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Improper Integrals 

 
 

Up to this point we have only discussed integrals of bounded functions on a finite 
interval. We will now investigate integrals of functions over unbounded intervals 
and integrals of functions with infinite discontinuities. 

 
 
Infinite Intervals 
 

So far we know how to evaluate  ∫
1

𝑥2

𝑏

1
𝑑𝑥, 𝑏 ≥ 1. 

 
 
 
 
 
 
 
 
 
 
 

 
 

∫
1

𝑥2
𝑑𝑥

𝑏

1

=
−1

𝑥
|
1

𝑏

=
−1

𝑏
+ 1 = 1 −

1

𝑏
 . 

 
 
 

A natural way to define ∫
1

𝑥2 𝑑𝑥
∞

1
 is to say: 

 
 

∫
1

𝑥2
𝑑𝑥

∞

1

= 𝑙𝑖𝑚
𝑏→∞

∫
1

𝑥2
𝑑𝑥

𝑏

1

= 𝑙𝑖𝑚
𝑏→∞

(1 −
1

𝑏
) = 1. 

1                                       𝑏 
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Definitions of integrals over infinite intervals: 
 

1. If 𝑓 is continuous on [𝑎, ∞), then: 
 

∫ 𝒇(𝒙)𝒅𝒙
∞

𝒂

= 𝒍𝒊𝒎
𝒃→∞

∫ 𝒇(𝒙)𝒅𝒙
𝒃

𝒂

 

 
2. If 𝑓 is continuous on (−∞, 𝑏], then: 

 

∫ 𝒇(𝒙)𝒅𝒙
𝒃

−∞

= 𝒍𝒊𝒎
𝒂→−∞

∫ 𝒇(𝒙)𝒅𝒙
𝒃

𝒂

 

 
3. If 𝑓 is continuous on (−∞, ∞), then: 
 

∫ 𝒇(𝒙)𝒅𝒙
∞

−∞

= ∫ 𝒇(𝒙)𝒅𝒙
𝒄

−∞

+ ∫ 𝒇(𝒙)𝒅𝒙
∞

𝒄

 

where 𝑐 is any real number.  
 

 
In the first two cases, if the limit exists, we say the improper integral 
converges, otherwise we say that the improper integral diverges. In the third 
case, the improper integral on the left diverges if either improper integral on 
the right diverges. The improper integral on the left converges only if both 
improper integrals on the right converge.  

 

Ex. Decide if the following integral converges or diverges:  ∫
1

𝑥2 𝑑𝑥
∞

1
. 

 
 

∫
1

𝑥2
𝑑𝑥

∞

1

= 𝑙𝑖𝑚
𝑏→∞

∫
1

𝑥2
𝑑𝑥

𝑏

1

= 𝑙𝑖𝑚
𝑏→∞

−1

𝑥
|
1

𝑏

= 𝑙𝑖𝑚
𝑏→∞

(
−1

𝑏
+ 1) = 1 

 
 

So ∫
1

𝑥2 𝑑𝑥
∞

1
 converges. 
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Ex.  Evaluate ∫
1

𝑥
𝑑𝑥

∞

1
. 

 
 
 

∫
1

𝑥
𝑑𝑥

∞

1

= 𝑙𝑖𝑚
𝑏→∞

∫
1

𝑥
𝑑𝑥

𝑏

1

= 𝑙𝑖𝑚
𝑏→∞

𝑙𝑛𝑥|
1

𝑏
= 𝑙𝑖𝑚

𝑏→∞
(𝑙𝑛𝑏 − 𝑙𝑛1) 

 

                                                                                  = ∞ 
 So the integral diverges. 
 
 
 

Ex.  Evaluate ∫ 𝑥𝑒𝑥𝑑𝑥
0

−∞
. 

 

 

       ∫ 𝑥𝑒𝑥𝑑𝑥
0

−∞

= 𝑙𝑖𝑚
𝑎→−∞

∫ 𝑥𝑒𝑥𝑑𝑥
0

𝑎

 

 

Now integrate by parts: 
 

Let 𝑢 = 𝑥                𝑣 = 𝑒𝑥  
   𝑑𝑢 = 𝑑𝑥           𝑑𝑣 = 𝑒𝑥𝑑𝑥 

 = lim
𝑎→−∞

( 𝑥𝑒𝑥|𝑎
0 − ∫ 𝑒𝑥𝑑𝑥

0

𝑎
) 

 
 

 

                     = 𝑙𝑖𝑚
𝑎→−∞

(0 − 𝑎𝑒𝑎 − 𝑒𝑥|𝑎
0) = 𝑙𝑖𝑚

𝑎→−∞
(−𝑎𝑒𝑎 − (𝑒0 − 𝑒𝑎)) 

 

= 𝑙𝑖𝑚
𝑎→−∞

(−𝑎𝑒𝑎 − 1 + 𝑒𝑎) ; 
 

          𝑙𝑖𝑚
𝑎→−∞

𝑎𝑒𝑎 = 𝑙𝑖𝑚
𝑎→−∞

𝑎

𝑒−𝑎 = 𝑙𝑖𝑚
𝑎→−∞

−1

𝑒−𝑎   (L'Hospital's Rule)  
 

                             = 0.                                              
 
 
 

          So we have: 

 

∫ 𝑥𝑒𝑥𝑑𝑥
0

−∞

= 𝑙𝑖𝑚
𝑎→−∞

(−𝑎𝑒𝑎 − 1 + 𝑒𝑎) = −1. 
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Ex.  Evaluate ∫
1

1+𝑥2 𝑑𝑥
∞

−∞
. 

 
 
 

∫
1

1 + 𝑥2
𝑑𝑥

∞

−∞

= ∫
1

1 + 𝑥2
𝑑𝑥

0

−∞

+ ∫
1

1 + 𝑥2
𝑑𝑥

∞

0

 

 

  = 𝑙𝑖𝑚
𝑎→−∞

∫
1

1 + 𝑥2
𝑑𝑥

0

𝑎

+ 𝑙𝑖𝑚
𝑏→∞

∫
1

1 + 𝑥2
𝑑𝑥

𝑏

0

 

 

        = 𝑙𝑖𝑚
𝑎→−∞

𝑡𝑎𝑛−1𝑥|
𝑎

0
+ 𝑙𝑖𝑚

𝑏→∞
𝑡𝑎𝑛−1𝑥|

0

𝑏
 

 
                           = 𝑙𝑖𝑚

𝑎→−∞
(𝑡𝑎𝑛−10 − 𝑡𝑎𝑛−1𝑎) + 𝑙𝑖𝑚

𝑏→∞
(𝑡𝑎𝑛−1𝑏 − 𝑡𝑎𝑛−10) 

 
 

Recall that the graph of 𝑦 = 𝑡𝑎𝑛−1𝑥 looks like: 
 
 
 

                                       𝑙𝑖𝑚
𝑥→∞

𝑡𝑎𝑛−1𝑥 =
𝜋

2
 

 

                                      𝑙𝑖𝑚
𝑥→−∞

𝑡𝑎𝑛−1𝑥 =
−𝜋

2
 

 
 
 
 
 
 

∫
1

1 + 𝑥2
𝑑𝑥

∞

−∞

= (0 +
𝜋

2
) + (

𝜋

2
− 0) = 𝜋. 

 

𝑦 = 𝜋/2 

𝑦 = −𝜋/2 
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Ex.  Evaluate ∫
𝑒𝑥

1+𝑒2x 𝑑𝑥
∞

−∞
. 

 
 
 
 

∫
𝑒𝑥

1 + 𝑒2x
𝑑𝑥

∞

−∞

= ∫
𝑒𝑥

1 + 𝑒2x
𝑑𝑥

0

−∞

+ ∫
𝑒𝑥

1 + 𝑒2x
𝑑𝑥

∞

0

 

 

= 𝑙𝑖𝑚
𝑎→−∞

∫
𝑒𝑥

1 + 𝑒2𝑥
𝑑𝑥

0

𝑎

+ 𝑙𝑖𝑚
𝑏→∞

∫
𝑒𝑥

1 + 𝑒2x
𝑑𝑥

𝑏

0

 

 
 

Let 𝑢 = 𝑒𝑥;          𝑥 = 𝑎 ⇒    𝑢 = 𝑒𝑎;        𝑥 = 0 ⇒    𝑢 = 𝑒0 = 1 
 

    𝑑𝑢 = 𝑒𝑥𝑑𝑥      𝑥 = 𝑏 ⇒    𝑢 = 𝑒𝑏;  
 
 

   = 𝑙𝑖𝑚
𝑎→−∞

∫
1

1 + 𝑢2
𝑑𝑢

𝑢=1

𝑢=𝑒𝑎
+ 𝑙𝑖𝑚

𝑏→∞
∫

1

1 + 𝑢2
𝑑𝑢

𝑢=𝑒𝑏

𝑢=1

 

 
 

                      = 𝑙𝑖𝑚
𝑎→−∞

𝑡𝑎𝑛−1𝑢|
𝑢=𝑒𝑎

𝑢=1
+ 𝑙𝑖𝑚

𝑏→∞
𝑡𝑎𝑛−1𝑢|

𝑢=1

𝑢=𝑒𝑏

 

 
 

                     = 𝑙𝑖𝑚
𝑎→−∞

(𝑡𝑎𝑛−11 − 𝑡𝑎𝑛−1𝑒𝑎) + 𝑙𝑖𝑚
𝑏→∞

(𝑡𝑎𝑛−1(𝑒𝑏) − 𝑡𝑎𝑛−11) 

 
 

   = (
𝜋

4
− 0) + (

𝜋

2
−

𝜋

4
) =

𝜋

2
 .  
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Ex.  For what values of 𝑝 does ∫
1

𝑥𝑝 𝑑𝑥
∞

1
 converge? 

 
 

         If 𝑝 ≠ 1 then: 

∫
1

𝑥𝑝
𝑑𝑥

∞

1

= 𝑙𝑖𝑚
𝑏→∞

∫ 𝑥−𝑝𝑑𝑥
𝑏

1

= 𝑙𝑖𝑚
𝑏→∞

𝑥−𝑝+1

−𝑝 + 1
|
1

𝑏

 

 

 

         = 𝑙𝑖𝑚
𝑏→∞

(
𝑏−𝑝+1

−𝑝 + 1
−

1

−𝑝 + 1
) 

 
If – 𝑝 + 1 > 0 ⇒   1 > 𝑝, then: 

 
 

𝑙𝑖𝑚
𝑏→∞

𝑏−𝑝+1 = ∞ 
 
 
 
 
 

If – 𝑝 + 1 < 0 ⇒    1 < 𝑝, then: 

 
 

𝑙𝑖𝑚
𝑏→∞

𝑏−𝑝+1 = 0 

 

So the integral converges if 𝑝 > 1 and diverges if 𝑝 ≤ 1, 
 

 

           since we already saw in a previous example that when 𝑝 = 1, 
                 

                                              ∫
1

𝑥
𝑑𝑥

∞

1
 diverges. 

 
 
 
Note: 

 

∫
1

𝑥𝑝 𝑑𝑥
∞

1
 will be important when we discuss infinite series. 
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Discontinuous Integrands 
 

𝑓(𝑥) = 
1

√𝑥
3    is discontinuous at 𝑥 = 0 because: 

𝑙𝑖𝑚
𝑥→0+

1

√𝑥
3 = ∞ 

 

However, if 0 < 𝑐 < 1, then: 
 

∫
1

√𝑥
3 𝑑𝑥

1

𝑐

= ∫ 𝑥
−1

3 𝑑𝑥
1

𝑐

=
3

2
𝑥

2

3|
𝑐

1

=
3

2
−

3𝑐2 3⁄

2
 

 
 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

A natural way to define ∫
1

√𝑥
3 𝑑𝑥

1

0
 is: 

 

∫
1

√𝑥
3 𝑑𝑥

1

0

= lim
𝑐→0+

∫
1

√𝑥
3 𝑑𝑥

1

𝑐

= lim
𝑐→0+

(
3

2
−

3

2
𝑐

2

3) =
3

2
 . 

 

  𝑐                                  1 

𝑓(𝑥) =
1

√𝑥
3  
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Definitions for improper integrals with infinite discontinuities: 
 
 

1. If 𝑓 is continuous on [𝑎, 𝑏) and has an infinite discontinuity at 𝑏, then: 

 
 

∫ 𝒇(𝒙)𝒅𝒙
𝒃

𝒂

= 𝒍𝒊𝒎
𝒄→𝒃−

∫ 𝒇(𝒙)𝒅𝒙
𝒄

𝒂

 

 
 
 

2. If 𝑓 is continuous on (𝑎, 𝑏] and has an infinite discontinuity at 𝑎, then 

 
 

∫ 𝒇(𝒙)𝒅𝒙
𝒃

𝒂

= 𝒍𝒊𝒎
𝒄→𝒂+

∫ 𝒇(𝒙)𝒅𝒙
𝒃

𝒄

 

 
 
 
 

3. If 𝑓 is continuous on [𝑎, 𝑏] except for some 𝑐 in [𝑎, 𝑏] at which 𝑓 has an 
infinite discontinuity, then: 

 
 

∫ 𝒇(𝒙)𝒅𝒙
𝒃

𝒂

= ∫ 𝒇(𝒙)𝒅𝒙
𝒄

𝒂

+ ∫ 𝒇(𝒙)𝒅𝒙
𝒃

𝒄

 

 
 
 
 
In the first two cases, if the limit exists, we say the improper integral converges, 
otherwise we say it diverges. In the third case, the improper integral on the left 
diverges if either of the improper integrals on the right diverge. If both improper 
integrals on the right converge, then we say the improper integral on the left 
converges. 
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Ex.   Find ∫
1

√x−1
5 𝑑𝑥

5

1
. 

 
 
 

 
1

√x−1
5   has a vertical asymptote at 𝑥 = 1  

 
 
 
 
 
 
 
 
 

∫
1

√x − 1
5

5

1

𝑑𝑥 = 𝑙𝑖𝑚
𝑐→1+

∫ (x − 1)−
1

5𝑑𝑥
5

𝑐

= lim
𝑐→1+

5

4
 (x − 1)

4

5|
𝑐

5

 

 

                     = 𝑙𝑖𝑚
𝑐→1+

5

4
(4

4

5 − (𝑐 − 1)
4

5) =
5

4
(4

4

5) =
5

√4
5  . 

 
 

So the integral converges. 
 
 

Ex.  Evaluate ∫ (1 +
2

𝑥−3
)𝑑𝑥

5

1
. 

 

y = 1 +
2

𝑥−3
 has a vertical asymptote at 𝑥 = 3 

 
 
 
 
 
 
 
 

0            1           2            3          4           5 

𝑥 = 1 
𝑦 =

1

√x − 1
5  

0            1            2           3            4            5 

𝑥 = 3 

y = 1 +
2

𝑥 − 3
 5 
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∫ (1 +
2

𝑥 − 3
)𝑑𝑥

5

1

= 𝑙𝑖𝑚
𝑐→3−

∫ 1 +
2

𝑥 − 3
𝑑𝑥

𝑐

1

+ 𝑙𝑖𝑚
𝑐→3+

∫ 1 +
2

𝑥 − 3
𝑑𝑥

5

𝑐

 

 

              = 𝑙𝑖𝑚
𝑐→3−

(x + 2ln|𝑥 − 3|)|
1

𝑐
+ 𝑙𝑖𝑚

𝑐→3+
(x + 2ln|𝑥 − 3|)|

𝑐

5
 

 
 

𝑙𝑖𝑚
𝐶→3−

2 ln|𝑥 − 3||
1

𝑐
= 𝑙𝑖𝑚

𝑐→3−
2[ln|𝑐 − 3| − ln|1 − 3|] = −∞ 

 

𝑙𝑖𝑚
𝐶→3+

ln|𝑥 − 3||
𝑐

5
= 𝑙𝑖𝑚

𝑐→3+
2[ln|5 − 3| − ln|𝑐 − 3|] = +∞ 

 
 

So both ∫ (1 +
2

𝑥−3
)𝑑𝑥

3

1
 and ∫ (1 +

2

𝑥−3
)𝑑𝑥

5

3
 diverge.     

 

Thus, ∫ (1 +
2

𝑥−3
)𝑑𝑥

5

1
 diverges. 

 
 
 
You must separate an integral with an interior infinite discontinuity into two 
improper integrals. Look what happens if we ignore the infinite discontinuity: 
 

∫ (1 +
2

𝑥 − 3
)𝑑𝑥

5

1

= 𝑥 + 2𝑙𝑛|𝑥 − 3||

1

5

 

 
                                                      = (5 + 2𝑙𝑛|5 − 3|) − (1 + 2𝑙𝑛|1 − 3|) 
 

                         = (5 + 2𝑙𝑛2) − (1 + 2𝑙𝑛2) = 4. 
 

We arrive at a solution, which is wrong. 
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Ex.  For what values of 𝑝 does ∫
1

𝑥𝑝 𝑑𝑥
1

0
 converge? 

 
 

       If 𝑝 ≠ 1 then: 

∫
1

𝑥𝑝
𝑑𝑥

1

0

= 𝑙𝑖𝑚
𝑐→0+

∫ 𝑥−𝑝𝑑𝑥
1

𝑐

= lim
𝑐→0+

𝑥−𝑝+1

−𝑝 + 1
|

𝑐

1

 

 

      = 𝑙𝑖𝑚
𝑐→0+

1

−𝑝 + 1
(1 − 𝑐−𝑝+1) 

 
 

If – 𝑝 + 1 > 0   ⇒   𝑝 < 1, then: 
 
 

𝑙𝑖𝑚
𝑐→0+

𝑐−𝑝+1 = 0 
 

 
 
 
 
 
 

If – 𝑝 + 1 < 0   ⇒   𝑝 > 1, then: 
 

 

𝑙𝑖𝑚
𝑐→0+

𝑐−𝑝+1 = ∞ 
 
 
 

If 𝑝 = 1, then: 
 

𝑙𝑖𝑚
𝑐→0+

∫
1

𝑥
𝑑𝑥

1

𝑐

= lim
𝑐→0+

ln|𝑥||
𝑐

1
 

 
                = 𝑙𝑖𝑚

𝑐→0+
(𝑙𝑛|1| − 𝑙𝑛|𝑐|) = ∞. 

 
 

So ∫
1

𝑥𝑝 𝑑𝑥
1

0
 converges when 𝑝 < 1 and diverges when 𝑝 ≥ 1. 
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Ex.   Evaluate ∫ tan 𝑥 𝑑𝑥
𝜋

2
0

. 

 
 

tan 𝑥 = 
sin 𝑥

cos 𝑥
 

and has an infinite discontinuity at 
𝜋

2
 . 

 

∫ tan 𝑥 𝑑𝑥

𝜋

2

0

= 𝑙𝑖𝑚
𝑐→

𝜋

2

− ∫
sin 𝑥

cos 𝑥
𝑑𝑥

𝑐

0

 

 
 

Let 𝑢 = cos 𝑥             𝑥 = 0  ⇒     𝑢 = 1 
 

          −𝑑𝑢 = sin 𝑥 𝑑𝑥        𝑥 = 𝑐  ⇒     𝑢 = cos 𝑐   
 
 

                                   = 𝑙𝑖𝑚
𝑐→

𝜋

2

− − ∫  
𝑑𝑢

𝑢
 

𝑢=cos 𝑐

𝑢=1
    

 
 

                                    = lim
𝐶→

𝜋

2

− −𝑙𝑛 |𝑢||

𝑢=1

𝑢=cos 𝑐

 

 
 
                                     = lim

𝐶→
𝜋

2

−
[− ln|cos 𝑐| + ln|1|]  

 

                                      = ∞. 
 
 

So the integral diverges. 
 
 

𝑦 = tan(𝑥) 

𝑥 = 𝜋/2 
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Here’s an example of an improper integral where the interval of the integral is 
unbounded and the function has an infinite discontinuity. 
 

Ex.  Evaluate ∫
𝑑𝑥

√𝑥(𝑥+1)

∞

0
. 

 
 

∫
𝑑𝑥

√𝑥(𝑥 + 1)

∞

0

= ∫
𝑑𝑥

√𝑥(𝑥 + 1)

1

0

+ ∫
𝑑𝑥

√𝑥(𝑥 + 1)

∞

1

 

 

     = lim
𝑐→0+

∫
𝑑𝑥

√𝑥(𝑥 + 1)

1

𝑐

+ lim
𝑏→∞

∫
𝑑𝑥

√𝑥(𝑥 + 1)

𝑏

1

 

 
 

Notice that if we let 𝑢 = √𝑥, then 𝑑𝑢 =
1

2√𝑥
𝑑𝑥.  

We can now see that: 
 

                ∫
𝑑𝑥

√𝑥(𝑥 + 1)
= 2 ∫

𝑑𝑢

1 + 𝑢2
= 2 tan−1(√𝑥) + 𝐶 

 
 

So we can write: 
 

               ∫
𝑑𝑥

√𝑥(𝑥 + 1)

∞

0

= lim
𝑐→0+

2 tan−1(√𝑥)|
𝑐

1
+ lim

𝑏→∞
2 tan−1(√𝑥)|

1

𝑏
 

 
 

      = lim
𝑐→0+

2(tan−1(1) − tan−1(√𝑐)) + lim
𝑏→∞

2(tan−1(√𝑏) − tan−1(1)) 

 

      = 2 (
𝜋

4
− 0) + 2 (

𝜋

2
−

𝜋

4
)  

 

      =
𝜋

2
+

𝜋

2
= 𝜋.  
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Comparison Test for Improper Integrals 
 
Sometimes it’s enough to know whether an improper integral converges or 
diverges (rather than knowing the actual value if it converges). 
 

Comparison Theorem:   Suppose that 𝑓 and 𝑔 are continuous functions with  

    𝑓(𝑥) ≥ 𝑔(𝑥) ≥ 0 for  𝑥 ≥ 𝑎. 

 

a) If ∫ 𝑓(𝑥)𝑑𝑥
∞

𝑎
 is convergent, then ∫ 𝑔(𝑥)𝑑𝑥

∞

𝑎
 is convergent. 

 
 

b) If ∫ 𝑔(𝑥)𝑑𝑥
∞

𝑎
 is divergent, then ∫ 𝑓  (𝑥)𝑑𝑥

∞

𝑎
 is divergent. 

 
 

One way to remember this theorem is to note that if 𝑓(𝑥) ≥ 𝑔(𝑥) ≥ 0, then: 
 

∫ 𝑓(𝑥)𝑑𝑥
∞

𝑎

≥ ∫ 𝑔(𝑥)𝑑𝑥
∞

𝑎

≥ 0. 

 
Thus, we can conclude: 
 

If ∫ 𝑓(𝑥)𝑑𝑥
∞

𝑎
 is finite, then ∫ 𝑔(𝑥)𝑑𝑥

∞

𝑎
 is finite. 

 

If ∫ 𝑔(𝑥)𝑑𝑥
∞

𝑎
 is infinite, then ∫ 𝑓(𝑥)𝑑𝑥

∞

𝑎
 is infinite. 

 
*This is not a proof, just a way to remember the theorem* 
 
 
Notice that the theorem doesn’t allow us to conclude anything about: 
 

∫ 𝑔(𝑥)𝑑𝑥
∞

𝑎
 if  ∫ 𝑓(𝑥)𝑑𝑥

∞

𝑎
 is divergent 

or 

  ∫ 𝑓(𝑥)𝑑𝑥
∞

𝑎
 if  ∫ 𝑔(𝑥)𝑑𝑥

∞

𝑎
 is convergent. 
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Ex.  Use the comparison theorem to show that ∫
𝑥2

𝑥5+3
𝑑𝑥

∞

1
 is convergent. 

 

Notice that for 𝑥 ≥ 1: 
𝑥2

𝑥5+3
≤

𝑥2

𝑥5 =
1

𝑥3  
 

Let 𝑔(𝑥) = 
𝑥2

𝑥5+3
  and 𝑓(𝑥) =

1

𝑥3.    

 

Since 0 ≤ 𝑔(𝑥) ≤ 𝑓(𝑥) for 𝑥 ≥ 1 and ∫ 𝑓(𝑥)𝑑𝑥
∞

1
= ∫

1

𝑥3 𝑑𝑥
∞

1
 

 converges because ∫
1

𝑥𝑝 𝑑𝑥
∞

1
 converges for 𝑝 > 1. 

 

Thus, ∫ 𝑔(𝑥)𝑑𝑥
∞

1
= ∫

𝑥2

𝑥5+3
𝑑𝑥

∞

1
  converges by the comparison test. 

 
 
 

Ex.  Use the comparison theorem to show ∫
1+(ln 𝑥)2

𝑥+1
𝑑𝑥

∞

1
 diverges. 

 

Notice that for 𝑥 ≥ 1: 
1+(ln 𝑥)2

𝑥+1
≥

1

𝑥+1
≥ 0  

 

Let 𝑓(𝑥) =
1+(ln 𝑥)2

𝑥+1
 and 𝑔(𝑥) =

1

𝑥+1
.        

 

∫
1

𝑥 + 1
𝑑𝑥

∞

1

= lim
𝑏→∞

∫
1

𝑥 + 1
𝑑𝑥

𝑏

1

= lim
𝑏→∞

ln|𝑥 + 1||
1

𝑏
 

 
            = lim

𝑏→∞
(ln|𝑏 + 1| − ln|2|) = ∞ 

 

So ∫
1+(ln 𝑥)2

𝑥+1
𝑑𝑥

∞

1
 diverges by the comparison theorem. 
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Ex.  Determine if ∫
𝑇𝑎𝑛−1𝑥

2+𝑒𝑥 𝑑𝑥
∞

0
  converges or diverges. 

 
 
 

      Notice that if 𝑥 ≥ 0 then 0 ≤ tan−1 𝑥 ≤
𝜋

2
 . 

 
     Thus we have: 

                      0 ≤
𝑇𝑎𝑛−1𝑥

2+𝑒𝑥 ≤ 𝜋
2

(
1

2+𝑒𝑥) ≤ 𝜋
2

(
1
𝑒𝑥) = 𝜋

2
𝑒−𝑥. 

 

     Let 𝑔(𝑥) = 
𝑇𝑎𝑛−1𝑥

2+𝑒𝑥   and  𝑓(𝑥) =
𝜋

2
𝑒−𝑥.     

 

              0 ≤ ∫
𝑇𝑎𝑛−1𝑥

2+𝑒𝑥 𝑑𝑥
∞

0
≤ ∫

𝜋

2
𝑒−𝑥𝑑𝑥

∞

0
. 

 

     ∫
𝜋

2
𝑒−𝑥𝑑𝑥

∞

0
=

𝜋

2
lim

𝑏→∞
∫ 𝑒−𝑥𝑑𝑥

𝑏

0
 

  

                            =
𝜋

2
lim
𝑏→∞

− 𝑒−𝑥|
0

𝑏

 

  

                                 =
𝜋

2
lim
𝑏→∞

[−(𝑒−𝑏 − 1)] 

 

                                  =
𝜋

2
 . 

 

      So ∫
𝑇𝑎𝑛−1𝑥

2+𝑒𝑥 𝑑𝑥
∞

0
 converges. 


