Indeterminate Forms and L’'Hospital’s Rule

0
Def. An indeterminate form of type o is written as

i £
x=a g (x)

as long as the following holds:

lim f(x) = lim g(x) = 0.
xX—a xX—a

0
An indeterminate form of type , may, or may not, have a limit.

0
Ex. Find the limit, if it exists, of the following indeterminate forms of type o

a)
. x%—x
xl—rgxz—l
b)
I x—1
xl—rgxz—2x+1
a)
ox%—x x(x—1) X 1
lim = lim = lim = —
x>1x%2—-1 x->1(x+1D(x—1) x-1x+1 2
b)
x—1 x—1 _ 1
lim = lim = lim

x-1x2—=2x+1 x»-1(x—1Dkx-1) =xo1x-—1

This limit does not exist.



(e 0]
Def. An indeterminate form of type = is written as

lim @
x=a g(x)

as long as the following hold:
lim f(x) = o0 ; lim g(x) = Foo.
xX—a xX—a

(00)
Again, an indeterminate form of type — may, or may not, have a limit.

Ex. Find the limit, if it exists, for the following indeterminate forms of the type g

a)
. x2+x+2
o 3x2 + 1
b)
ox%+1
lim
x—0o x + 1
a)
1 2 1 2
Caztat2  F(I4i-5) 140+
11m2—= lim T = llm—1
x-oo 3x4+1 X—=00 4.2 (3_|__2) X—00 3+;
14040 1
340 3
b)
1 1
' x2 +1 . x(x+;) . X+; o+ 0
lim = lim = lim T = = 0
x—oo0 x + 1 x—>oox(1+l) x>0 1 4 = 1+0
X X

So there is no finite limit.



We know how to evaluate limits of the form llm f( ) if f(x) and g(x) are

In
polynomials. However, how do we evaluate limits like lim — 7’
x—>o0o X

L’Hospital’s Rule: Suppose f and g are differentiable and g’ (x) # 0 near "a
(except possibly at "a"). Suppose that:

lim f(x) =0; limg(x) =0
xX—a xX—a
or that

lim f(x) =+ ; limg(x) =t
xX—a xX—a

then
lim 202 _ i L0
xoag(x)  xoag (%)

if the limit on the right hand side exists or is +00.

Note 1: Make sure the conditions of L’'Hospital’s Rule are satisfied before
applying it. For example, if we incorrectly apply L’'Hospital’s Rule to:

I x+1_2_2
xl—IH x3 _I_

then one would get the following, and incorrect, answer:

x+1 1

Note 2: L'Hospital’s Rule is also valid for one-sided limits and limits as x
goes to 1o,



Ex. Find the following limit:
~ Inx
lim —.
xX—oco X

Notice the conditions of L’Hospital’s Rule are satisfied as both f(x) = Inx
and g(x) = x are differentiable for all x > 0 and:

limlnx =00; limx =
X—00 X— 00
1
- Inx _ o
lim—=lim—==20
x—co X x—-oo 1

Ex. Find the following limit:
~ sin?«x
lim—.
x—01 —cosx

We know:
limsin?x =0; lim(1—cosx) = 0.
x—0 x—0

Also the functions are both differentiable near x = 0.

- sin®x ~ 2sinxcosx
lim——— = lim .
x-01—cosx x-0 sin x

= lim2cosx =2
x—0



Ex. Find the following limit:

lim -
im —
X —00 sz
We know:
lime* =0; lim x? =
X— 00 X—>00
- ex " ex
lim — = lim —

x> 2x2  x-04x

Notice the right hand side is still an indeterminate form of type z , SO apply
L’Hospital’s Rule again:
ex ex X

lim — = lim —
x—00 22 x—o0 4x x—o0 4

I
Z
|
I
8

Ex. Find the following limit:
. sinx —x
lim ——
x—0 x3

We know:
lim(sinx —x) =0; limx3=0
x—0 x—0

now apply L'Hospital’s Rule:

I sinx — x I cosx — 1
im——s—=lim———
x—-0 x3 x—0  3x2

0
The right hand side is still an indeterminate form of type 0’0 apply
L’'Hospital’s Rule again:

sinx — x cosx — 1 —sinx

lim ———— = lim————— = lim
x-0  x3 x—0 3x2 x-0 6Xx



0
Once again, the right hand side is still an indeterminate form of type 0 SO

apply L'Hospital’s Rule for a third time:

I sinx — x I cosx —1 I — sinx
im————=lim———=lim——
x—0 x3 x—0 3x?2 x-0 6Xx
lim — COS X 1
= lim—m—=——.
x>0 6 6

Ex. Find the following limit:
~ sin™1(3x)
lim—
x—0 X

We know:

limsin!(3x) =0; limx = 0.
x—0 x—0

Now apply L'Hospital’s Rule:

3
sin~1(3x
lim —( ) = lim Vi-ox?

x—0 X x—0 1

= 3.



Indeterminate Products: (- oo

If lim f(x) = 0and lim g(x) = oo, then it isn’t necessarily clear how to
xX—a xX—a

evaluate their product:

lim (£ () g (x))

However, we can always convert an indeterminate product of this form into
(00)

0
either an indeterminate form of the type 0o %

For example, we can say:

f : : 0
fg =T (indeterminate form of type 6)

g

g (0e]
fg = - (indeterminate form of type ;)

f

and then apply L’'Hospital’s Rule.

Ex. Find the following limit

lim 2xInx.
x—0t

We can rewrite X In x in either of the two following ways:

Inx 2X

2xInx =— or 2xlnx=—F.

2x In x



Let’s try the first expression.

In x
lim 2xInx = lim ——

x—-0t x—-0t (L)
2X

This is an indeterminate form of the type — g .

Now let’s apply L'Hospital’s Rule:

1
. o Inx x .
AR AT I Y TR Ty TR
2x 2x?

If we try to find this limit using the second expression we’ll see that it
makes the problem worse.

2Xx
lim 2xlnx = lim

x—-07t x—>0+( 1 )
Inx

0
This is an indeterminate form of the type 0

Now apply L'Hospital’s Rule:

_ _ 2x _ 2
e S R )T w2 ()
X

— i 2
= 3611)1(1)1+ —2x(Inx)“.

So the second approach won’t work. In general, when rewriting an
indeterminate product in order to apply L'Hospital’s Rule you may need to
try more than one approach. Always start with the approach that looks
easiest.



Ex. Find llr(I)l (tanx) In x.
X—

In x
lim (tanx)Inx = lim
x—0 x-0t cotx
. . . . m
This is an indeterminate form of type — o
Now let’s apply L'Hospital’s Rule.
1
~ Inx *
lim (tanx)Inx = lim = lim ———
x—07 x—0* cotx  x—0* — csc2 x
~ —sin%x
= lim :
x—07t X

This last expression is an indeterminate form of the type 0 so apply

L’Hospital’s Rule again:

—sin?x
lim (tanx)Inx = lim ——
x—-0% x—-0% x
. —2sinxcosx
= lim = 0.

x-0t 1



Indeterminate Differences: (0o — o)

If lim f(x) = o and lim g(x) = o, then we call the following an
xX—a xX—a

indeterminate form of type co — oo:

lim[f(x) — g()] -

As with other indeterminate forms, this one may or may not have a limit. In this

case, we want to convert the difference (through factoring, finding a common
0 (0's)
denominator, etc.) into an indeterminate form of type o or —.

Ex. Evaluate the following:

_ 1 1
lim (—— ) .
x-0t\x e*¥—1

Find a common denominator and subtract the fractions.

= ]
0 x(e* —1)

x eXx—1

lim
x-07t

(1 1 ) - (e*—1)—x

0
This is an indeterminate for of the type 0 so apply L'Hospital’s Rule:

lim
x—0t

(1 1 ) (-1 —x)

x eX—1 x—07 %(x(ex —1))

_ e* —1
= oot x(e*) +(eX—1)
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This is still %, so apply L'Hospital’s Rule again:
ex
= lim l
x-0* lx(e*) + e* + e¥

1

Indeterminate Powers: 0°, «°, and 1%

Several indeterminate forms can arise from:

lim [f (x)]9™)
xX—a
1. Type 0°
lim f(x) =0; limg(x) =0
xX—a xX—a
2. Type ©°
lim f(x) = o ; limg(x) =0
xX—a xX—a
3. Type 1
lim f(x) = 1; lim g(x) = +co.
xX—a xX—a

In each case, we let y = [f(x)]9% and take natural logarithms and then attempt
to manipulate the result into a form where L’'Hospital’s Rule can be used.



1
Ex. Find the following limit: lim x(E).

X—00

This limit is type ©00°,
1

Lety = xx
1
Iny =Ilnxx = ;lnx.
. ) . Inx . 1
By L’Hospital’s Rule: limlny = lim — = lim %= 0.
X—00 xX—>o0o X X—00 1

Since y = e, we get:
. . (1) . ln 0
limy = lim x\x/ = lim e™ =¢"” = 1.

X—00 X—00 X—00

Ex. Calculate the following indeterminate form of the type 1%

1
lim (1 + sin 2x)x.

x—-07t

1

Let vy = (1 + sin 2x)x
Iny = iln(l + sin(2x))

_ . In(1 + sin(2x))
lim Iny = lim

x-0t x-07t X

12



Now we apply L’Hospital’s Rule:

iy ny = lsy,
xll,%l+ Iny =2

2 cos(2x)
1+sin(Zx)

1

lim y = lim, e™ = e?
x—0% x—-0%

1
lim (1 + sin 2x)x = e?.
x—-0%

2
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