅⃑⃑ ⃑⃑ ⃑⃑ | = √(6)2 + (0)2 + (6)2 = √36 + 36 = √72 = 6√2 
 

            Area of the triangle =
1

2
 6√2 = 3√2. 

 
 
 
 

Notice:          𝑖  × 𝑗 = �⃑⃑� ,             𝑗  × �⃑⃑� = 𝑖 ,            �⃑⃑�  × 𝑖 = 𝑗 

                     𝑗  × 𝑖 = −�⃑⃑� , �⃑⃑�  × 𝑗 = −𝑖 , 𝑖  × �⃑⃑� = −𝑗 
 

So the cross product is not commutative. It’s also not associative: 
 

𝑖  × (𝑖  × 𝑗) = 𝑖  × �⃑⃑� = −𝑗  
 

(𝑖  × 𝑖 ) × 𝑗 = 0⃑⃑  × 𝑗 = 0⃑⃑ .   
 
 
 
 

 

𝑄 

𝑆 

𝑅 

https://www.google.com/imgres?imgurl=https://kitsunegames.com/assets/software-3d-rendering-in-javascript-pt2/crossarea.png&imgrefurl=https://kitsunegames.com/post/development/2016/07/28/software-3d-rendering-in-javascript-pt2/&docid=SaoN6NFm2e5NyM&tbnid=-wirb-AlkEQhBM:&vet=10ahUKEwj7gt2Ns-TgAhWsiOAKHeJoAysQMwhqKB8wHw..i&w=640&h=320&bih=930&biw=958&q=area%20of%20a%20triangle%20in%203d%20using%20cross%20product&ved=0ahUKEwj7gt2Ns-TgAhWsiOAKHeJoAysQMwhqKB8wHw&iact=mrc&uact=8
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Theorem: 𝐴, �⃑⃑�, �⃑⃑⃑� vectors, 𝑐 is scalar 
 

1. 𝐴  ×  �⃑⃑� = −�⃑⃑�  ×  𝐴 

2. (𝑐𝐴 ) ×  �⃑⃑� = 𝑐(𝐴  ×  �⃑⃑�) = 𝐴  ×  𝑐�⃑⃑� 

3. 𝐴  ×  (�⃑⃑� + �⃑⃑⃑�) = 𝐴  ×  �⃑⃑� + 𝐴  ×  �⃑⃑⃑� 

4. (𝐴 + �⃑⃑�)  ×  �⃑⃑⃑� = 𝐴  ×  �⃑⃑⃑� + �⃑⃑�  ×  �⃑⃑⃑� 

5. 𝐴  ∙ (�⃑⃑�  ×  �⃑⃑⃑�) = (𝐴  ×  �⃑⃑�) ∙ �⃑⃑⃑� 

6. 𝐴  ×  (�⃑⃑�  ×  �⃑⃑⃑�) = (𝐴  ∙  �⃑⃑⃑�)�⃑⃑� − (𝐴  ∙  �⃑⃑�)�⃑⃑⃑�.  

 

Proof of #5:  Scalar Triple Product 
 

𝐴 = < 𝑎1, 𝑎2, 𝑎3 > , �⃑⃑� = < 𝑏1, 𝑏2, 𝑏3 >, �⃑⃑⃑� = < 𝑑1, 𝑑2, 𝑑3 > 
 

𝐴  ∙ (�⃑⃑�  ×  �⃑⃑⃑�) = < 𝑎1, 𝑎2, 𝑎3 >∙ |
𝑖 𝑗 �⃑⃑�

𝑏1 𝑏2 𝑏3

𝑑1 𝑑2 𝑑3

| 

 
 

          = < 𝑎1, 𝑎2, 𝑎3 >∙ (|
𝑏2 𝑏3

𝑑2 𝑑3
| 𝑖 − |

𝑏1 𝑏3

𝑑1 𝑑3
| 𝑗 + |

𝑏1 𝑏2

𝑑1 𝑑2
| �⃑⃑�) 

 

           =< 𝑎1, 𝑎2, 𝑎3 >∙< 𝑏2𝑑3 − 𝑑2𝑏3, −𝑏1𝑑3 + 𝑑1𝑏3, 𝑏1𝑑2 − 𝑑1𝑏2 > 
 

  = 𝑎1𝑏2𝑑3 − 𝑎1𝑑2𝑏3 − 𝑎2𝑏1𝑑3 + 𝑎2𝑑1𝑏3 + 𝑎3𝑏1𝑑2 − 𝑎3𝑑1𝑏2 
 

= 𝑑1(𝑎2𝑏3 − 𝑎3𝑏2) − 𝑑2(𝑎1𝑏3 − 𝑎3𝑏1) + 𝑑3(𝑎1𝑏2 − 𝑎2𝑏1) 
 

             = (𝐴  ×  �⃑⃑�) ∙ �⃑⃑⃑�. 
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Planes in ℝ3 
 
 
A line is determined by a point and a direction vector. A plane in ℝ3 is determined 
by a point, 𝑃0, and a normal (⊥) vector, �⃗⃑�, to the plane. For any point, 𝑃(𝑥, 𝑦, 𝑧), 

in the plane the vector 𝑃0𝑃⃑⃑⃑⃑⃑⃑⃑⃗  is in the plane and perpendicular to the normal 
vector, �⃑⃑�. 
 
 
 
 
                                                                                      Vector equation of a plane: 
                                                                     

                                                                                                 �⃑⃑� ∙ (�⃑⃑� − �⃑⃑�0) = 0   
 
 
 
 
 
 
 
To get a scalar version, let: 
 

�⃑⃑� = < 𝑎, 𝑏, 𝑐 > ,    �⃑⃑� = < 𝑥, 𝑦, 𝑧 > ,     �⃑⃑�0 = < 𝑥0, 𝑦0, 𝑧0 > 
 

�⃑⃑� ∙ (�⃑⃑� − �⃑⃑�0) = < 𝑎, 𝑏, 𝑐 > ∙< 𝑥 − 𝑥0,   𝑦 − 𝑦0,   𝑧 − 𝑧0 > = 0 
 

𝑎(𝑥 − 𝑥0) + 𝑏(𝑦 − 𝑦0) + 𝑐(𝑧 − 𝑧0) = 0 
 

or 
 

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0 
 
 
This is the equation of a plane through (𝑥0, 𝑦0, 𝑧0) with normal vector < 𝑎, 𝑏, 𝑐 >.  
 

𝑃0 

𝑃(𝑥, 𝑦, 𝑧) 

𝑃0
⃑⃑⃑⃑⃗ �⃑⃗� 

𝑃0𝑃⃑⃑⃑⃑⃑⃑⃑⃗  �⃗⃑� 
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Note: if we know 3 points in a plane we can find 2 vectors in the plane and cross 
them to find a normal vector. 
 
 
 
Ex.  Find an equation of a plane through the point (1, −1, 2) with a normal vector 
< 3, 1, −4 >.  
  
 Equation of plane: 

3(𝑥 − 1) + 1(𝑦 + 1) − 4(𝑧 − 2) = 0 
 

                3𝑥 − 3 + 𝑦 + 1 − 4𝑧 + 8 = 0 
 

                                                3𝑥 + 𝑦 − 4𝑧 = −6 . 
 
 
Ex.  Find the equation of the plane that passes through: 
 

                                                    𝑄(2, 1, 1),   𝑅(0, 4, 1),   𝑆(−2, 1, 4). 
 
 

                                                                                      𝑄𝑅⃑⃑ ⃑⃑ ⃑⃑ = < −2, 3, 0 >
             
 

                                                                                        𝑄𝑆⃑⃑⃑⃑⃑⃑ = < −4, 0, 3 > 
 

                                                                             𝑄𝑅⃑⃑ ⃑⃑ ⃑⃑  ×  𝑄𝑆⃑⃑⃑⃑⃑⃑  is normal to the plane   

                                                                             containing 𝑄𝑅⃑⃑ ⃑⃑ ⃑⃑ , 𝑄𝑆⃑⃑⃑⃑⃑⃑ . 
 
 
 
 
 

𝑥 

𝑦 

𝑄𝑆⃑⃑⃑⃑⃑⃗  

𝑄𝑅⃑⃑ ⃑⃑ ⃑⃗  

�⃗⃑� 

3𝑥 + 2𝑦 + 4𝑧 = 12 

𝑧 
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�⃑⃑� = 𝑄𝑅⃑⃑ ⃑⃑ ⃑⃑  ×  𝑄𝑆⃑⃑⃑⃑⃑⃑ = |
𝑖 𝑗 �⃑⃑�

−2 3 0
−4 0 3

| = |
3 0
0 3

| 𝑖 − |
−2 0
−4 3

| 𝑗 + |
−2 3
−4 0

| �⃑⃑� 

 
 

    �⃑⃑� = 9𝑖 + 6𝑗 + 12�⃑⃑�. 
 

 Using (2, 1, 1) and �⃑⃑� = 9𝑖 + 6𝑗 + 12�⃑⃑�: 
 

9(𝑥 − 2) + 6(𝑦 − 1) + 12(𝑧 − 1) = 0 
 

        9𝑥 − 18 + 6𝑦 − 6 + 12𝑧 − 12 = 0 
 

                            9𝑥 + 6𝑦 + 12𝑧 − 36 = 0 
 

                             Or                                    3𝑥 + 2𝑦 + 4𝑧 = 12. 
 
 
Note: 2 planes in ℝ3 are parallel if their normal vectors are parallel.  
 
 

Ex.  Find the formula for the distance, 𝐷, from a point, 𝑃(𝑥1, 𝑦1, 𝑧1) to the plane 

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0. 
 
 Let 𝑄(𝑥0, 𝑦0, 𝑧0) be any point in  

the plane and let 𝑄𝑃⃑⃑⃑⃑ ⃑⃑  be the   
vector from 𝑄 to 𝑃. 
 
 

𝑄𝑃⃑⃑⃑⃑ ⃑⃑ = < 𝑥1 − 𝑥0, 𝑦1 − 𝑦0, 𝑧1 − 𝑧0 >  
    �⃑⃗� =< 𝑎, 𝑏, 𝑐 > =normal vector to plane. 
 
 
 

 

𝑃 

𝑆 

𝑄 

𝑆𝑃⃑⃑ ⃑⃑ ⃗ 
𝑄𝑃⃑⃑⃑⃑ ⃑⃗  

�⃗⃑� 
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𝐷 = absolute value of the scalar projection of 𝑄𝑃⃑⃑⃑⃑ ⃑⃑  onto �⃑⃑�, the normal vector 
to the plane. 
 

                  𝐷 = |𝑐𝑜𝑚𝑝�⃑⃑�𝑄𝑃⃑⃑⃑⃑ ⃑⃑ | = |
�⃑⃑�∙𝑄𝑃⃑⃑ ⃑⃑ ⃑⃗

|�⃑⃑�|
| 

 

=
|𝑎(𝑥1 − 𝑥0) + 𝑏(𝑦1 − 𝑦0) + 𝑐(𝑧1 − 𝑧0)|

√𝑎2 + 𝑏2 + 𝑐2
 

 

=
|𝑎𝑥1 + 𝑏𝑦1 + 𝑐𝑧1 − (𝑎𝑥0 + 𝑏𝑦0 + 𝑐𝑧0)|

√𝑎2 + 𝑏2 + 𝑐2
 

 
 

Since (𝑥0, 𝑦0, 𝑧0) is in the plane, it satisfies the equation: 

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0, so 
 
 

𝐷 =
|𝑎𝑥1 + 𝑏𝑦1 + 𝑐𝑧1 + 𝑑|

√𝑎2 + 𝑏2 + 𝑐2
 

 
 
 
 

Ex.  Find the distance of the point 𝑃(1, −2, 3) to the plane given by:  

3𝑥 − 𝑦 + 2𝑧 − 6 = 0. 
  

      𝑃 = (1, −2, 3) = (𝑥1, 𝑦1, 𝑧1) 
       �⃑⃗� =< 3, −1, 2 >= < 𝑎, 𝑏, 𝑐 >;    𝑑 = −6. 

 

𝐷 =
|3(1)−1(−2)+2(3)−6|

√32+(−1)2+22
=

|5|

√9+1+4
=

5

√14
 . 
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Ex.  Find the distance of the point 𝑃(−2,2, −1) to the plane given by: 

                                                       2𝑥 + 4𝑦 − 𝑧 = 7. 
 
 

            𝑃 = (−2, 2, −1) = (𝑥1, 𝑦1, 𝑧1) 
             �⃑⃗� =< 2, 4, −1 >= < 𝑎, 𝑏, 𝑐 >;    𝑑 = −7. 
 

                𝐷 =
|2(−2)+4(2)−1(−1)−7|

√22+(4)2+(−1)2
=

|−2|

√4+16+1
=

2

√21
 . 

 


