Improper Integrals
Up to this point we have only discussed integrals of bounded functions on a finite

interval. We will now investigate integrals of functions over unbounded intervals
and integrals of functions with infinite discontinuities.

Infinite Intervals

b 1
So far we know how to evaluate fl ;dx, b=1.
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A natural way to define f1 por) dx is to say:

[ Fax=pim [ Sax=pim (1-7) =1
. X2 x_bl—molxz * =S b)



Definitions of integrals over infinite intervals:

1. If f is continuous on [a, ©), then:

Loof(x)dx = ll)l_))g Lbf(x)dx

2. If f is continuous on (—o0, b], then:

b b
f f(x)dx = lim J f(x)dx
o a-—co J,
3. If f is continuous on (—o0, @), then:

j_o:of(x)dx = j_coof(x)dx + jcoof(x)dx

where c is any real number.

In the first two cases, if the limit exists, we say the improper integral
converges, otherwise we say that the improper integral diverges. In the third
case, the improper integral on the left diverges if either improper integral on
the right diverges. The improper integral on the left converges only if both
improper integrals on the right converge.

oo 1
Ex. Decide if the following integral converges or diverges: fl ) dx.

Io'e) b b

1 —1 -1

j _xz dx = lgim _xz dx = Igim _x = Igim (—b + 1) =1
1 —o Jg —00 1 —00

co 1

So —dx converges.
1 x2



oo 1
Ex. Evaluate fl ;dx.

*°1 b1 b
j —dx = lim | —dx = lim Inx| = lim(lnb — Inl)
1 X b—oo 1 X b—oo 1 b—co

= 0
So the integral diverges.

0
Ex. Evaluate [__ xe*dx.

a—>—00

0 0
j xeXdx = lim xeXdx

—00
Now integrate by parts:

letu = X v=e*
du = dx dv = e*dx

= lim (xe*|2 — [° e*dx)

a——oo a

a—>—0oo

= lim (0 —ae® —e*|9) = lim (—ae®— (e’ —e%))
a—>—oo

= lim (—ae®*—1+e%);

a——oo
. a . a . _1 ' . 1
lim ae® = lim — = lim — (L'Hospital's Rule)
a——oo a——oo e” @ a>-ce” ¢
So we have:

0
] xe*dx = lim (—ae?®—-1+e%) = —1.
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dx

Ex. Evaluate > .
—0 1+x

foo & d—fo ! d+f°° L4
U *= w1+ x? * o 1+x? X

0 b
= lim > dx + lim 5 dx
a--o J 1+x boo Jo 1+ x
. 1 0 . 1 b
= lim tan x| + lim tan™ x|
a——oo a b—oo 0

= lim (tan 10 — tan™'a) + Igim (tan™1b — tan™10)

a——oo
Recall that the graph of y = tan~1x looks like:

y=mn/2
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Ex. Evaluate f_

o0 1rezx X

j-oo ex d jo ex d +foo ex
—ax = —ax
Lol + e 0

—dx
ol + e 1+ e2X
. 0 ex b ex
= lim

——dx+ lim | ————
a--co ), 1+ e?* b-w |, 1+ e?X

Letu = e”; xX=a > u=

du=¢e*dx x=b > u-=

+ u?

1 u=1 1 u=eb
= lim tan ‘u + lim tan™"u
a—>—oo u=e? b—oo u=1

a——oo

lim (tan™'1 — tan™'e%) + lgim (tan~1(e?) — tan™11)
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Ex. For what values of p does fl P dXx converge?

If p # 1 then:

00 b -p+1
j —dx =1lim | xPdx = lim ——
1 xP b—oo 1 b—o —p +1

p~P*l 1
= li —
b (—p +1 -—-p+ 1)

f-p+1>0= 12> p,then:

1

lim b7 P*1l =

b—oo

f-p+1<0=> 1<p,then:

lim b~ Pt =

b—oo

So the integral converges if p > 1 and divergesifp < 1,

since we already saw in a previous example that whenp = 1,

1 X diverges.

Note:

co 1
fl x_p dx will be important when we discuss infinite series.



Discontinuous Integrands

f(x) = 3;/_ is discontinuous at x = 0 because:

However, if 0 < ¢ < 1, then:

fl 1 ; fl =y 3 21 3 3¢%/3
—dax = X3dx = —x3 = — —
Vx c

NG = 5=

A natural way to define f \/_ s=dx is:

jlld ’ 11d ’ (3 3 z)
g - — = —— —C3 )| =
T X = Ay . ix = ¢



Definitions for improper integrals with infinite discontinuities:

1. If f is continuous on [a, b) and has an infinite discontinuity at b, then:

fbf(x)dx = !ff,}l jcf(x)dx

2. If f is continuous on (@, b] and has an infinite discontinuity at a, then

jbf(x)dx = cliggr jbf(x)dx

3. If f is continuous on [a, b] except for some c in [a, b] at which f has an
infinite discontinuity, then:

jbf(x)dx = ch(x)dx + fbf(x)dx

In the first two cases, if the limit exists, we say the improper integral converges,
otherwise we say it diverges. In the third case, the improper integral on the left
diverges if either of the improper integrals on the right diverge. If both improper
integrals on the right converge, then we say the improper integral on the left
converges.



1

3 x—1

dx.

Ex. Find [ 15

1
has a vertical asymptoteat x = 1
x-1 ymp
1
x =1 Y k=1

|
5

5 1 5 1 5 4
J = dx =1Ilim | (x—1) sdx = lim — (x—1)s
1 c-1t 4

X—l c—>1* c c

= lim %(43 —(c— 1)3) - %(43) -

c-1t

=B

So the integral converges.

Ex. Evaluate fls(l + %)dx.

2
y=1+ o has a vertical asymptoteat x = 3
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5 2 c 2 5
f Q1+——)dx=1lim | 1+ dx+ lim | 1+

=37 J; x—3 c—-3%t c x—3

dx

c 5
= lim (x+21n|x—3|)| + lir3rg(x+21n|x—3|)
1 ¢ c

c—3~

c
lim21n|x—3|| = lim 2[In|c — 3| —In|1 = 3|] = —0
C-3~ 1 c—3~

lim In|x — 3|

5
= lim 2[In|5 — 3| —In|c — 3|] = 4+
c—-3% c-3t

c

So both ff(l + %)dx and f35(1 + xZT3)dx diverge.

5 2
Thus, fl (1+ E)dx diverges.

You must separate an integral with an interior infinite discontinuity into two
improper integrals. Look what happens if we ignore the infinite discontinuity:

5
5
2
j(1+ Ydx = x + 2In|x — 3|
1

x—3
1

= (5+2In|5—-3|) — (1 + 2In|1 - 3))
= (5+42In2) — (1 + 2In2) = 4.

We arrive at a solution, which is wrong.
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Ex. For what values of p does fO I dx converge?

If p # 1 then:

11 1 x~P+1 1

j —dx = lim | x Pdx = lim

o XP c—0* J. -0t —p + 1
C

= lim 1— P!
lim == )
f-p+1>0 = p<I1,then:
lim ¢ Pt =0
c—-0t
f-p+1<0 = p>1,then:
lim ¢c7P*l = o
c-0t
If p = 1, then:
1 1
lim | —dx = lim In|x|
c->0* J. X c—-0t c

= C@g)’g(lnlll — In|c]|) = oo.

11

So 0 2P dx converges when p < 1 and diverges whenp > 1.

11
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Ex. Evaluate [2 tan x dx.

sinx

ftanx =
Cos x

VA
and has an infinite discontinuity at 5"

TL'
¢sinx
tanx dx = llm dx
0 COS X

Letu = CcoS X x=0 => u=1
—du = sin x dx X=C = U=COSC
. u=cosc du
= lim — [ —
o= =1 u
2
U=cCcosc
= lim —In |u|
C-—
2 u=1

= lim [—In|cosc| + In|1]]
C—>—

So the integral diverges.

12

y = tan

(%)

=1m/2
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Here’s an example of an improper integral where the interval of the integral is
unbounded and the function has an infinite discontinuity.

00 dx
0 Vx(x+1)

Ex. Evaluate

j""_x_fd_x+j°°_x
0 \/E(x+1)_ o Vx(x+1) Ji Vx(x+1)

= lim

f dx g fb X
c~0* Jo x(x +1) boo )i Vx(x+1)

1
Notice that if we let u = VX, then du = —dx.
2+/x

We can now see that:

dx B du 1
.[\/}(x+1)_zjl+u2_2tan (Va) + ¢

So we can write:

«© dx

b
= lim 2tan" 1(\/_)| +gi_)r£102tan‘1(\/§)|1

= lim Z(tan 1(1) —tan1(V¢)) + llm Z(tan 1(vb) — tan~1(1))

c—-0t

-2(3-0)+2(-3



Comparison Test for Improper Integrals

Sometimes it’s enough to know whether an improper integral converges or
diverges (rather than knowing the actual value if it converges).

Comparison Theorem: Suppose that f and g are continuous functions with
f(x) = g(x) =0for x = a.

a) If faoo f (x)dx is convergent, then faoo g(x)dx is convergent.
b) If faoo g(x)dx is divergent, then faoof (x)dx is divergent.

One way to remember this theorem is to note that if f (x) = g(x) = 0, then:

j f(x)dx = j g(x)dx = 0.
a a

Thus, we can conclude:

If faoo f (x)dx is finite, then faoo g (x)dx is finite.

If faoo g(x)dx is infinite, then faoof(x)dx is infinite.

*This is not a proof, just a way to remember the theorem*

Notice that the theorem doesn’t allow us to conclude anything about:

faoo g()dx if faoof(x)dx is divergent

or

faoof(x)dx if faoog(X)dx is convergent.

14
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xZ

(0 0]
Ex. Use the comparison theorem to show that fl 3 dx is convergent.

Notice that forx = 1:
2 2

X 1
<—=—
x5+3 x5 x3

and f(x) = x_13

X

X
Let g(x) = 3

Since 0 < g(x) < f(x) forx = 1 and foof(x)dx = flooxidx

3

converges because f —p dx converges for p > 1.

oo x?

dx converges by the comparison test.

Thus, f g(x)dx —f

_ o 1+(Inx) _
Ex. Use the comparison theorem to show fl Tl dx diverges.

Notice that for x = 1:

2
1+(In x) > 1 > 0

x+1 x+1

et () = 8 0ng g) = .

| b 1 b
j dx = lim dx = lim In|x + 1|

= gim (In|b 4+ 1] —In|2|) = =

o0 1+(In x)?2
so [ LHUn0)”

dx diverges by the comparison theorem.
1 x+1



oo Tan 1x

0 21ox dx converges or diverges.

Ex. Determine if

Notice thatifx = O then0 < tan™1x < % )

Thus we have:

- 24eX 2+eX ex
Tan™1x X
Let g(x) = " and f(x) = 5 €
o Tan 1x o TT
0 —e *dx
fO 2+eX —J0 2
o _ T .
[T —e™dx ==lim [ e *dx
0 2 b—oo Y0
b
. _
=—lim —e*
b—oo 0

e

S foo Tan 1x

0 2tex dXConverges.
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