Sequences

A sequence is a list of numbers:

Ay Ap A3 Ay ..., Oy, ...

This sequence may be denoted by {a; a, as ay, ..., ay, ...}, {a,}, orjust a,.
Ex.

111 1
a. Lo,ggsene wherea, = 1/n; or {1/n}

11 11 L —1,_1
b. 1,—>,7, —g'g - Inthissequence a, = (—1)" (zn_l); or

_ 1
{a,} = {-D"' =}

271

C. \/g, \/6, \/7, \/§, in this sequence a,, = Vvn + 4: or
{a,} = {Vn + 4}

Ex. Find a formula for the nth term of:

o (-23,-15 87 )
' 3’4’ 5’6’ 7’877

b. {-2,3,-2,3,-2,3,...}



Some sequences don’t have an easy formula for the nth term:

Ex. The Fibonacci sequence:
a, = 1, a, = 1, as = 2, Ay = 3, ag = 5’ Ag = 8, a, = 13,

Ap =Ap_1 +an_

Given a sequence of numbers {a,, }, we can ask if the sequence converges to
some number.

Def. A sequence {a,} has a limit L, written lim a,, = Lora,, = L as
n—>00

n — oo, if for every € > 0 there is an integer N such thatifn > N, then

la, — L| < €. If Tlll_r& a, = L < oo, then we say the sequence {a,,} converges.

If a sequence doesn’t converge, then we say it diverges.
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The limit properties we know for functions also hold for sequences.
Theorem: If {an} and {bn} are convergent sequences and C is a constant, then:
1. lim(a, + b,) = lima, + limb,

n—oo n—-oo n—oo

2. lim(a, —b,) = lima,, — limb,,
n—oo n—oo n—-oo

3. lim(Ca,) = Clim (a,)
n—oo n—oo

4. lim (a,b,) = lim (a,) lim (b,,)
n—oo n—oo n—oo

5. lim =% = lima,/limb,;  if limb, # 0.
n—-oo by n—-oo n—-oo n—-oo

6. lim(a,)? = (lima,)?; ifp>0and a, >0
n—->00 n—>0o

The Squeeze Theorem also has a version for sequences.

Squeeze Theorem for functions: If lim f(x) = lim g(x) =L and
xX—a xX—a

f(x) < h(x) < g(x), then )lcl_r)rcll h(x) =L

Squeeze theorem for Sequences: If a,, < b,, < ¢,, forn = n, and
lima, = limc, =L, then lim b,, = L.

n—->oo n—->oo n—->0o

sm(n)

Ex. Find lim |

n—->0oo

Notice that 0 < |sin (x)| < 1forallx Thatmeans:

sm(n)

| sm(n)

1 1
—< |Sg or 0| lSZ

3



sin(n)
n

. .1 .
Since lim 0 = 0 and lim = = 0, by the squeeze theorem lim | = 0.

n—oo n-oon n—oo

Here’s another useful theorem:

Theorem: If lim |a, | = 0, then lim a, = 0.
n—>00 n—->0co

Sm(n)l = 0. Then by this theorem lim sin(n) _ 0.

n n—oo n

Ex. We saw that lim

n—>0o

Theorem: If lim f(x) = [ and f(n) = a,, then lima, = L.
X—00 n—>00

Ex. Find the limit of the following sequences if they exist:

3 _ n?+n
T T 2n24+1
In (n
b. a,= T(l )
="
C a, = o
271
d a, = ;
n!
e a, = n_"



. . . 2 1
a. i —=1i = lim = = = by L’'Hospital’s Rule
X—00 2X x—oo 4x x—oo 4 2
. n?+n 1
so li ==
n—ooo 2n?+1 2
1
. Inx . >
b. lim — = lim (—x) = 0 by L’'Hospital’s Rule
x—oo X X— 00
. Inn
so: lim — = 0.
n—-oo N
()" 1
C. | = —, and
n n
. 1
Iim-=0
xX—oo X
. ()" . :
so:  lim =0 Here we are using the previous 2 theoremes.
n-oo N
. 2% . (In2)2* . (In2)?%2* _
d. lim — = lim ——— = lim ——— = 00, by L'Hospital’s Rule.
xX—00 X x—oo 22X X—00
li 2M 2"
. Z — o 273 o
So: nl_)IElo — , e, {nz} diverges.
1-23..n 12 3 n 1
e. 0 a, =——= —(—'—' —) < — 50 by the Squeeze
nn..n n\n n n n
1 . 1
Theorem, we know 0 < a,, < —and lim=-=20

n-oon

so: lim a, =0.

n—->0oo



f. a,=(—1)"thus{a,}=-1,1,-1,1,

n

—1,1, ...so {a,} diverges.

Ex. a, =71, forwhatvaluesofr isthe sequence convergent?

From the graph of exponential functions we know:

limax={oo ifa>1
X—00 0 if0o<ax1
SO
: n _ (oo ifr>1
rllll?or _{0 ifo<r<i1

fr =1, then lim 1" =1

n—oo

fr =0, then lim 0" =0

n—-o0o

If—1<7r<0,then0 < |r] < 1 so:

lim[r|"=0 = limr" =0.

n—-0o n—-0o

If r < —1, then {r"™} diverges because it oscillates

similarlyto a,, = (—1)™.

3n+1
Ex. Determine the convergence of a,, =

3.3 N\
an = 74m :3'(1)

3 n
b, = (Z) convergesto 0 = a,, = 3(

4"

3 n
Z) converges to 0 too.



2(n+1)!

Ex. Determine the convergence of a,, = y

_ 2(n+1)(nh)

— = 2(n + 1) diverges to oo,

n

Def. A sequence {a,} is called increasing if a,, < a,,;1 foralln = 1, thatis:
G <A <az<ay<-<a,<-
It's called decreasing if a,, > a,,,1 foralln = 1, thatis:

a1>a2>a3>a4>"‘>an>”‘

n
37372757872 " e  Isanincreasing sequence because
a il anda, =—
=——=an =—
n+l T p42 " on+1
n+1 n
so > exactly when (n + 1)% > n(n + 2).
n+2 n+1

Multiplying out both sides we get:
n?+2n+1>n%+2n
This is equivalent to 1 > 0, which of course is true, so:

a, < a,4q foralln = 1.



Another handy way to show that a sequence is increasing or decreasing is to
show that the associated function (what you get when you put “x” in for “n”) is
either increasing or decreasing for x = 1.

Ex. Showa, = # is increasing.
The associated function is f(x) = x-l-il . Using the quotient rule we have:
f'(x) = ! 5> 0, forx > 1.
(x+1)
So, f(x) isincreasing forn = 1, hence a,, = —is increasing.

n+1

Def. A sequence {a,}is bounded above if there is some number M such that
an, < M, foralln = 1.

A sequence is bounded below if there is a number m such thatm < a,,
foralln = 1.

A sequence is bounded if it is bounded above and bounded below.

Ex. {a,} = {n}is bounded below by 1, but not bounded above (and thus not a
bounded sequence).

1
Ex. {a,} = {~} is bounded below by 0 and bounded above by 1, thus bounded.

S fesemy 111 11 1
Ex. {an}—{ " = 1,2, 32 5,6,...|sboundedaboveby2and

below by —1, thus bounded.



