Polar Coordinates

Just like Cartesian coordinates, (X, y), allow us to describe where a pointisin a
plane, polar coordinates also allow us to describe where a point isin a plane. In

polar coordinates we start by thinking of any point P in the X- y plane lying on a
circle of radius 7 whose centerisat 0, x = 0; y = 0, (in polar coordinates we
call this point the pole). We can identify the point P by saying how far it is from
the pole (r) and what angle the line segment OP makes with the x-axis (8),
measured counter-clockwise from the Xx-axis.
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Thus, P is represented by (77, 8) in polar coordinates. Notice that (0, 8)
represents the pole, O, for any value of 8. Also, if (1, @) represents the point P,
then so does (7, 8 + 2nm) (where 1 is any integer).

We extend the meaning of (7, @) for the case when 1 < 0 by saying that:
(—r,0) =(r,0 +m).
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So what is the relationship between Cartesian coordinates, (x, y), and polar

coordinates, (1, 0)?
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Summary of the relationships between Cartesian and Polar coordinates:

x =71cosf r? =x? + y?

y =rsinf tanf =

2
) and (3,%) to Cartesian coordinates.
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Ex. Convert the points (4,—

For (4,2) :

(@)

X =1cosf = 4cos(z) = 4(?) =23
y=rsinf = 4sin(g) = 4(%) =2
(4,%) = (2\/?, 2) in Cartesian coordinates.

For (3,2?71) :
1

x=rcos€=3cos(2§)=3(—§)=_§

y =rsinf =351n(%ﬂ) =3(§)=32—\/§

2 3 3V3
(3 —ﬂ) = (—— —) in Cartesian coordinates.



Ex. Represent (—1, —\/§) in polar coordinates where v > 0
and 0 < 0 < 2. These conditions will guarantee a unique solution.

r = HE = (124 (—V3) = VTF3 =2

tan 0 = i V3 2
T 41T o
tan6 = /3 =>0=§or? 1
4
Since (—1, —\/§) is in the 3"4 quadrant, 8 = ?n .

4
So (—1, —\/§) in Cartesian coordinates is (2,%) in polar corrdinates, as
longasT > 0and 0 < 0 < 2m.

Just as we can represent curves in Cartesian coordinates by f(x,y) = 0, we can

represent curves in polar coordinates by f(‘r, 6) = 0 (although many curves will
be represented by r = f(60)).

In fact, one use of polar coordinates is that some curves have relatively
complicated equations in Cartesian coordinates but have much simpler equations
in polar coordinates.

Ex. The circle of radius 3 in Cartesian coordinates is x* + y2 = 9.

In polar coordinates, the equation of this circle is r = 3.



Ex. Sketch a graph of r = 2 sin @ by plotting points, then find the equivalent
equation in Cartesian coordinates.
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6 This is a circle of radius 1 and center at
T 0 (0,1) in Cartesian coordinates.



Ex. Sketch agraphof r = 2(1 — cos 0) by plotting points.
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This curve is called a cardioid.

Note: In Cartesian coordinates this cardioid has the following equation

(x% + 2x + y2)? = 4(x% + y?).



Ex. Sketch a graph of r = sin 260 by plotting points.

Tangents to Polar Curves

Ifr = f(8), then:
x=1rcosf = f(8)cosH

y =rsinf = f(8)sinf .

6 r = sin 26 T
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Thus, we cansay x = f(6) cos 8 andy = f(8) sin 6 are parametric

equations for the curve r = f(8).



dy
We know how to find dx (the slope of the tangent line to a curve) for parametric

equations:

dy % % sinf@+rcos @
dx % %cos O—rsinf

d dx
We can find horizontal tangents when d—: = 0 (and 20 # 0).

dx d
We can find vertical tangents when 5= 0 (and é #* 0).

Ex. For the cardioid 7 = 2(1 — cos 0):
a. Find the slope of the tangent lineat 6 = % .

b. Find the points where the tangent line is horizontal or vertical.

da.
dy % % sinf@+rcos @
— dx — d )
dx d—g d—gcos 6—rsin 0
dar .
— = 2sin @

dad



dy _  2sin®6+2(1-cosf)cosf _ sin®@+(1-cos6)cosb
dx  2sin6 cos 6—-2(1—cos @) sin b "~ 2sin@cosf-sind

At 0 = %we have:

d dx
b. To find horizontal tangents, we need to find where ﬁ = 0; (E # 0).
, . : dx dy
To find vertical tangents, we need to find where 20 = 0; (E # 0).

y=rsinf = 2(1 —cosf)sinf = 2(sinf — sin 6 cos )

d
ﬁ = 2(cos @ + sin? @ — cos®* 6) = 0

cos 6 + sin? @ — cos? 6 = 0

cos@ + (1 —cos?0) —cos?0 =0

—2cos?0+cosf+1=0

2cos’0 —cosf—1=0

(2cosf +1)(cos68—1)=0
cosf = —% or cosf =1

2T AT
0 = 0,?,?.



x =71cos8 = 2(1 —cosO)cosO = 2(cos @ — cos? @)

d
£= 2(—sinf + 2cosfsinf) =0

—sin@ +2cosfsinf =0
sin@(—1+2cosf) =0

. 1
sin@ =0 or cosf =3

m 5m
9 - 01 T[; 5) ?
. dy dx .
Notice that both 20 and 20 e 0 at 8 = 0. Otherwise, we can say that there
are:
2 4
Horizontal tangents at: 8 = ?n, r=3and 6 = ?n, r = 3.
. T 5
Vertical tangents at: 6 = 3 T= 1, 6 = <5 7= 1 and@ =m, r = 4.
r=2(1-cosf) -~ O
. 3 in !
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(4,m) ® e (0,0)
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d
To determined—y at 6 =0:

X
dy
. a6 . 2(cos 0 + sin? 8 — cos? 9)
600 dx ~ 59 2(—sin @ + 2 cos 6 sin 6)
do

Now divide the top and bottom by 2 and apply L'Hospital's Rule:

dy v —sin 8 + 2sinfcosf + 2sinfcosf 0
— = lim =

——=0.
dx 6-0 —cosO + 2cos?26 — 2sin?0 1

So 8 = 0, r = 0 also has a horizontal tangent.



