The Natural Exponential Function

Since f(x) = Inx is a strictly increasing function (if x, > x;, then f(x;) > f(x,))
it is one-to-one and hence has an inverse function. We call that function

f71(x) = exp(x) or e*.

Because exp(x) is the inverse function of f(x) = In x, we have:

exp(x) =y & Iny =x
e*=y © Iny =x
fx)=lnx © [f1(x) =expx) =e*

F(f1(x)) = f(exp(x)) = In(exp(x)) = x
FHf () = f*(Inx) = exp(Inx) = x.

When we use the notation exp(x) = e* we can write:
In(e*) = x

enx) — 5

Since f(x) = Inxand f~1(x) = e* are inverse functions, we have:

Domain Range
f(x) =Inx x>0 y€ER
fl(x) =e* x €R y>0

Since f 1(x) = e¥ is the inverse function of f (x) = In x, we can find the
graph of y = e* by reflecting the graph of y = In x about the line y = x.

-~ y = In(x)




Notice that:
lim e* = oo, lim e* = 0.

X—00 X—>—00

Since x = 0 is a vertical asymptote for y = Inx,y = 0 is a horizontal asymptote
of y =e”*.

The relationships e™* = x and In(e*) = x can be very useful to solve certain

kinds of equations.

Ex. Solve for x.

a) e**3=8
b) In(x+1)+In(x—-1) =7.

a) e?*3 =8
ln(e<2x—3)) =1n8
2x—3 =1In8

2x=34+1n8
x=%(3+ln8)

b) Inx+1)+In(x—1)=7
Inf[x+D(x—-1)] =7
In(x*?—-1)=7
eln(xz—l) — o7
x2—1=¢e’
x2=e’+1

x=+Ve’ +1

Only x = Ve’ — 1 solves the equationasx — 1 = —ve’ — 1 — 1 < 0, because
we can’t taketheln(x — 1) ifx — 1 < 0.



Exponent Laws: If x,y € R, then 1 (a rational number):

1. eXtY =¢eX.e¥
2. e¥ V=%

3. (e®)" =e™™.

Proof of #1: In(e* - e¥) = In(e*) + In(e?)
=Xty
— ln(ex+y)
= e*-e¥ =e*tY,

Ex. Evaluate the following limits:

a)

. e2x + e—Zx
911—{20 e?* + 1
b)
. er + e—2x
;l—fgo e3* +1

lim e(xlTl)
x—-1"

1_ er + e—Zx l eZX(l + e—4X)
im = lim
x—>00 e2X 41 x—00 @2X (] + e~2X)

y 1+e™* 1
= lim — = —
iowl+e-2% 1

1



b)
. er + e—2x . eSx(e—x + e—Sx)
1m = 11m
x—e 3% + 1 x—o0 e3¥(1 + e™3%)
e +e™™* 040
= lim = =

xo0 1+4+e 3% 140

c) We can say
1

lim eG2 =0

x—-1"
because we know:
li 1
1m = —O00,
x->1"x — 1
Differentiation
In(e*) = x

Now differentiate both sides:
a Y — 2y =
L (@) =L@ =1

1 d
eX dx

Apply the chain rule:

() =1

a . x\ _ x
dx(e )=e




Thus the slope of the tangent line to the graph of y = e* at (a, e?)
has the remarkable property that it’s always equal to the value of the

function, e?.

/

(a, ea%op e= e?

" 4

(0J1 I/
Slope=1

By the chain rule we have:

a ™)) = o)
dx dx

Ex. Find the derivatives of the following functions.

a) f(x) = 4e=3% 4 esinx
2t

b) g(t) = 17—

a) f'(x) = 43‘3"%(—33@ + eSi“x%(sin x)
= 4e73%(=3) + 5" ¥ (cos x)

= —12e73¥ + e51"*(cos x)



b) Use the quotient rule

(1_et)it(62t)_62t it(l_et)
g,(t) — : (1_et)2<d >

3 (1—et)<e2t%(2t))—62t(—et)

- (1—et)?

_ (1-eb)(e?))(2)+e3t

(1—-et)?
_ 2(62t—63t)+e3t _ 202t _p3t
(1-e®)?2  (1-eH)? '

Ex. Let f(x) = e©) Find f'(x).

f'(x) = e(ex)%(ex) = (e9)(e?).



Ex. Find the intervals of increase or decrease, the intervals of concavity, and the
inflection points for f(x) = (1 — x)e™*.

The function is increasing when f'(x) > 0 and decreasing when f'(x) < 0.

F)=-01 (™) +e 2 (1-x)
=1-x)(—e™)+e*(-1)

X X

= —e*+xe*—e”
=e *(x—2)

f'(x)=e*(x—2)>0whenx > 2and f'(x) < 0 whenx < 2,
since e * > 0 forall x. f(x) is increasing on (2, ) and decreasing on

(—o,2).
£(x) is concave up when " (x) > 0 and concave down when f"'(x) < 0.
fre) =e S (x—2) + (x—2) (e ™)
= e + (x — 2)(—e ™)

=—e ¥ —xe ¥ +2e*

(3—x)e™
f"(x) =B —x)e ™ >0whenx < 3and f"(x) < 0whenx > 3.

f(x) is concave up on (—o0, 3) and concave down on (3, ).
The only point of inflection is found at x = 3.

fB)=(1-3)e3=-2e3

thus the point of inflection is found at (3, —2e~3).



Ex. For the previous example, find an equation of the tangent line at x = 1.

f=0Q-Det=0; (1,0)

ff)=e'(1-2)
-1

= —e

Equation of the tangent line:

y—0=—e"1(x—-1).

Integration

d X X
Since e = €7, we have:
— (e”)

jexdx=6x+C.



Ex. Evaluate the following:

a) f x3e®) dx

In2 et

a) Letu = x* then du = 4x3dx and %du = x3dx

fx3e(x4) dx =feu G) du

=%fe”du
=ZeU+(
4
:le(x4)+c
4

b) Notice that here the numerator is the derivative of the denominator.
let u=1+et; whent = 0, u=1+e%=2
du = et dt; whent =In2, u=14+e"2=142=3
u=3

jt=ln2 et d f 1 d
t = —du
=0 1+et y=a U

= In|ul|¥*Z3 =In3 —1In2

()




Iné6
Ex. Evaluate the following fon e*V3 + e* dx.

Let u =3 +e¥; whenx =0,
du = e* dx ; whenx =1n6,

x=Iln6
f e*V3+eXdx = f (u)z du

10

u=3+e’=4
u=3+e"®=3+6=9

x=0 u=4
2 E u=9 2 E 3
=], =5(% - %)
2
=2(27-8)
38



