The Natural Logarithmic Function
When studying algebra one often sees log to thebase b (b > 0,b # 1)
defined by saying:
y = b* if, and only if, x = logy, y

One problem with this approach is that it was not clear what was meant by Z‘E.

Def. The natural logarithm of a number x > 0 is given as:

*1
lnx=j —dt
1 t

}l(x)

This definition makes sense for any x > 0. Notice the following:

1) Ifx > 1, then:

1
ln(x)=J —dt >0
1 t

2) If0 < x < 1, then:

*1
ln(x)=j —dt <0
1 t

For example



3) If x = 1, then:
1

1
In(1) =.f —dt=0
1t

4) By The Fundamental Theorem of Calculus:
d(l())—d fxldt 1
dx VT . t X

. a 1 :
5) Since Zx (Inx) = S exists forallx > 0,thenwecansayy = Inx is

continuous for all x > 0.

o} 1
6) Sincea (Inx) = o > 0 forx > 0,thenwecansayy = Inxisan

increasing function for x > 0.

d? d (1 1 ,
7) ﬁ(lnx) —a(;) =-5< 0 for x > 0 sothegraphof y = Inx is

concave down for x > 0.

Logarithm laws for x, Yy > 0 and r, a rational number:
1) In(xy) =Inx +1Iny
X
2) In (;) =lnx—1Iny

3) In(x") =rlnx



Proof of #1: In(xy) =Inx +1ny

Let f(x) = In(ax), where a > 0, then by the chain rule we can write:

i) = (L )i L=l
fx) = (ax dx (ax) = ax (a) = x’
So f(x) = Inax and g(x) = In x have the same derivative, thus:

In(ax) =Inx + C.

Now let x = 1:
In(a)=In1+C=C
= In(ax) =Inx + Ina.

Replacing "a" with y, we get:

In(xy) =Inx + Iny.

(x*+2)° cos x)

Ex. Using the logarithm laws expand In ( >
x“+1

(x*+2)°cosx\ _ (x*+2)5 cosx
n (SHEm) gy (2]

(x2+1)2

1
=In((x*+2)>cosx) —In(x? + 1)z ; In (i) =Inx—Iny

1
=In((x*+2)°) +Incosx —In(x?> + 1)z ; In(xy) =Inx +1Iny

=5In(x*+2) +Incosx — %ln(x2 +1) ; In(x") =rlnx.



Using the logarithm laws, we can see:

limlnx =4+ and lim Inx = —o0 since:
X—00 x-07t

In2>0= limIn(2") =limnln2 = 4o ;

n—-00 n—-0o

Ift = l,then:
X

1
lim Inx = lim In (?) = lim(—Int) = —oo.

x—0t t—oo t—oo

Now we can sketch a graph of y = In x where the y-axis, x = 0, is a
vertical asymptote.

= el

/1
l

Def. e is the number such thatlne = 1.

& | =

ln(e)=1 lne:fle%dt:]_

e ~ 2.718.




d 1
So far we have seen that if y = In x, then d—i] = e If we apply the chain rule,
then:

d 1 du
Eln(u(x)) = @E .

d
Ex. Find d_ic/ for the following functions:

a) y =x%Inx
b) y = 31In(2 + sin x)

a) y=x%Inx
D= 2 (L) + () (= @)

x? (;) + (Inx)(2x) = x + 2xlnx.

b) y=3In(2+ sinx)
d 1 d .
—y=3( . )a(2+smx)

dx 2+sinx
3 ( ) 3Ccosx
== : COSXx) = ; .
2+sinx 2+Sin x

5
(x*+2)" cosx o dy _
Ex. Lety = In . Find =—. From an earlier example we know:
Vx2+1 dx

y = 5In(x* + 2) + In(cos x) —lln(x2 +1)
dy 1 d
dx > (x4+2) dx

(4x3) + —( sinx) — - (xil—l) (2x)

(cosx) ——( 21+1)ix(xz +1)

4+2

203
T x442

tan x X
X241



One could use the chain rule directly on the previous function but that would be a
very messy calculation.

o ay :
Ex. Find — for the following:
dx

a) y = In(In(x?))
b) y = cos(Iln x) + In(sin x)

a) vy =In(In(x?)) =In(2Inx)

dy 2\ _ 1
dx Zlnxdx((zmx))_ lnx(x)_xlnx

b) vy = cos(Inx) + In(sinx)

Y _ (e a
— = (sin(Inx)) — (Inx) + =

. 1 1
= —(sin(Inx)) ~t o (cos x)

_ sin(In x)

+ cotx

d
Ex. Find o (In]|x|). Notice that f(x) = In|x| is defined for all real numbers
where x # 0, since |x| > 0if x # 0.

d 1
If x > 0, then |x| = x and In|x| = In x. Soa(lnlxl) ==
If x < 0, then |x| = —x. Let u = —x and take:
d d(lnu) du 1 1 1
dx(lnu  du dx_u( 1)_—x( 1)_x'

d 1
Soa(ln|x|) == forall x # 0.



Thus we can write:

f% dx = In|x| + C.

Notice that this fills in the gap in the integration rule:

xn+1

.[xndx= +C; n#+-1
n+1

Since we know:

1
j— dx = In|x| + C.
X

Thus, anytime we have an integrand that can be written as a fraction where the
numerator is “essentially” (i.e. up to a constant multiple) the derivative of the

denominator and we can find the anti-derivative by letting U equal the
denominator.

X
3+x2

Ex. Evaluate the following: f

Notice that the numerator is the derivative of the denominator — except for
a factor of 2.

let u =3+ x?
du = 2x dx

ldu=xdx
2

j X g —f(l)ld _1J1d —11||+C
342 T\ Q)M Ty T

=§mB+xﬂ+c




. x—1
Ex. Evaluate the following: f—xz Dt

a
Notice thata (xz — 2x + 4) = 2x — 2 = twice the numerator.

let u=x%2—-2x+4
du = (2x — 2) dx
%du=(x—1)dx

Substituting into the integral we get:

1
f x—1 d—fzd _1f1d
x2 —2x+4 = u u—2 u u

= ZInful + € ==In|x? — 2x + 4| + C.

cosx+1
dx

Ex. Evaluate the following:fsinx+x

d , .
Notice that — (sinx +x) =cosx + 1

letu = sinx + x
du = (cosx + 1) dx

dx =

jcosx+1 du
sinx + x u

= In|u| + C = In|sinx + x| + C.



Ex. Evaluate the following: [ cotx dx.

COoS X
d

[cotx dx = [

sin x
i( inx) =
o SInX) = COS X

Let ©u = sinx
du = cosx dx

COS X du
fcotxdx=j dx = | —

sin x u
= In|u| + C = In|sin x| + C.

2Inx e? 1
=X dx = [ (nx) (3) dx.

e
Ex. Evaluate the following: fl

whenx =1, u=In1=0

letu = Inx;
du=idx; whenx =e?, u=Ine?=2lne=2
x=e? 1 u=2
j (Inx) (—) dx = j udu
x=1 x u=0
=u_2u=2 =i—9= 2
2ly—0 2 2




Logarithmic Differentiation

Sometimes calculating derivatives of messy functions that involve products,
quotients, or powers can be simplified by first taking logarithms of both sides of
the equation, then differentiating. This is called logarithmic differentiation.
However, remember to differentiate both sides of the equation.

(x4+2)5 COS X

. dy :
Ex. Find Zx for the function y =

X x2+1

Step 1: Take the natural log of both sides
Inv = In (x4+2)5 COS X
Y Vx2+1

Step 2: Use logarithm laws to expand one side. From earlier we saw:

1
Iny =5In(x*+2) + Incosx —Eln(x2 +1)
Step 3: Differentiate both sides of the equation with respect to x.

%% =5 (x4+2) (4 ( 2+1) (2x)

1dy _ 20x3
ydx  x*+2 x2+1

d
Step 4: Solve for d_ic/ as a function of x alone.

d 20x3
—yzyl o tanx — — ]

dx x*+2 x2+1
(x*+2)° cosx [20x3 tan x x ]
Vx2+1 x*+2 x2+1]

10



