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Vectors in the Plane and Three-Space  

 

A vector is a quantity that has magnitude and direction, for example, velocity or 

force. It is often represented by an arrow. 

A vector has an initial point (the tail) and a terminal point (the tip). 

 

 

  

 

 

 

 

 

𝐴𝐵⃗⃗⃗⃗  ⃗ ; the length of the vector is called the magnitude. 

Since all that matters with a vector is magnitude and direction, the vectors 𝐴𝐵⃗⃗⃗⃗  ⃗ 

and 𝐶𝐷⃗⃗⃗⃗  ⃗ are equal (or the same). 

 

 

 

 

 

 

 

 

 

𝐵   (2,4) 

𝐴  (−2,1) 

𝐴  (−2,1) 

𝐵  (2,4) 

𝐶  (0,0) 

𝐷  (4,3) 
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𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝐶𝐷⃗⃗⃗⃗  ⃗, so we can “move’ vectors around as long as we don’t change the 

magnitude (length) or direction (can move parallel). 

Given 2 points in either ℝ2 or ℝ3, say 𝐴(−2,1) and 𝐵(2,4),  we can create a 

vector by subtracting the coordinates: 

𝐴𝐵⃗⃗⃗⃗  ⃗ = (2 − (−2), 4 − 1) = < 4,3 >. 

 

To add vectors we put the tail of one to the tip of the other: 

 

 

 

 

 

 

 

 

 

 

We can multiply vectors by a (real) number, called a scalar: 

 

 

 

 

 

 

𝐴𝐵⃗⃗⃗⃗  ⃗ 

𝐶𝐷⃗⃗⃗⃗  ⃗ 

𝐶𝐷⃗⃗⃗⃗  ⃗ 𝐴𝐵⃗⃗⃗⃗  ⃗ + 𝐶𝐷⃗⃗⃗⃗  ⃗ 

𝐴𝐵⃗⃗⃗⃗  ⃗ 3𝐴𝐵⃗⃗⃗⃗  ⃗ 
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If we multiply a vector by a negative number it creates a vector in the opposite 

direction: 

 

Ex.  Find 𝐴𝐵⃗⃗⃗⃗  ⃗ + 2𝐴𝐶⃗⃗⃗⃗  ⃗ and 𝐴𝐵⃗⃗⃗⃗  ⃗ − 2𝐴𝐶⃗⃗⃗⃗  ⃗: 

 

 

 

 

 

 

 

 

 

 

𝐴𝐵⃗⃗⃗⃗  ⃗ 

−2𝐴𝐵⃗⃗⃗⃗  ⃗ 

𝐴𝐵⃗⃗⃗⃗  ⃗ 

𝐴𝐶⃗⃗⃗⃗  ⃗ 

2𝐴𝐶⃗⃗⃗⃗  ⃗ 

𝐴𝐵⃗⃗⃗⃗  ⃗ + 2𝐴𝐶⃗⃗⃗⃗  ⃗ 
−2𝐴𝐶⃗⃗⃗⃗  ⃗ 

𝐴𝐵⃗⃗⃗⃗  ⃗ − 2𝐴𝐶⃗⃗⃗⃗  ⃗ 
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Since all that matters for a vector are its magnitude and direction, we can 

think of any vector as having its tail at the origin and the tip at a point (this 

can be done for any number of dimensions). 

 

 

The 𝑎𝑖s are called the components of the vector. 

When we mean a vector, we will write < 𝑎1, 𝑎2, 𝑎3 >, as opposed to the point 

(𝑎1, 𝑎2, 𝑎3). 

 

Given the points: 𝐴(𝑥1, 𝑦1, 𝑧1) and 𝐵(𝑥2, 𝑦2, 𝑧2), the vector: 

                                                                  𝐴𝐵⃗⃗⃗⃗  ⃗ = < 𝑥2 − 𝑥1,   𝑦2 − 𝑦1,   𝑧2 − 𝑧1 > 

 

 

 

 

 

 Notice the order of subtraction matters: 𝐴𝐵⃗⃗⃗⃗  ⃗ ⇒ 𝐴 is tail, 𝐵 is tip 

𝐴𝐵⃗⃗⃗⃗  ⃗ 

𝐴𝐵⃗⃗⃗⃗  ⃗ 

< 𝑎1, 𝑎2 > 

𝐴(𝑥1, 𝑦1, 𝑧1) 

𝐵(𝑥2, 𝑦2, 𝑧2) 
𝐴𝐵⃗⃗⃗⃗  ⃗ 

https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=2ahUKEwjhk63vwtzgAhXomOAKHZmuBkQQjRx6BAgBEAU&url=https://tex.stackexchange.com/questions/125027/how-to-achieve-a-perspective-where-two-axes-of-a-3d-scene-coincide-with-the-x-an&psig=AOvVaw1H835p2jc8XhoD-gl6gxbB&ust=1551377816940876


 5 

Ex.  Find the vector from 𝐴(−2, 3,−1) (tail) to 𝐵(−1, 5, 2) (tip). 

𝐴𝐵⃗⃗⃗⃗  ⃗ = < −1 − (−2), 5 − 3, 2 − (−1) > = < 1, 2, 3 > 

 

 

The magnitude, or length, of a vector is given by the distance formula: 

In ℝ2:      �⃗� = < 𝑢1, 𝑢2 >               |�⃗� | or ‖�⃗� ‖ = √𝑢1
2 + 𝑢2

2 

In ℝ3:      �⃗� = < 𝑢1, 𝑢2, 𝑢3 >         |�⃗� | or ‖�⃗� ‖ = √𝑢1
2 + 𝑢2

2 + 𝑢3
2 

 

Ex.  Find the length of  �⃗� = < −1, 4,−2 >. 

 

|�⃗� | = √(−1)2 + 42 + (−2)2 = √1 + 16 + 4 = √21. 

 

 

 

To add (or subtract) vectors we add (or subtract) their components. 

< 𝑎1, 𝑎2 > + < 𝑏1, 𝑏2 > = < 𝑎1 + 𝑏1, 𝑎2 + 𝑏2 > 

 

 

 

 

 

 

 

 

< 𝑎1, 𝑎2 > 

< 𝑏1, 𝑏2 > 

< 𝑎1 + 𝑏1, 𝑎2 + 𝑏2 > 
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Ex.    𝐴 = < 2,−3,−1 > , �⃗� = < −3, 2, 4 >.  

Find 𝐴 + �⃗�  and 𝐴 − �⃗� . 

 

            𝐴 + �⃗� = < 2 − 3, −3 + 2, −1 + 4 > = < −1, −1, 3 > 

 𝐴 − �⃗� = < 2 − (−3), −3 − 2, −1 − 4 > = < 5, −5, −5 > 

 

To multiply a vector by a scalar, multiply the components. 

Ex.  If    𝑐 = −3,      𝐴 = < 1,−2, 3 > 

         then               𝑐𝐴 = < −3(1), −3(−2), −3(3) > = < −3, 6,−9 > 

 

Ex.     Let  𝐴 = < −3, 0, 5 > , �⃗� = < −2,−1, 3 >.  Find 𝐴 − 2�⃗�  and |𝐴 − 2�⃗� |. 

           

  𝐴 − 2�⃗� = < −3, 0, 5 > −2 < −2,−1, 3 > 

                                      = < −3, 0, 5 > − < −4,−2, 6 > 

                                      = < −3 − (−4), 0 − (−2), 5 − 6 > = < 1, 2,−1 >.  

  

               |𝐴 − 2�⃗� | = √12 + 22 + (−1)2 = √6.  

 

Properties of vectors:  If 𝐴 , �⃗� , and 𝐶  are vectors and 𝑐, 𝑑 ∈ ℝ then 

     1. 𝐴 + �⃗� = �⃗� + 𝐴                      2.  𝐴 + (�⃗� + 𝐶 ) = (𝐴 + �⃗� ) + 𝐶  

     3. 𝐴 + 0⃗ = 𝐴                               4.  𝐴 + (−𝐴 ) = 0⃗  

     5. 1𝐴 = 𝐴                                     6.  𝑐(𝐴 + �⃗� ) = 𝑐𝐴 + 𝑐�⃗�  

     7. (𝑐 + 𝑑)𝐴 = 𝑐𝐴 + 𝑑𝐴             8.  (𝑐𝑑)𝐴 = 𝑐(𝑑𝐴 ) 



 7 

Proof of Property 1: 

          Let   𝐴 = < 𝑎1, 𝑎2, 𝑎3 > ,        �⃗� = < 𝑏1, 𝑏2, 𝑏3 > 

𝐴 + �⃗� = < 𝑎1 + 𝑏1, 𝑎2 + 𝑏2, 𝑎3 + 𝑏3 > = < 𝑏1 + 𝑎1, 𝑏2 + 𝑎2, 𝑏3 + 𝑎3 > = �⃗� + 𝐴  

 

Three vectors play a special role and are given the names: 

𝑖 = < 1, 0, 0 >  ,      𝑗 = < 0, 1, 0 > , �⃗� = < 0, 0, 1 > 

 These 3 vectors are called the standard basis for ℝ3. 

They are of length 1 and perpendicular. 

 

 

 

 

 

 

 

 

For ℝ2,   𝑖 =< 1, 0 >  ,     𝑗 = < 0, 1 >. 

 

We can write any vector in ℝ3 in terms of these vectors: 

For example:             < 5,−2, 3 > = 5𝑖 − 2𝑗 + 3�⃗�  

In general,                < 𝑎1, 𝑎2, 𝑎3 > = 𝑎1𝑖 + 𝑎2𝑗 + 𝑎3�⃗� . 

 

 

 

𝑖  

𝑗  

�⃗�  

https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&ved=2ahUKEwjrrIzizdzgAhWH8YMKHcYaDsYQjRx6BAgBEAU&url=https://tex.stackexchange.com/questions/125027/how-to-achieve-a-perspective-where-two-axes-of-a-3d-scene-coincide-with-the-x-an&psig=AOvVaw18a3YmipavFnjCHImmD7vn&ust=1551380741962983
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Ex.  Let   𝐴 = 2𝑖 − 𝑗 + 3�⃗�  ,    �⃗� = −3𝑖 + 6�⃗� .   Find 𝐴 + �⃗� . 

 

𝐴 + �⃗� = (2𝑖 − 𝑗 + 3�⃗� ) + (−3𝑖 + 6�⃗� ) 

                                                     = −𝑖 − 𝑗 + 9�⃗�  

 

A unit vector is a vector of length 1. Given any vector, 𝐴 ≠ 0⃗ , we can create a unit 

vector in the same direction, �⃗� , by  

�⃗� =
𝐴 

|𝐴 |
  

 

 

Ex.  Find a unit vector in the direction of 𝐴 = < −2, 3, 2 > = −2𝑖 + 3𝑗 + 2�⃗� . 

 

|𝐴 | = √(−2)2 + 32 + 22 = √4 + 9 + 4 = √17 

�⃗� =
𝐴 

√17
= <

−2

√17
 ,

3

√17
 ,

2

√17
> = −

2

√17
𝑖 +

3

√17
𝑗 +

2

√17
�⃗�  . 
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Equations of Lines in ℝ𝟐 

If we know a point on a line and the direction (i.e. slope), we can write an 

equation of a line.  For example, if the point (2, 5) is on the line and the slope of 

the line is 2, we know an equation of the line is: 

                                    𝑦 − 5 = 2(𝑥 − 2)    or     𝑦 = 2𝑥 + 1. 

 

 

 

 

 

 

 

 

If we want to write this in vector form we can take any point on the line, say 

(2, 5), and consider the vector < 2, 5 >.  Notice that the vector  < 1, 2 > has a 

slope of 2.  We can think of the line as the tips of a set of vectors given by: 

           𝑟 = < 2, 5 > + 𝑡 < 1, 2 >= < 2 + 𝑡, 5 + 2𝑡 >;    𝑡 ∈ ℝ 

This is the vector form of a line in ℝ𝟐. 

 

 

 

 

 

  

 

 

(2,5) 

< 2,5 > 

𝑟 =< 2 + 𝑡, 5 + 2𝑡 >;    𝑡 ∈ ℝ 

 

𝑦 = 2𝑥 + 1 
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Equations of Lines in ℝ𝟑 

The vector form of a line. 

Take any point on the line and write it as a vector < 𝑥0, 𝑦0, 𝑧0 > and then find a 

direction vector 𝑣 =< 𝑣1, 𝑣2, 𝑣3 >.  The vector equation of the line is given by: 

 𝑟 = < 𝑥0, 𝑦0, 𝑧0 > + 𝑡 < 𝑣1, 𝑣2, 𝑣3 >,   where 𝑡 ∈ ℝ. 

 

 

                              

 

 

Ex. Write the vector form of a line going through (2,−3, 1) and parallel to the 

vector < 4, 3,−5 >. 

           𝑟 = < 2, −3, 1 > + 𝑡 < 4, 3, −5 > ;        𝑡 ∈ ℝ. 

 

 

 

 

 

𝑣  

< 𝑥0, 𝑦0, 𝑧0 > 

https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=2ahUKEwjwy7Lu2-HgAhWD5YMKHV0cBeYQjRx6BAgBEAU&url=https://tex.stackexchange.com/questions/125027/how-to-achieve-a-perspective-where-two-axes-of-a-3d-scene-coincide-with-the-x-an&psig=AOvVaw249oa3KgnTTe_hsgzJi8j1&ust=1551556324083262
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Parametric equation form of a line 

We can start with the vector form of a line as: 

                                          𝑟 = 𝑟0 + 𝑡�⃑�        𝑡 ∈ ℝ 

< 𝑥, 𝑦, 𝑧 > = < 𝑥0, 𝑦0, 𝑧0 > +𝑡 < 𝑣1, 𝑣2, 𝑣3 > 

                                            =< 𝑥0 + 𝑡𝑣1, 𝑦0 + 𝑡𝑣2 , 𝑧0 + 𝑣3 >. 

 

𝑥 = 𝑥0 + 𝑡𝑣1 

                             𝑦 = 𝑦0 + 𝑡𝑣2                    𝑡 ∈ ℝ 

𝑧 = 𝑧0 + 𝑡𝑣3 

  is called the parametric equation form of a line. 

 

Ex. Find the parametric equations of a line through (2,−3, 1) in the direction of 

(or parallel to)  < 4, 3,−5 >. 

 

𝑟 = < 2,−3, 1 > + 𝑡 < 4, 3, −5 > 

𝑥 = 2 + 4𝑡 

                                                       𝑦 = −3 + 3𝑡             𝑡 ∈ ℝ   

 𝑧 = 1 − 5𝑡. 

 

 

If �⃑� = < 𝑎, 𝑏, 𝑐 > is used to describe the direction of a line, 𝐿, then 𝑎, 𝑏, 𝑐 are 

called direction numbers of 𝑳. Of course, any non-zero multiple of �⃑� is parallel to 

�⃑�, so any non-zero multiples of 𝑎, 𝑏, 𝑐 would also be direction numbers for 𝐿. 
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Ex.  Find parametric equations of the line that goes through   

𝐴(−6,−1, 2),   𝐵(−3, 2, 1). At what point does the line intersect the 𝑦𝑧 plane? 

 

Direction vector = 𝐴𝐵⃗⃗⃗⃗ ⃗⃑ = < −3—(−6), 2—(−1), 1 − 2 >  

                                                     = < 3, 3,−1 >. 

 

 The line goes through (−6,−1, 2) (we could use either point). 

           The vector form of the line is: 

                  𝑟 = < −6,−1, 2 > + 𝑡 < 3, 3, −1 >       𝑡 ∈ ℝ. 

 

            Thus the parametric equation form of the line is: 

                 𝑥 = −6 + 3𝑡 

                 𝑦 = −1 + 3𝑡 

                 𝑧 = 2 − 𝑡. 

 

      The line intersects the 𝑦𝑧 plane when 𝑥 = 0. When 𝑥 = 0, 𝑡 = 2.     

 

Thus the line intersects the 𝑦𝑧 plane at:  𝑡 = 2, so at 

𝑥 = −6 + 3(2) = 0,     𝑦 = −1 + 3(2) = 5,     𝑧 = 2 − 2 = 0, 

 

                                      (𝑥, 𝑦, 𝑧) = (0,5,0). 
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Sometimes we need the description of a line segment instead of an entire line. 

 

Ex. Find a vector form of a line segment starting at 𝐴(−3, 2, 4) and ending at 

𝐵(2,−3, 1). 

 

𝐴𝐵⃗⃗⃗⃗ ⃗⃑ = < 2 − (−3),−3 − 2, 1 − 4 >= < 5,−5,−3 > 

Equation of the line:  

            𝑟 = < −3, 2, 4 > + 𝑡 < 5,−5,−3 >;     𝑡 ∈ ℝ 

 

Notice:       𝑡 = 0,      𝑟 = < −3, 2, 4 > 

                            𝑡 = 1,      𝑟 = < 2, −3, 1 > 

 

Line segment in vector form: 

𝑟 (𝑡) =< −3, 2, 4 > + 𝑡 < 5, −5, −3 > ;       0 ≤ 𝑡 ≤ 1. 

 

 

 

𝐴(−3, 2, 4) 

𝐵(2,−3, 1) 

https://www.google.com/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=2ahUKEwjwy7Lu2-HgAhWD5YMKHV0cBeYQjRx6BAgBEAU&url=https://tex.stackexchange.com/questions/125027/how-to-achieve-a-perspective-where-two-axes-of-a-3d-scene-coincide-with-the-x-an&psig=AOvVaw249oa3KgnTTe_hsgzJi8j1&ust=1551556324083262
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Notice that in the previous example: 

 𝐴𝐵⃗⃗⃗⃗ ⃗⃑ = < 5,−5,−3 > = �⃗⃑� − 𝐴 = < 2,−3, 1 > − < −3, 2, 4 > 

So the line segment is: 

              𝑟 (𝑡) = 𝐴 + 𝑡(�⃗⃑� − 𝐴) = 𝐴 − 𝑡𝐴 + 𝑡�⃗⃑� = (1 − 𝑡)𝐴 + 𝑡�⃗⃑� 

             𝑟 (𝑡) = (1 − 𝑡)𝐴 + 𝑡�⃗⃑� ;       0 ≤ 𝑡 ≤ 1 

where 𝐴 = �⃗� (0) is the vector with tip at the starting point 𝐴 and 

                        �⃗⃑� = �⃗� (1) is the vector with tip at the ending point 𝐵. 

 

Ex.  Write a vector equation and parametric equations for the line segment 

starting at 𝐴(3,−1, 5) and ending at 𝐵(−2, 4, 2). 

 

 Vector equation: 

𝑟 = (1 − 𝑡) < 3,−1, 5 > +𝑡 < −2, 4, 2 > ;      0 ≤ 𝑡 ≤ 1 

         =< 3 − 3𝑡, −1 + 𝑡, 5 − 5𝑡 > + < −2𝑡, 4𝑡, 2𝑡 > 

         = < 3 − 5𝑡, −1 + 5𝑡, 5 − 3𝑡 > ;       0 ≤ 𝑡 ≤ 1. 

 

            Parametric equations:   

𝑥 = (1 − 𝑡)3 − 2𝑡 = 3 − 5𝑡                                       

𝑦 = (1 − 𝑡)(−1) + 4𝑡 = −1 + 5𝑡          0 ≤ 𝑡 ≤ 1 

𝑧 = (1 − 𝑡)5 + 2𝑡 = 5 − 3𝑡                                       
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Given 2 lines in ℝ𝟑, they can: 

1) Intersect at 1 point  

 

2) Be parallel (direction vectors are multiples, but lines don't intersect) 

 

3) Be skew (don’t intersect but are not parallel) 

 

4) Intersect at every point (i.e. they’re the same line)  

 

 

Ex.  Determine if the lines, 𝐿1 and 𝐿2, are parallel, skew, intersect at 

       one point, or are the same line.  If they intersect, find the point of  

       intersection.  

           𝐿1:    𝑥 = 3𝑡                                      𝐿2:     𝑥 = 1 + 4𝑠 

                    𝑦 = 2 − 𝑡                                           𝑦 = −2 + 𝑠 

            𝑧 = −1 + 𝑡                                        𝑧 = −3 − 3𝑠. 

 

𝐿1 direction vector: < 3,−1, 1 >         𝐿2 direction vector: < 4, 1, −3 >.  

These are not multiples of each other so 𝐿1 and 𝐿2 are not parallel 

or the same line. 
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 If they intersect, we could find numbers, 𝑡, 𝑠, 

 such that: 

          3𝑡 = 1 + 4𝑠    ⇒    3𝑡 − 4𝑠 = 1 ⇒           3𝑡 − 4𝑠 = 1 

     2 − 𝑡 = −2 + 𝑠   ⇒   −𝑡 − 𝑠 = −4 ⇒       −3𝑡 − 3𝑠 = −12 

  −1 + 𝑡 = −3 − 3𝑠                                                      −7𝑠 = −11        

                                                                                                𝑠 =
11

7
              

 

                                             ⇒          −𝑡 −
11

7
= −4            

                                                                    −𝑡 = −
28

7
+

11

7
= −

17

7
         

                                                                        𝑡 =
17

7
 .             

 

Now check if 𝑠 =
11

7
, 𝑡 =

17

7
 fits the 3rd equation: 

                        −1 +
17

7
= −3 − 3(

11

7
)  

                         
10

7
= −3 −

33

7
        doesn’t work, so the lines are skew. 


