Area of a Surface of Revolution

Def. If the graph of a continuous function is revolved about a line, then the
resulting surface is called a surface of revolution.

Our goal is to find a formula for the surface area of a surface of revolution. We
will start with a curve y = f(x) and revolve it about the X-axis. Notice that if we
have a line segment (that is neither parallel nor perpendicular to the x-axis) and
revolve it about the Xx-axis we get a portion of a cone called a frustum.




Using the formulas for the area of a cone (A = mrl, | =slant height) and similar
triangles, one can derive the formula for the surface area of a frustum:

+
A=2nrl; r= % ;| =slant height of frustum

When we found the formula for the length of a curve we approximated the curve
with line segments.

A x
(x

fop—

)
7

1

a = x, X1

We will do that same thing with a curve generating a surface of revolution. Notice
when each line segment is revolved about the Xx-axis it creates a frustum.
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The area of the frustum created from revolving the line segments between
(x;_1,Vi—1) and (x;, y;) is written as:

i—1tYi
Ad; =21 (%) Vi = x21)2 + O — yi21)?

Just like we did when finding the length of a curve:

Vo —x1)%+ (i —yi-1)? = \/(Ax)z + (f'(xﬁk)(Ax))z

_ J1 + (f’(x;*))2 Ax

So we can write:

A, = 21 (%)\/1 + (f’(x;‘))z Ax

n—oo

n
2
Surface Area = lim Z 21 f(x{‘)\/l + (f’(xf‘)) Ax
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Surface Area = j 21 f(x) \/1 + (f’(x))zdx
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2

b dy
Surface Area = j 2wy |1+ (—) dx
a dx




If the curve is givenas x = g(y); ¢ <y < d, then we have:

d dx
Surface Area = f 2y |1+ (—) dy
c dy

By using the following fact (where s is the arc length function):

= ’1+(3—Z)2dx=

We can now write:

S=j21tyds

If we are revolving a curve about the y-axis, then we have:

x=b dy
S.A.= j 2x |1+ (
x=a dx

y=f(x); asx<b

OR

y=d \/ dx
S.A. = j 21T X 1+(
_ dy

y=c
x=gy); cSy<d
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Ex. Ify = §x3 ,0 < x < 2 isrotated about the x- axis, then find the surface

area of the resulting surface.
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S.A.= f;:ony /1+(3—Z) dx

= [om (1x3) 1+ (x2)2dx
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= %ﬂ 02x3(1 + x*)z dx
let u=1+x* =2 x=0,u=1 x=2 u=17.
du = 4x3dx
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Zdu = x3dx




4

1
Ex. The curve x = y: + 82 fromy = 1toy = 2 is rotated about the x-axis.

Find the surface area generated.

-anl(5-9)-(-3)

2 (5 +5)



1 3
Ex. The curvey = = (x? +2)z, 0 < x < 1, is revolved about the y-axis.

Find the surface area generated.
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SA = [_ 2mx |1+ [x(x2 + 2)2] dx

x=

27Tf01x\/1 + x* + 2x2dx
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=2n(

fx=01 21 x4/ 1 + x2(x2 + 2)dx

2m folx (x2 + 1)2dx

2m folx (x?2 +1)dx = 2m fol(x3 + x) dx

)



Ex. Thecurvex =+/4 —y?, 1 <y < 2,is part of the circle of radius 2

given by x?% + y2 = 4. Find the area of the surface generated by revolving
this curve about the y-axis.

SA= [T omx 1+(d;) dy
= Ja—y? = (4 - y?):

dx

T =3y a2 = -

A—fy 21 [4 — y?
— 9 2 > [4=y y2
= ﬂfl Vi —y 4_yz-l-
= 2n [? A=y dy = 2 [* Ja—y2- g
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= anlz 2dy = 4my|?

2]

= 4n(2 — 1) = 4m.



