Inverse Trigonometric Functions

In order for a function to have an inverse function it must be one-to-one. We can
see by the horizontal line test that f (x) = sin x is not one-to-one.

: : : : T T "
However if we restrict the domain of y = Sin x to - <x< > thenitis a
one-to-one function.
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We call the inverse function of f(x) = sinx, —SSX=<7,
g(x) = sin"1x, also called arcsin x.
. . T T
sin"lx=y © siny=x; —SSy<s7
Function Domain Range
. T VA
f(x) =sinx —;sx=5; -—l=sy=l1
. s T
gix)=sin"lx —-1<x<1 —SSy=s3.



since f(x) = sinx and g(x) = sin™! x are inverse functions we have:

sin~1(sinx) = x for —g <x< g
sin(sin"'x) =xfor —1 <x < 1.
Graph of y = sin™ 1 x: m/2
y = sin~! x/
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Ex. Evaluate the following:
a) sin™?! (\/—E)
2
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b) sec (arcsm (E))
in~—1 ‘/_E)— Qz : . ey <
a) sin (2 =y < S =Ssiny; S =YV =S
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Thus, sin 1(—) =—, sincesiIn—=—and —— < —-< —.
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b) Let & = arcsin (%) = sin”* (%) sosinf = 3

: 1
Draw a right triangle where sin 8 = 3
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By the Pythagorean Theorem we can find the third side by:

124x2=32 = x2=8 =x=2V2 sincex > 0.

Thus we have:

sec (arcsin G)) = % .

We can find the derivative of y = sin"!x using implicit differentiation.

y =sin"lx
siny = x
d , . d
Ix (sin Z) = ix (x)
@y _
(cosy) = 1
dy 1
dx cosy
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Remember that — y Sy < > and cosy = 0, so we can write:

cosy =+/1—sin?y =1 — x?

dy 1
dx  V1—x2

; -1<x<1.



Similarly, if in~1(u(x)), then by the chain rul i L
milarly, = Sln u(x) ), then e chain rule: = .
miarty, .y Y e dx V1i-u?dx

Ex. Let f(x) = sin"1(3x + 1)

a) Find the domain of f(x)
b) Find f'(x)

a) The domain for g(x) =sin"1xis—1 < x < 1.
The domain for f(x) = sin"!(3x+1)is —1<3x+1<1lor

2<3x<0 = —Esto.

b)
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1—-3x+1)2 dx 3x +1)

frx) =

1 . 3
3) = V—9x2—-6x

\/1—(9x2+6x+1)
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Ex. Lety = \/arcsm(xz —1). Find d—z :

y = (sin"1(x? — 1))%
dy 1, . _ — d .
= = E(sm (x> = 1)) Ix (sin™'(x* — 1))

1 1 d

B 2\/sin_1(x2—1) Jl—(xz—l)z dx
1 1

] 2\/sin_1(x2—1) \/1—(x4—2x2+1)

(x*=1)

1 2X
2,/sin"1(x2-1) V2x2-x*"

(2x) =




For the inverse cosine, we restrict the domain of f(x) = cosxto 0 < x < 1 so
that y = cOS X is one-to-one.

uty

y = cos(x)
0 \ VI3
=1
We define inverse cosine, cos~ ! x or arccos x by:
coslx=y & cosy=ux; 0<y<m
cos~(cosx) = x; 0<x<m
cos(cos 1 x) = x; —1<x<1

Function Domain Range
f(x) =cosx 0<x<m -—-1<y<l1
gx)=cos™lx —-1<x<1 0<y<m

Graph of y = cos™ ! x = arccos x:
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An approach similar to the one used to find o (sin 1 X) gives us:

1
1—x2

d _
a(cos Ix) =— ; —-1<x<1

d
Ex. Lety = x2 cos™1(x3). Find d_ic/ .

Start by using the product rule:

Zz di (cos™1(x*)) + (cos™ 1(363)) — (xz)
_ a2 =L di (x3) + (2x)(cos™1(x))
1—(x3)2 X

—x2 ( ii;) + (2x)(cos~1(x?))

— —\/% + (2x)(cos™1(x3)).




s s
f(x) = tan x is a one-to-one function on — S <x<3.

T
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*=y |

y = tan(x).
We define tan~! x or arctan x by:
tan"lx =y © y=tanx ; —§<y<§.
Function Domain Range
f(x) =tanx —§<x<§ —oo<y< ™

gx)=tanlx —ow<x<w —§<y<§.



The graph of y = tan™! x = arctan x:

y=rt/2

Notice:

T
lim tan 1x = =

X—00

T
lim tan 1x = —5

X—>—00



Ex. Simplify csc(tan™! x).

Start by drawing right triangle where tan y = Xx. Thus, by the Pythagorean
theorem the hypotenuse is V1 + x2.

V1 + x2

2

Now notice that csc(y) = buttany = x, thus y = tan™ ! x.

V14x2

X

csc(tan™tx) =

Ex. Evaluate the following: lim arctan(ln x).
x—07t
lim Inx = —oo
x—-0t

lim tan"!(Inx) = lim tan™(y)
x—0t y—>—00



d _
To find Ix (tan 1 X) we employ a similar approach to the one we used for

d
finding Zx (sin"! x).

So we have:

y =tan"lx

tany = x
d
a(tany) = x

2.3y _
(sec y)dx—l

dy 1

dx  sec2y

1
1+tanZy
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The inverse cosecant, secant, and cotangent are defined analogously to the other
inverse trigonometric functions.

Derivatives of Inverse Trig Functions

L (sin"lw) = L du L (csc7lu) = S S
dx /12 dx dx T WuZ—1adx
dx (cos™ u) = J1—u2 dx dx (sec™ u) = uvu2-1dx
2 (tan—1y) = —— & 2 cot~ly) = ——L %
dx (tan™"u) = 14+u? dx dx (cot™ u) = 1+u? dx

d
Ex. Lety = (tan™1(x2))3. Find d—z.

Z—i} = 3(tan"*(x%))? % (tan™'(x%))

= 3(tan"1(x?))? < ! )(% (xz))

1+(x2)

= 3(tan™! (x2))? ( 2x )

14+x4

- ( ox )(tan-l(xZ))Z.

1+x4



Each derivative formula for an inverse trig function gives rise to an integral
formula. The two most useful formulas are:

du=sin"lu+C

o=

f 1 du=tan tu+C
1+u2 u = tan u

Ex. Evaluate the following :
1
jg 1 q
— adX
o V1 —9x2

Notice that if we let u = 3x, then u?> = 9x?
and du = 3dx.

%du:dx x=0 = u=3(0)=0

=
I
[

> u-af)-
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ex
Ex. Evaluate the following: fm dx.
—e

Letu = e*
du = e*dx
j e* B du
V1 —e?¥ V1 —u?
=sin"lu+C

=sin"Y(e¥) + C

1
Ex. Evaluate: fx2+9
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— CcosXx
Ex. Evaluate fozm

Letu = sinx
du = cosx dx

Whenx = 0,u = 0 and whenx =

NS

jx—i COS X g j”‘ du
—_— x =
x=o 1+ sin?x —o 1+u?

u

— tan—1.,u=1
= tan™ " ul;—;

=tan"11—tan"10
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,u=1.
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