The Alternating Series, Ratio, and Root Tests

The Alternating Series Test:

An Alternating Series is a series where the signs alternate in the sum.

o ¢ qy-11_,_ 1,1 1,1 1, 1yn-11
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This is called the “Alternating Harmonic Series”.

Note: Just because the sum has a —1 raised to a power in front of the terms
does NOT necessarily mean the series alternates. For example:

o 1 1
Ex. T (D) =145+

Ex. T (- = —1—s—i—g—g—z— i
Ex. Yo ,(—1)" 1(sin(n)) = sin(1) — sin(2) + sin(3) — sin(4) + -

This is because sin(1) > 0, sin(2) < 0, sin(3) < 0, sin(4) > 0, etc.

You can also have an alternating series without a —1 to some power in front of

)

the terms.
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Alternating Series Test Theorem: If the alternating series
Yoo (D" b, =by — by + by — by + - b, > 0, satisfies:
1. bpyq < b, foralln (or at least from some n onward)

2. lim b, =0

n—->0o

then the series converges.

Although in the vast majority of the cases we will look at (and possibly all of
them), when lim b,, = 0 it will also be true that b,,,; < b,, for alln (or at

n—>0o

least from some n onward). However, it is possible to have lim b,, = 0 and not
n—>00

have the sequence be decreasing. In that case, we couldn’t apply the theorem.

So when you see an alternating series, you should think about the alternating
series test.

Ex. Determine the convergence of the alternating harmonic series:

o  qy-11_,_ 1,1 1,1 1., o qyn-1l,
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This series is alternating.

b, ==; lim b, = lim = = 0 and

n n—oo n—-oon

= b,, forall n.

S|k

1
bpy1 =—<

Hence, the alternating series test says this series converges.



Ex. Test the convergence of the series Zn=1 —n3+1
n+1 Nt 1 4 9 ] ) )
— = - — -4 —+ .-+ is an alternating series.
Zn 1( ) n3+1 2 9 + 28 T 8

2 2
n n 1
lim — = lim — — | = 0.
n-oco n°+1 n—-oon n+ﬁ

f&x) =

x3+1
( ) (x3+1)(2x)—x2(3x2%) _ x(2—x3)
frix) = (x3+1)2 T (x3+1)2
(2-x3)
2 —x3 <0|fx>\/7 soforx>\/§weknow(3+1)2<0.

2

Thus, f(x) is decreasing for X > V/2 and the sequence nZ+1

forn > i/i

is decreasing

(_1)n+1n2

So the alternating series theorem applies and Z?ﬁ:l 311

converges.

We can actually determine how close the partial sums, S,,, of an alternating
series are to the total sum without knowing what the total sum is.

Alternating Series Estimation Theorem: If § = Yoo (—1)™"1b,, is the sum of
an alternating series that satisfies:

1.  busy < by
2. limb,=0

n—->0oo

then |S — S, = |R,,| < byy1 .



Ex.

—2\n
Show that 27?:1 (T is convergent and determine how many terms of

the series are needed to find the sum to within 0.01 .

-2\
First, let’s show that Z?{;l (T is convergent with the alternating series

test.
(0%) (_Z)n _ (0'e) (_1)n2n- . .
n=1", ~ Zn=1"_ 7 _ is an alternating series.
. 2N
Claim: lim — =20
n-oon
2" 2 2 2 2 2 4
0582 A st -
- nl! n \n—1 2 1) — n( ) n
2 2
as every factor is —, 5 <1.
_ .4 2"
Now, by the squeeze theorem since lim — =0 = lim —=0.
n—oon n—-oo n!
. am®
By the same kind of argument, lim — = 0 for any constant a.
n-oo n!

bns1 = Gl = i@y - nrt Pn) S bn

2
sinceforn=>1, —<1.
n+1



Thus, we have by, 1 < by, foralln > 1.

(=2)"

So by the alternating series test Z?{Ll converges.

The error in the series after n terms is expressed as:

2n+1

n+1
By trial and error we can find an n such that <0.01.
(n+1)!
2n+1
n —_—
(n+1)!
26
5 — =~ 0.089
6!
27
6 — =~ 0.025
7!
28
7 — =~ 0.006
8!

We can see that 0.006 < 0.01, so:

within an error of 0.01 .

Note: If the problem said find the number of terms that are needed to find the
sum so that it’s accurate to the third decimal place, it would mean

|R,,| < 0.0005. Also, this method only works in general for alternating series.



Absolute Convergence

For any series Y;peq Gy, = Q4 + A, + a3z + a4 + -+ , we can create a new
series.

Ynetlan | = laq| + |az| + |az| + |ay] + -

Def. A series )51 Qy, is called Absolutely Convergent if the series of absolute

values ).o—1 |ay, | converges.

Note: If {a,} are already = 0, absolute convergence means the same thing as

Ex.

0 11 1 1 1 1 11
Ex. p=1(—D)" 1£= 1_E+§_Z+E_m+(_1)n 1;+°"

convergence.
o (D" 1,1 1 _
Y1 - 1 5 + 35 25 + -++ is absolutely convergent
00 1 1 1 1 . ) )
because anl 5 1+ > + I + g + -++ isconvergentsinceit’s a

p-serieswithp =5 > 1.

called the alternating harmonic series, is convergent (by the alternating
series test), but NOT absolutely convergent because:

o 1 _ 4 1,1, 1, 1.1, 1, ..
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the harmonic series, is divergent.



Def. If a series is convergent but not absolutely convergent, then it is called
Conditionally Convergent.

-11 . -
Ex. The alternating harmonic series, Yo (—1)""1 —, is conditionally

convergent.

Theorem: If a series is absolutely convergent then it is convergent.

sin (2n+1)

Ex. Determine the convergence of Z?lo:l 2

Notice that [sin (2n + 1)| < 1 so

sin(2n+1 1
sinnrn)) o 1
n2 — n?

1

We know Z?{;l 7 converges because it’s a p-serieswithp = 2 > 1.

sin(2n+1)

Thus, 2%021 2 converges by the comparison test.

o Sin(2n+1)
S0 Zn=1

> is absolutely convergent (and hence also
n

convergent).



Ex. Determine if the following series is convergent or divergent. If convergent, is
it absolutely convergent?

nH" 1 1 1 1
St = " me e T T
ln(n+1) In2 In3 In4  In5
( 1)” . . .
Zn 11 1) is convergent by the alternating series test since:

a) It’s an alternating series.

b) lim = 0 since lim Inn = oo.
n—oo In(n) n—oo
1 1
c) bpy1 = < = b, foralln = 1.

In(n+2) — In(n+1)

1
This series is not absolutely convergent because 27010:1 m diverges

by the comparison test (hence it is conditionally convergent).
1 1

ln(n+1)$n+1 = forn=>21 = = but
In(n+1) n+1

Zn 17 dlverges by the integral test since:

a) f(x) =ﬁ > f') =-

< Oforx =1, so{ ! }is
n+1

(x+1)2
decreasing.
) [P dx = lim [/ ——dx
1 +1 nooo’1l x
= l}lm (In(b+1) —1In(2)) = .
1

diverges by the comparison test.

+1)



The Ratio Test

The Ratio Test can be very useful for determining absolute convergence.
The Ratio Test Theorem:

lan41l

1. If lim

= L < 1, then the series )., —1 @y, is absolutely convergent.
n—-oo |an|

lan+1l

2. If lim

n—>0o anl

= L > 1, then the series )., -1 @y, is divergent.

. a
3. If lim [8n+1] = L = 1, then the ratio test is inconclusive (the series
n—-oo |an|

might converge or it might diverge. We need to use some other method).

Notice:

1
If we apply the ratio test to Z%?:l y which we already know converges

(because it’s a p-series withp = 2 > 1), we get:

2

. |Anyal - n+1)>2 - n . :
lim =2 = |im < T ” = lim ——— = 1, sotheratio test s
n-o |ayl n-ow  — n—oo (n+1)
inconclusive.

1
If we apply the ratio test to 2%021 o which we know diverges (why?) we get:

1

. la | . n+1 . n ] ) _
lim =2+ = lim ( 1 ) = lim — = 1, so the ratio test is again
n—oo |anJ n—oo - n—-oo n+1

inconclusive.
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The ratio test is often useful when a,, has an n! term or (f(n))" term.

zTL
Ex. Test the convergence of Z%‘Ll prl

Sn+1
. la : ! : 2n+1 n!
lim 1&ntl — lim &2 = lim ( )(—n)
n—oo |an| n-co n—oo \(n+1)! 2
n!

) 2
= lim—2=0<1.

n

2
So we can say 21010=1 F is absolutely convergent by the ratio test.

nTl
Ex. Test the convergence of Z%?:l e

(n+nntt
llm |a7’l+1| — llm (n+1)! — llm ((n+1)n+1) (Tl_')
n-oo |ayl n—oo g n—o0 (n+1)! nn
n!

— lim ((n+1)(n+1)”) (n!) — lim (+1)"

n— oo (n+1)(n)! nn n-ooo nnt

= lim ((n+1))n = lim (1 + %)n =e>1.

n—-oo n n—oo

So the series diverges by the ratio test since a,, = 0 for all n.
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. n2(2n+1)
Ex. Determine the convergence of Zn=1 an
(n+1)22n+2
li lan+1l li NN Y (n+1)2%2n+2 3n
im = M = omer - = M n+1 2on+1
n-oo |ay,l n—oo o n—oo 3 ne2
3

= Jim (5) (%55) = Jim 2 (=5)

2\ (n?\ [1+:+-7\ 2
i () () (M) <2 o
n—-oo \3 n2 1 3

So the series is absolutely convergent by the ratio test.

Rate of Growth from slowest to fastest:

1. In(n) 2. n* k>1 3. a%; a>1 4. n! 5. n"
Z lower # Z hlgher # di
— . converges, iverges.
n=1pigher # & =1 lower # &

100 n
n 1.01
Ex. 2;3;1 —(1.01)71 converges and Z?Lo:l (711—0) diverges

Convergence/divergence of both of these examples can be shown with the
Ratio Test.
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The Root Test

The Root Test can be useful when n is in the exponent of a,,, other than (—1)".

The Root Test Theorem:

1.

If lim %/|a,| = L < 1, then the series Y.o—; @, is absolutely convergent
n—oo

(and therefore convergent).

Ex.

If lim 7/ = L > 1, then the series Y prq Ay, is di .
lim la,| > 1, then the series )5~ a,, is divergent

If lim 3/|a,| = L = 1, then the root test is inconclusive.
n—oo

2n
5n+3

. n 2n . 2n \" .
lim "|(=n = lim (=) )" = lim
Nn—oo 5n+3 n—oo 5n+3 n—oo

by L'Hospital’s Rule, so the series converges absolutely by the root test.

)"

Test the convergence of Z%ozl(
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1

(-3n) 3n . n 3n \3" . 3n \3M\n
= lim = lim
2n+1 n— oo 2n+1 n— oo 2n+1

So the series is divergent by the root test

Note: This series is also divergent by the divergence test.

1 1 1 1

Ex. Test the convergence of (n3)? + (na)? + (In5)5 + o) + ...

:lim( ! );: lim — = 0.

n—-oo Inn

So the series is absolutely convergent by the root test.



14

Summary of Convergence/Divergence Tests for Series

Conditions Conditions
Test Series_ on Convergence on Divergence Comments
Divergence Y o—;a, rltl_r)glo a, #0 Test can only prove
Test divergence
Geometric Yoo ar™! r| <1 Ir| =1 S = 1;:
Series
p-series Z;’lo:lnip p>1 p=<1 p=1

is Harmonic Series

Alternating Y o-;(—D"a,

o< An+1 < an

R, error after n-terms

Series Test lima, =0 |Rp 1< apnay
n—->0oo
0 0 (o) )
Integral Yo a, J; fG)dxconv. [~ f(x)dx div. Mustbe able
Test f(n)=a,f>0 to calculate
is Decreasing/Cont. floo f(x)dx
Ratio Test Y. ;a, lim | & | < 1 lim | 2| >1  Limit=1is
n—oo an n—oo an
Inconclusive.
Useful: a,, has n! term,
n in an exponent
RootTest Y. a, lim {/|a,| <1 lim §/|a,] > 1 Limit=1is
n—->oo n—-oo

Inconclusive.
Useful: a,,has an n in exponent
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Conditions Conditions
Test Series on Convergence on Divergence Comments
Comparison Y>_,a, 0<a,<b, 0<b,<a, Useful when
Test Yim—q b, converges Y._, b, diverges Y. _;a,issimilar

p-series or

Geometric series

Limit Comp. Y,-;a, lim Zn=[>0 lim==L>0 Useful when Y1 Qn

n-oo by n—oo by
Test a, >0 Y,—,b, converges Y., b, diverges similar to p-series
0<b, 0 < b, or Geometric series

Ex. In each case state which method you would use to determine if the series
converges absolutely, conditionally, or diverges.

a. Zk 1

(—1D*(sK)
3k2-1

5
Alternating series test for convergence and comparison test with Z,ciozl 3% to

show it’s not absolutely convergent.



w (=1)I(sin(j))
Zj=1 j2 :

1
Comparison test with Z;ozl ]—2 to show absolute convergence (and thus

convergence)

m 1
C.  Dim=qCOS (;) :

. _ : 1
Divergence test since lim cos (;) =1+#0.

n—oo

0 (_1)j
 2j=2 gy

Alternating series test for convergence and integral test to show it’s not
absolutely convergent.

16



e.

n=1 22n  °

Ratio test to show the series is absolutely convergent.

o (D"(2"+1)
Zn:l 2n+1

The series diverges by the divergence test since lim
n—oo

not exist and hence is not equal to 0.

(—D2"+1)

2n+1

does
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