Trigonometric Integrals and Trigonometric Substitutions

.. _ . sin x
Trig identities (e.g., cos?x =1—sin®x , tanx = cosx’ etc. ) can

sometimes be used to transform an integrand into a form where a U-substitution
can be used to evaluate it.

Ex. Evaluatefsin3 x dx.

Notice that: sin® x = sinx (sin2 x) = sinx (1 — cos? x).
[sin® xdx = [ sinx (1 — cos? x)dx

let U = COS X
du = —sinx dx
—du = sin x dx

[sinx (1 —cos?x)dx = — [(1 —u?)du

—(u—u;)+(]
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= —COoSXx +
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3 + C.

[ sin® x dx = —cosx +

In general, when we have [ sin™ x cos™ x dx we try to use
sin® x + cos?x = 1 to put the integral into one of the following two forms:

[(sinf x) cosxdx or [sinx (cos’x)dx.

Then, either substitute u = sin x (in the first integral) or u = cos x (in the second
integral) and we can always do this if either m or n is a positive odd integer.



Ex. Evaluate [ sin* x cos® x dx.

First, notice that:
sin* x cos3 x = sin* x (cos? x) cos x
= sin* x (1 — sin? x) cos x

= (sin* x — sin® x) cos x

[ sin* x cos® x dx = [(sin* x — sin® x) cos x dx

Letu = sinx
du = cosx dx

= [(u* — u®) du
us  u’
=57 TC
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. Sin- X sSin X
[ sin* x cos® x dx = —

If the integrand just has even powers of Sin x and even powers of COS X we can
use:

. 1 1
sin? x =E—Ec052x

11
cos? x = 5+ cos 2x.



21
Ex. Evaluate [~ cos? x dx.

2n 2 _?r(1 1
Jy cos?xdx = [ (2+2c052x)dx

1 1. 2
= (zx +—sm2x)|
2 4 0

= (m+0)— (0 +0)

= Tt.

Ex. EvaIuatefSin4x dx.

[ sin*x dx = [(sin® x)* dx
2
= f(%—%cost) dx
=if(1 — 2cos 2x + cos?® 2x) dx

1 1
cos? 2x = §+Ecos4x

[ sin* x dx =if(1—2c052x+%+%cos4x) dx

_1 E—2c052x+1cos4x dx
47 \2 2

=1(§x—sin2x+lsin4x) + C.
4 \2 8



Similar strategies can be used for [ tan™ x sec™ x dx because:

d d
—(tanx) = sec? x; —(secx) = secxtanx; tan? x + 1 = sec? x.

Ex. Evaluate [ tan* x sec* x dx.

Notice if we have [ tan™ x sec™ x dx and 7 is even (and positive) we

can always factor out sec? x and turn the rest of the even powers of sec? x

into powers of tan x by sec? x = tan? x + 1.
tan* x sec* x = tan* x (sec? x)(sec? x)

= tan* x (1 + tan® x)(sec? x)

= (tan? x + tan® x)(sec? x)

[ tan* x sec* x dx = [(tan* x + tan® x)(sec? x) dx
letu = tan x
du = sec? x dx

= [(u* +u®) du

u5 u7
—?+7+C

tan5 X tan7 X

e

If we have [ tan™ x sec™ x dx and m is a positive odd integerand n > 1,
then we can factor (tan x)( sec x) from tan™ x (sec™ x) and turn the even
power of tan x into secants.



Ex. Evaluate [ tan® x sec* x dx.

tan® x sec* x = (tan* x)(sec3 x)(sec x tan x)
= (sec? x — 1)?(sec3 x)(secx tan x)
= (sec*x — 2sec? x + 1)(sec3 x)(sec x tan x)

= (sec’” x — 2 sec® x + sec3 x)(sec x tan x)

[tan® xsec* x dx = [(sec” x — 2 sec® x + sec3 x)(sec x tan x) dx

letu = secx
du = secxtanx dx

[’ —2u® +u3) du

ud  ub  ut
=———+—+4+C

8 3 4

8 6 4
sec®x sec®x | sec*x
=3 3 + 2 + C.

The approaches for the last couple of examples don’t help us find f tan x dx or
f sec x dx. However, we can use the following “tricks” to help us.

Ex. Evaluate [ tan x dx.

sin x
Jtanxdx = [ —
let U = COS X
du = —sinx dx
—du = sin x dx
du
=—J—=—-InJul+C

[tanx dx = —In|cos x| + C = In|secx| + C.



Ex. Evaluate [ secx dx.

Here we need to use a very non-obvious trick. We multiply sec x by one in

the form:
secx+tanx

secx+tanx

sec x+tan x)
secx+tanx

[secxdx = fsecx(

_ f sec2 x+secxtanx
secx+tanx

Notice that the numerator is now the derivative of the denominator.

letu = secx + tanx
du = (secx tan x + sec? x)dx

= [E = nul+C

u

[ secx dx = In|secx + tan x| + C.
Ex. Evaluate [ tan® x dx.

[tan® x dx = [ tanx (tan®x) dx = [ tanx (sec® x — 1) dx
= [tanxsec’?xdx — [tanx dx

letu = tan x
du = sec? x dx

= [udu—In|secx| + C
= %uz —In|secx| + C

1
= Etan2 x — In|secx| + C.



Trigconometric Substitutions

Integrands, which include expressions of the form Va2 — u2,vVu? — a2, or

Vu? + a?, can sometimes be evaluated using Pythagorean trig identities (e.g.
sin? @ + cos? 0 = 1).

Expression Substitution Trig Identity

a2 —u?2 | u=asindb 1 —sin?6 = cos? 0
Ja?+u?2 | u=atand | 1+tan?6 =sec?H
Ju2—ag?2 | u=asecd | sec’6—1=tan?6

As with integration by parts, one should be on the lookout to see if a simple
substitution will allow us to evaluate the integral before using a trig substitution.

Ex. Evaluate f

> dx
Vx249 '

let u=2x24+9
du = 2x dx

ldu=xdx
2

I s

ix= 15 (D)

1 _1
~Juzdu

1

uz + C

x2+9+C.

We could also evaluate this integral with a trig substitution, but it’'s more difficult.
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Ex. Evaluatef .

In this case, a2 = 5so a = V5.
Let x =+V5secH

dx = V/5(secH) tan 6 d@
= | 5\/3—e§e 66 (\/_(5ec 0)(tan 9)) do

= fﬁézzzcz_l (\/g(sec 0)(tan 9)) do

. \/ngtan

((sec 6)(tan 9)) do
= /5 [ tan? 6 d6
=+/5 [(sec?8 — 1) db

=V/5(tanf — 0) + C

x2 -5 has%=seC9
(%)
V5
so we know x\/zg—s =tanf and O = cos~ ! (g)
Vx?2-5 _ Vx2-5 _1 (V5
J = dx—\/g( 7= — Cos (7)>+C.
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Ex. Let’s reVISItf\/2—+9 dx
X

let x =3tanf
dx = 3(sec? 8)do

f 3tané@

3 20)de
V9tan? 6+9 ( SeC )

f\/x2+9

tan 6 sec? @
=9 | ——— df
I 3vtan% 0+1

_ 3ftant9$ec

do
Vsec? 6

f tan @ sec? 6
secH

do

=3 [tanf secH db

=3secf +C

X249
0 secf =

3(0) 4 c

3

X
dx =
| s
=vx2+9+C.



_ 2 V4a—x?2
Ex. Evaluate the following f\/ET dx.
Llet x = 2sin@ ; x=Vv2 = =%
dx = 2cos0do ; =2 =>9—§.
x=2 V4—x2 0=> V4 4 sin?
sz = [y f Ty (2cos0)do

2
o=t —4 5 (2 cos 6)d6

10
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Ex. Evaluate f—3 dx.
(4x2%2+9)2

3
Notice that (4x2 + 9)z = (4x2 + 9)V4x2 + 9.
However, V4x2 + 9 isn’t quite in the form Vx2 + a2. We can remedy

that by factoring out a 4.

V4x?2 +9 = /4(x2+z)=2 /x2+%
3

Now a = -
2
Let x = %tane

dx = %(sec2 0)do

3 3
= 0
X—33 dx — f (Ztan ) (zsecz 9) d@

(4x2+9)2 (4(%tan 6)2+9)

N| W

27, 3
—tan” 6
= [—8 5 (Esec2 9) do
(9 tan? 6+9)2

81
=—tan3 0 sec?0

= [ : do

92(tan?6+1)2

81 tan3 6 sec2 0
= [
27 (sec309)

do

3 ~tan36
16 secO
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3 ~sin30
== [2=—d#
16 Y cos< 6
3 sin26

== — (sin6)do

Let u = cos 6

du = —sin6 do
42
=—=/= ;L du
16 u
=—= (iz—l)du
16 u
16 16 \u

_ 3

—1_6(Sec9+c059)+c_
Vs

3 X
X—Etane = ?ztane
0 2
3
2 x24+2
4 2 9
secl = —; =_\/7_|__
3 4
2
> 3
cos @ = 29= -
2,2 2,9

J——dx e



